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Preface

1. The Gauss Map. The Gauss map of an oriented smooth surface X? in
Euclidean space E? is the mapping of X? into the unit sphere S? C E3:

7:X2—>527

by means of the family of the unit normals n to X?2. This map carries a point
z € X? to a point p € S?, where p is the terminal point of the vector m
emanating from some fixed point O € E3, y(z) = p (see Figure 0.1).

Figure 0.1

If do is an area element of the surface X2 and dw is an area element of the

spherical image of X2, then
dw = Kdo,

where K is the Gaussian curvature of X? (see Gauss [Ga 27] or Stoker [Sto 61],
p. 94).

The Gauss map « is degenerate at a point x € X2 if K = 0 at this point,
and the Gauss map 7 is degenerate on the surface X? if the curvature K
vanishes at all points of X2. In this case the Gauss map v maps the surface

xi
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X? into a curve C' C S? (see Figure 0.2). The tangent planes to the surface
X? depend on one parameter, and the surface X itself is an envelope of this
family of tangent planes.

Figure 0.2

If the surface X? is defined in E® by the equation z = f(x,y), then the
condition K = 0 is equivalent to the Monge-Ampere equation

rt— s> =0,

where 1 = 234, 5 = 24y, 1 = 2y, (see Monge [Mon 50]). The surfaces with K =0
are called developable. Such surfaces can be locally mapped isometrically into
a plane. The latter property is the reason that surfaces with the vanishing
Gaussian curvature are called developable: they can be “developed on the
plane.”

Developable surfaces are a well-known subject from the 19th century. Lo-
cally they are classified into three types: cones, cylinders, and torses (tangential
developables). A torse is a one-parameter family of tangent lines to a fixed
smooth space curve.

The definition of the Gauss map can be easily extended to a hypersurface
X = X" of Euclidean space E"*!. The Gauss map of an oriented smooth
hypersurface X” C E"*! is the mapping of V" into the unit hypersphere
Sn c Entl:

v: X — 8"

by means of the family of hypersurface normals n. If X C E"*! is given by
the equation

Z:f('r17"'7xn)7

then the condition for its Gauss map to be degenerate has the form

det(zij) = O,
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where z;; = %. If the submanifold X is of codimension N — n > 1, then
the condition for its Gauss map 7 to be degenerate has a more complicated
form.

The fact that the Gauss map v of X C E"*! is degenerate is of projectively
invariant nature. This is the reason that the degeneracy of the Gauss map can
be defined in terms of projective differential geometry.

Let X be a smooth oriented submanifold of dimension 7 in the N-dimensio-
nal projective space PV and let G(n, N) be the Grassmannian of n-dimensional
subspaces of the space PV. Then the Gauss map v of X C PV is defined as
the map

v:X — G(n,N),

which carries a point € X to the tangent subspace T,(X) to X at the point
z, i.e.,

A(@) = Tu(X).

The rank 7 of the map + is called the rank of the submanifold X of dimension
n. The rank r does not exceed n, and we assume that the rank r is constant
on X.

In a projective space PV, a variety X of dimension n is said to be a variety
with a degenerate Gauss map or a tangentially degenerate variety if the rank of
its Gauss map v : X — G(n, N) is less than n. We use the term “variety” here
instead of “submanifold” because X has a degenerate Gauss map, and hence
it is differentiable almost everywhere (see Section 2.1) while a submanifold is
differentiable everywhere.

In this book we study the geometry of varieties with degenerate Gauss
maps, construct a classification of such varieties based on the structure of
their focal images, and consider applications of the theory of such varieties to
different problems of differential geometry and its applications.

Note that in higher dimensions the property through which developable
surfaces can be mapped isometrically into a plane is not valid any longer. This
is why we prefer to call a variety X C PV for which ranky < n a variety
with a degenerate Gauss map or a tangentially degenerate variety. Note that
some authors (Fisher, Ishikawa, Piontkowski, Mezzetti, Tommasi, Rogora, Wu,
Zheng) call such varieties developable.

2. Developments in the Theory of Varieties with Degenerate
Gauss Maps. As we mentioned earlier, the developable surfaces in the three-
dimensional Euclidean space are a well-known subject from the 19th century.
The torses (tangential developables) form a special class of ruled surfaces,
namely developable ruled surfaces, and of necessity have singularities, at least
along the original curve. There are numerous publications on developable
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surfaces. The main properties of developable surfaces can be found in most
textbooks on differential geometry.

Mathematically developable surfaces are the subject of several branches
of mathematics, especially of differential geometry and algebraic geometry.
Recently developable surfaces have attracted attention through their relation
with computer science (see, for example, the book by Pottmann and Wallner
[PW 01]). They are widely used in industry, and are fundamental objects in
computer-aided design (see for example, the paper by Hoschek and Pottmann
[HoP 95]). Though singularities can be avoided in practical situations, the
appearance of singularities in developable surfaces is essential to their nature.
Thus the complete description of the structure of developable surfaces involves
the singularity theory which was developed in the 20th century (see, for exam-
ple, the books Bruce and Giblin [BG 92] and Porteous [Por 94]).

The multidimensional varieties X with degenerate Gauss maps of rank
r < n were considered by E. Cartan in [C 16] in connection with his study of
metric deformation of hypersurfaces, and in [C 19] in connection with his study
of manifolds of constant curvature. Yanenko [Ya 53] encountered these varieties
in his study of metric deformation of submanifolds of arbitrary classes. Akivis
[A 57, 62], Savelyev [Sa 57, 60], and Ryzhkov [Ry 60] systematically studied
this kind of variety in a projective space PV. Brauner [Br 38], Wu [Wu 95], and
Fischer and Wu [FW 95] studied such varieties in a Euclidean N-space EV.
Akivis and Goldberg in their book [AG 93] investigated the multidimensional
varieties with degenerate Gauss maps in Chapter 4.

Note that a relationship of the rank of varieties X and their deformation
in a Euclidean N-space was indicated by Bianchi [Bi 05] who proved that
a necessary condition for X to be deformable is the condition rank X < 2.
Allendorfer [Al 39] introduced the notion of type ¢, t =0,1,,...,m = dim X,
of X and proved that varieties XNP, p > 1, of type t > 2 in EV are rigid.
Note that both notions, the type and the rank, are projectively and metrically
invariant, and that for a hypersurface, the type coincides with the rank.

Griffiths and Harris in their classical paper [GH 79] considered the varieties
X with degenerate Gauss maps from the point of view of algebraic geometry.
The paper [GH 79] was followed by Landsberg’s paper [L 96] and book [L 99|
and by the recently published book [FP 01] by Fischer and Piontkowski. The
books [L 99] and [FP 01] have special sections devoted to varieties with degen-
erate Gauss maps. They are in some sense an update to the paper [GH 79].
In both books, following [GH 79], the authors employed a second fundamental
form for studying developable varieties, gave detailed and more elementary
proofs of some results in [GH 79], and reported on some recent progress in this
area. In particular, in [FP 01] the authors gave a classification of developable
varieties of rank two in codimension one.
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In recent years many papers devoted to varieties with degenerate Gauss
maps have appeared. Zak [Za 87] studied the Gauss maps of submanifolds of
the projective space from the point of view of algebraic geometry. Ishikawa
and Morimoto [IM 01] investigated the connection between such varieties and
solutions of Monge—Ampere equations. Ishikawa [I 98, 99b] found real algebraic
cubic nonsingular hypersurfaces with degenerate Gauss maps in RPY for N =
4,7,13,25, and in [I 99a] he studied singularities of C°°-hypersurfaces with
degenerate Gauss maps. Rogora [Rog 97] and Mezzetti and Tommasi [MT
02a, 02¢] also considered varieties with degenerate Gauss maps from the point
of view of algebraic geometry. Piontkowski [Pio 01, 02a, 02b] considered in P
complete varieties with degenerate Gauss maps with rank equal to two, three,
and four and with all singularities located on a hyperplane at infinity. The
reader can find more details on all these results in the Notes to Chapter 2.

The contents of this book are connected with the theory of singularities of
differentiable mappings. There are numerous publications on this topic. In par-
ticular, in the book [AVGL 89] by Arnol’d, Vasil’ev, Goryunov, and Lyashko,
which is devoted to investigations of singularities of differentiable mappings,
their classification, and their applications, the authors consider the singulari-
ties of the Grassmann mappings of submanifolds of the Euclidean space and
the projective space. Many papers (for example, [Sh 82] by Shcherbak and [I
00b] by Ishikawa) are devoted to a classification of isolated singular points of
curves in the Euclidean space and the projective space.

As a rule, the singular points we consider on a variety with a degenerate
Gauss map are not isolated (see Section 2.4).

We outline here what distinguishes our book on varieties with degenerate
Gauss maps from other literature on this subject:

i) In the current book the authors systematically study the differential ge-
ometry of varieties with degenerate Gauss maps. They apply the main
methods of differential geometry: the tensor analysis, the method of ex-
terior forms, and the moving frame method.

ii) Western authors were not familiar with the results obtained by Russian
geometers in the 1960s (Akivis, Ryzhkov, Savelyev). Some of the results
presented by western geometers had been known for years. We present
all these results in their historical perspective.

iii) In the study of varieties with degenerate Gauss maps, the authors sys-
tematically use the focal images (the focal hypersurfaces and the focal
hypercones) associated with such varieties. These images were first in-
troduced by Akivis in [A 57]. They allow the authors to describe the
geometry of the varieties with degenerate Gauss maps and give their
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iv)

vi)
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classification. Note that in algebraic geometry, the focal hypersurfaces
are called the discriminant varieties.

In the complex projective space, every plane generator L of a variety
with a degenerate Gauss map carries singular points. The question is
whether these singular points should be included in L. Our point of
view is that it is very useful to include them in L; this simplifies the
exposition. Many algebraic geometers who study this subject do not
consider singular points as a part of L, and this makes their exposition
of the results more complicated.

Note also that in most of the books and papers where the singularities
of differentiable mappings are considered, the authors investigate only
isolated singularities. But the singularities of Gauss maps comprise al-
gebraic curves or hypersurfaces in the plane generators of varieties with
degenerate Gauss maps.

It appeared that the Griffiths—Harris conjecture on the structure of va-
rieties with degenerate Gauss maps is not complete. As we show in this
book (see also our paper [AG 0la] and the paper [AGL 01] by Akivis,
Goldberg, and Landsberg), the basic types of varieties with degenerate
Gauss maps include not only cones and torses but also hypersurfaces
with degenerate Gauss maps. Note that such hypersurfaces form a very
wide class of varieties with degenerate Gauss maps.

When the authors were writing this book, they found some new results on
the varieties with degenerate Gauss maps. Some of them were already
published and some are in papers submitted for publication. Among
these results are a new classification of such varieties (see Akivis and
Goldberg [AG 01a]), a detailed investigation of Sacksteder—-Bourgain hy-
persurfaces (see Akivis and Goldberg [AG 01b]), finding an affine ana-
logue of the Hartman—Nirenberg cylinder theorem (see [AG 02a]), es-
tablishing the relation between the smooth lines on projective planes
over two-dimensional algebras and the varieties with degenerate Gauss
maps (see Akivis and Goldberg [AG 02b]), application of the duality
principle for construction of varieties with degenerate Gauss maps (see
Akivis and Goldberg [AG 02b]), and a description of a new class varieties
with degenerate Gauss maps (twisted cones) (see Akivis and Goldberg
[AG 03b]).

In this book we consider a very large number of examples. Some of these
examples (such as the twisted cones and some algebraic hypersurfaces
in P4) are considered here for the first time, and other examples (such
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as the cubic symmetroid in P® and its projection onto P*) were known
earlier but are considered here from a new point of view.

viii) The authors give a new definition for the dual defect of a variety with a
degenerate Gauss map and for dually degenerate varieties with degener-
ate Gauss maps (see p. 72). This new definition is better than the usual
definition of the dual defect given on p. 71: while by old definition all
varieties with degenerate Gauss maps are dually degenerate, by the new
definition, they can be both dually degenerate and dually nondegenerate.
Moreover, while by the old definition, the dual defect §, of a dually non-
degenerate variety with degenerate Gauss map equals its Gauss defect,
0« = 0, > 0, by the new definition, the dual defect J, of such a variety
equals 0, §, = 0, and this is more appropriate for a dually nondegenerate
variety.

In addition to varieties with degenerate Gauss maps, algebraic geometry
studies other kinds of degenerate varieties (such as secantly degenerate and
dually degenerate varieties; see, for example, the paper [GH 78] by Griffiths
and Harris; the books [L 99] by Landsberg, pp. 4, 16, and 52; [T 01] by
Tevelev, Chapters 6, 9; and [Ha 92] by Harris, pp. 197-199). Not as many
secantly degenerate, dually degenerate, and degenerate varieties of other kinds
are known. For example, there is only one secantly degenerate variety in the
projective space P°, namely, the Veronese variety (see Sasaki [Sas 91] and
Akivis [A 92]). In this connection, note also that all smooth dually degenerate
varieties of dimension n < 10 are listed (see for example, the book [T 01] by
Tevelev, Chapter 9, or Notes to Section 2.5 of this book where the appropriate
references are given).

Unlike the classes of these degenerate varieties, the varieties with degenerate
Gauss maps compose a much wider class. In particular, the arbitrariness of the
class of torsal varieties is equal to some number of functions of two variables,
and the arbitrariness of the class of hypersurfaces with degenerate Gauss maps
of rank r in the space PV (as well as their dual image, smooth tangentially
nondegenerate subvarieties, for which » = n) is equal to N — r functions of r
variables. Hence, the study of the varieties with degenerate Gauss maps in the
space PV is of considerable interest.

Note that in the book only dually nondegenerate varieties with degenerate
Gauss maps are under investigation. For such varieties, the system of second
fundamental forms always contains at least one nondegenerate form of rank 7,
and for them not only the focus hypersurfaces but also the focus hypercones
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whose vertices are the tangent subspaces of the variety X are correctly defined.

3. The Contents of the Book. The book consists of five chapters. In
Chapter 1, we give the basic notions and results of vector spaces and projec-
tive space, consider the main topics associated with differentiable manifolds,
and study some algebraic varieties, namely, Grassmannians and determinant
submanifolds.

In Chapter 2, we introduce the basic notions associated with a variety in a
projective space PV, define the rank of a variety and varieties with degenerate
Gauss maps, present the main examples of varieties with degenerate Gauss
maps (cones, torses, hypersurfaces, joins, etc.), study the duality principle
and its applications, consider another example of submanifolds with degener-
ate Gauss maps (the cubic symmetroid) and correlative transformations, and
investigate a hypersurface with a degenerate Gauss map associated with a
Veronese variety and find its singular points. The reader can find more details
on Chapters 1 and 2 in the Contents.

In Chapter 3, we define the Monge—Ampere foliation associated with a vari-
ety with a degenerate Gauss map of dimension n, derive the basic equations of
varieties with degenerate Gauss maps, prove a characteristic property of such
varieties (the leaves of the Monge—Ampere foliation are flat), and consider focal
images of such varieties (the focus hypersurfaces and the focus hypercones). In
this chapter we also study varieties with degenerate Gauss maps not only in the
complex projective space but also in the real projective space, the affine space,
the Euclidean space, and the non-Euclidean spaces. We prove that in these
spaces there are varieties with degenerate Gauss maps without singularities,
and we introduce and investigate an important class of varieties with degen-
erate Gauss maps without singularities, the so-called the Sacksteder—-Bourgain
hypersurface. Note that Sacksteder and Bourgain constructed examples of hy-
persurfaces with degenerate Gauss maps in the affine space A*. In Section
3.4 (see also the paper by Akivis and Goldberg [AG 01b]), we prove that the
hypersurfaces constructed by them are locally equivalent, and we construct
a series of hypersurfaces with degenerate Gauss maps in the affine space AN
generalizing the Sacksteder—-Bourgain hypersurface.

In Chapter 4, in the projective space PV, we consider the basic types of va-
rieties with degenerate Gauss maps: cones, torsal varieties, hypersurfaces with
degenerate Gauss maps. For each of these types, we consider the structure of
their focal images and find sufficient conditions for a variety to belong to one
of these types (for torsal varieties our condition is also necessary). The classi-
fication of varieties X with degenerate Gauss maps presented in this chapter
is based on the structure of the focal images of X. In a series of theorems, we
establish this connection. We prove that varieties with degenerate Gauss maps
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that do not belong to one of the basic types are foliated into varieties of basic
types. Finally, we prove an embedding theorem for varieties with degenerate
Gauss maps and find sufficient conditions for such a variety to be a cone. In this
chapter, we also consider varieties with degenerate Gauss maps in the affine
space AN and find a new affine analogue of the Hartman-Nirenberg cylinder
theorem. We consider here parabolic hypersurfaces in the space P* (i.e., the
hypersurfaces X with degenerate Gauss maps of rank » = 2 that have a double
focus F on each rectilinear generator L). We also prove existence theorems for
some varieties with degenerate Gauss maps, for example, for twisted cones in
P* and A*, and we establish a structure of twisted cones in P*. This structure
allows us to find a procedure for construction of twisted cylinders in A%.

Chapter 5 is devoted to further examples and applications of the theory
of varieties with degenerate Gauss maps. As the first application, we prove
that lightlike hypersurfaces in the de Sitter space ST have degenerate Gauss
maps, that their rank » < n—1, and that there are singular points and singular
submanifolds on them. We classify singular points and describe the structure of
lightlike hypersurfaces carrying singular points of different types. Moreover, we
establish the connection of this classification with that of canal hypersurfaces
of the conformal space. As the second application, we establish a relation of
the theory of varieties with degenerate Gauss maps in projective spaces with
the theory of congruences and pseudocongruences of subspaces and show how
these two theories can be applied to the construction of induced connections on
submanifolds of projective spaces and other spaces endowed with a projective
structure. As the third application, we consider smooth lines on projective
planes over the complete matrix algebra M of order two, the algebra C of
complex numbers, the algebra C! of double numbers, and the algebra C° of dual
numbers. For the algebras, C,C', and C°, in the space RP, to these smooth
lines there correspond families of straight lines describing three-dimensional
point varieties X? with degenerate Gauss maps of rank r < 2. We prove
that they represent examples of different types of varieties X2 with degenerate
Gauss maps.

Sections, formulas, and figures in the book are numbered within each chap-
ter. Each chapter is accompanied by notes containing remarks of historical
and bibliographical nature and some supplementary results pertinent to the
main content of the book. A fairly complete bibliography on multidimensional
varieties with degenerate Gauss maps, a list of notations, an author index, and
a subject index are at the end of the book.

Bibliographic references give the author’s last name followed by the first
letter(s) of the author’s last name and the last two digits of the year in square
brackets, for example, Blaschke [Bl 21]. Note that in the bibliography, in ad-
dition to the original article being cited, reviews of the article in major mathe-
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matical review journals (Jahrbuch fir Fortschritte der Mathematik, Zentralblatt
fir Mathematik, Mathematical Reviews) are referenced.

4. General Remarks for the Reader. This book is intended for gradu-
ate students whose field is differential geometry, as well as for mathematicians
and teachers conducting research in this subject. It can be used in special
graduate courses in mathematics.

In our presentation we use the tensorial methods in combination with the
methods of exterior differential forms and moving frames of Elie Cartan. The
reader is assumed to be familiar with these methods, as well as with the basics
of modern differential geometry. However, in Chapter 1 we recall basic facts
of tensor calculus and the method of moving frame in the form in which they
will be used in the book. Many other concepts of differential geometry are ex-
plained briefly in the text; some are given without explanation. As references,
the books [KN 63] by Kobayashi and Nomizu, [BCGGG 91] by Bryant et al.,
and [C 45] by E. Cartan are recommended. In the book [Sto 69] by Stoker,
the reader can find the main notions and theorems of elementary differential
geometry that are necessary for reading this book. We also recommend our
book Akivis and Goldberg [AG 93], in which the projective differential geom-
etry of general submanifolds and some of their most important special classes
were developed systematically. We will often refer to this book.

All functions, vector and tensor fields, and differential forms are assumed
to be differentiable almost everywhere. As a rule, we use the index notations in
our presentation. We believe this allows us to obtain a deeper understanding
of the essence of problems in local differential geometry.

Note also that if we impose a restriction on a variety, then, as a rule, we
assume that this condition holds at all points of this variety. More precisely,
we consider only the domain of the variety where this restriction holds.
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Chapter 1

Foundational Material

In Section 1.1, we discuss the basic notions and results of vector spaces, vectors and tensors
in them, and the general linear group. In Section 1.2, we consider the main topics associated
with differentiable manifolds: tangent spaces, frame bundles, mappings, exterior differential
calculus, Cartan’s lemma, completely integrable systems, the Frobenius theorem, Cartan’s
test for a system in involution, the structure equations of a differentiable manifold and of the
general linear group, and affine connections. Section 1.3 is dedicated to a projective space—
we consider projective transformations, projective frames, and the structure equations of a
projective space, the duality principle, projectivization, classical homogeneous spaces (affine,
Euclidean, non-Euclidean), and their transformations. In Section 1.4 we demonstrate the ge-
ometric and analytic methods of specialization of moving frames by considering the geometry
of a curve in the projective plane. Finally, in Section 1.5, we study some algebraic varieties,
namely, Grassmannians and determinant submanifolds (Segre and Veronese varieties).

1.1  Vector Space

1.1.1 The General Linear Group. In what follows, the notion of a finite-
dimensional vector space L™ over the field of real or complex numbers will
play an important role. We will not state here the basic axioms and proper-
ties of a vector space—they can be found in any textbook on linear algebra.
Note only that a frame (or a basis) of an n-dimensional vector space L™ is a
system consisting of n linearly independent vectors ey, es, ..., e,. A transition
from one frame R = {e1,ea,...,e,} to another frame R = {e},e},... e} } is
determined by the relation

/ J

e;=e;-al, ,j=1,...,n, (1.1)

where a = (a!) € GL(n) is a nonsingular square matrix. (In these formulas
and everywhere in the sequel the Einstein summation convention is used, i.e.,
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it is assumed that summation is carried out over the indices that appear twice:
once above and once below.) Thus, the family R(L™) of frames in the space
L™ depends on n? parameters.

Let us fix a frame Ry, and let R, be an arbitrary frame in the space L™,
where a is a set of parameters determining the location of the frame R, with
respect to the frame Ry:

Ra = Ro - a. (12)

In (1.2) the entries of the matrix a = (a}) are global functions on the manifold

R(L™). Equation (1.2) shows that the frame R, is a differentiable function (in
fact, linear) of parameters a = (al). Let Rq4qq be a frame near the frame R,
on the manifold R(L™). Then the transition from the frame R, to the frame
Ry dq is described as follows:

Ratda = Ro - (a+da) = Ry - (™) - (a+ da)

(1.3)
=Ry -(I+at-da) =Ry (I+w,),
where
we=a"'-da (1.4)
is a differential 1-form. Now (1.3) implies that
dR, = Ry - wg. (1.5)

The form w, is a left-invariant form with respect to the transformations
of the group GL(n). In fact, let g be a fixed element from the group GL(n).
Then

wga = (ga)~"d(ga)
a~l g7t (dg-a+g-da) (1.6)

=a (g7t g)da=a"t da=w,

(because dg = 0). The fact that the forms w, defined by (1.4) are left-invariant
guarantees that all our constructions do not depend on the choice of the initial
frame Ry in L™. 4
Because R, = {e1, 2, ...,e,}, by setting w, = (w]), we can write equations
(1.5) in the vector form ‘
de; = e; - w. (1.7)

Following E. Cartan, we shall write equations (1.7) in the form

de; = w! - e;. (1.8)

%
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1.1.2 Vectors and Tensors. Let us find the law of transformation of
the coordinates of a vector under transformations of a frame in the space
L™. Suppose we have two frames R and R’ whose vectors are connected by
relations (1.1). An arbitrary vector x can be represented in the form of linear
combinations of the vectors of these two frames:

r=ax'e; =2l (1.9)

Using formulas (1.1), we find from (1.9) that

P i 1§ i i
' =aj-'2?, ‘2" =aja’, (1.10)

where (@) is the inverse matrix of the matrix (a}).

In what follows, it will be more convenient for us to replace equations
(1.10) with equivalent differential equations. We assume that the vector z is
unchanged under transformations of a frame, i.e., we assume that dz = 0. If

we differentiate the first equation of (1.9) and apply formulas (1.8), we obtain
0 =dx'e; + z'de; = (dz’ + xjwj»)ei.
The linear independence of the vectors e; implies that
da’ + z'w} = 0. (1.11)

Equations (1.11) are the desired differential equations, which are equivalent to
equations (1.10). Equations (1.10) can be recovered by integrating equations
(1.11).

A covector is a linear function () of the vector variable . The coordinate
representation of £(z) is £(z) = &' Because this expression does not depend
on the choice of the frame R, we have &2 = const. The linear forms £(x) in
L™ form the vector space (L™)* called the dual space of the space L".

Next, let us find the differential equations for coordinates of a covector
&. Tt follows from the definition of a covector that its contraction &z with
coordinates x’ of an arbitrary vector z is constant, i.e., this contraction does
not depend on the choice of frame:

&' = const.
Differentiating this relation and using formulas (1.11), we find that

gz’ + &da’ = (dg; — Ewl)a' = 0.
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Because this holds for any vector z?, it follows that
dé; — &wl = 0. (1.12)

Similar equations can be derived for a tensor of any type. For example, let
us consider a tensor t of the type (1, 2) with components t; x It follows from
the definition of such a tensor that its contraction with coordinates z7, y*, and
&, of arbitrary vectors x,y and an arbitrary covector £ does not depend on the
choice of frame:

t;kxjyk& = const.

Differentiating this relation and using formulas (1.11) and (1.12), we find the
differential equations that the components t; . of the tensor ¢ satisfy:
dtly, — thwh — thwh + thw] =0. (1.13)

By integrating equations (1.12) and (1.13), we can get the laws of transforma-
tion of the coordinates of a covector &; and the tensor ¢7; under transformation
(1.11) of a frame:

‘& = alg;,

Iyt ol omi 4D
tjk = ajay aptlm.

(1.14)

To simplify the form of equations (1.11), (1.12), (1.13), and similar equa-
tions, it is convenient to introduce the differential operator V defined by the
following formulas:

Vil =dat + J:jw;-,
(1.15)
V& = d& — &y

Using this operator, we can write equations (1.11), (1.12), and (1.13) in the
form

Va' =0, V& =0, Vit =0. (1.16)

In addition to the vectors and tensors considered above that were invariant
under transformations of a frame, we will encounter objects that get multiplied
by some number under transformations of a frame. This number depends on
the choice of basis and some other factors. Such objects are called relative vec-
tors and relative tensors. Their coordinates satisfy equations that are slightly
different from equations (1.16). For example, for a relative tensor of type (1, 2),
these equations have the form

Vithy, = 0thy, (1.17)
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where 6 is a closed linear differential form. The following law of transformation:

"t = Aabaptanth (1.18)
corresponds to equations (1.17). If we differentiate (1.17), we obtain (1.18),
where 6 = d\.
The simplest tensor is the tensor of type (0, 0) or an absolute invariant, i.e.,
a quantity K that does not depend on the choice of frame. For this quantity,
equation (1.16) becomes
dK = 0. (1.19)

A relative invariant is a quantity K that is multiplied by a scalar under trans-
formations of a frame. For this quantity, equation (1.17) becomes

dK = 0K. (1.20)

1.2 Differentiable Manifolds

1.2.1 The Tangent Space, the Frame Bundle, and Tensor Fields. The
second basic that is needed is the notion of a differentiable manifold. We give
only the main points of the definition here; for more detail, we refer the reader
to other books (see, for example, the books [KN 63] by Kobayashi and Nomizu,
[Di 70, 71] by Dieudonné, or [Va 01] by Vasil’ev ).

A neighborhood of any point of a differentiable manifold M is homeomor-
phic to an open simply connected domain of the coordinate space R™ (or C™
if the manifold M is complex). This allows us to introduce coordinates in the
neighborhood of any point of the manifold. The number n is the dimension of
the manifold M.

If neighborhoods of two points of the manifold M have a nonempty in-
tersection, then the two coordinate systems defined in this intersection are
connected by means of invertible differentiable functions. The differentiabil-
ity class of these functions is called the class of the differentiable manifold.
Coordinates defined in a neighborhood of a point of a differentiable manifold
admit invertible transformations of the same class of differentiability. In what
follows, we will assume the differentiable manifolds under considerations to be
of class C*°, and in the complex case we will assume them to be analytic.

Consider an n-dimensional differentiable manifold M™ and a point x € M™.
In a neighborhood of the point , we introduce coordinates in such a way that
the point x itself has zero coordinates. Let 2° = z%(t) be a smooth curve
passing through the point x. We parameterize this curve so that z¢(0) = 0.
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The quantities deti = ¢ are called the coordinates of the tangent vector &

to the curve under consideration at the point z. The parametric equations of
the curve can be written as 2°(t) = £ + 0'(t), where 0 (t) are infinitesimals of
orders higher than ¢.

The set of tangent vectors to all curves passing through a point x € M™
forms an n-dimensional vector space. This space is called the tangent space
to the manifold M™ at the point  and is denoted by T,.(M™). The set of all
tangent spaces TM™ of the manifold M™ along with their natural projections
TM™ — M™ is called its tangent bundle and is denoted by T (M™). An element
of the tangent bundle is a pair (z,£), where x € M™ and £ € T,(M™). This
explains why the tangent bundle is also a differentiable manifold of dimension
2n, dimT(M™) = 2n.

Next, we consider the set of all possible frames R, = {e;} in each tangent
space. This set can be viewed as a fiber of a fibration R(M™) called the frame
bundle over the manifold M™. Because the family of frames at a fixed point x
depends on n? parameters, the dimension of the frame bundle R(M") is equal
ton +n?: dimR(M™) = n + n?.

Let € be a vector of the space T,,(M™) : £ € T,,(M™). The decomposition
of this vector relative to the basis {e;} has the form

£ =w'(&)ei, (1.21)

where w'(€) are the coordinates of the vector ¢ with respect to the basis {e;}.
These coordinates are linear forms constituting a cobasis (a dual basis) in the
space T, (M™). This cobasis is a basis in the dual space T} (M™). An element
of the dual space is a linear form over T, (M™). It follows from formula (1.21)
that

w(e;) = 5;

The set of spaces T.(M™) forms the cotangent bundle T*(M™) over the mani-
fold M™.

Because every tangent space T, (M™) is an n-dimensional vector space, we
can consider tensors of different types in this space. A tensor field t(x) is a
function that assigns to each point x € M™ the value of the tensor ¢ at this
point. We will assume that the function ¢(x) is differentiable as many times
as we need.

In each space T, (M™), the frames {e;} admit transformations whose dif-
ferentials can be written in the form (1.8). Because later we will also consider
displacements of the point = along the manifold M™, we rewrite formulas (1.8)
in the form

(1.22)

de; = mlej, (1.23)

%
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where § denotes differentiation when the point x is held fixed, i.e., § is the
restriction of the operator of differentiation d to the fiber R, (M™) of the frame

bundle R(M"), and the forms 77 are invariant forms of the general linear group
GL(n) of frame transformations in the space T, (M™). Parameters defining
the location of a frame in the space T, (M™) are called secondary (or fiber)
parameters, in contrast to principal parameters, which define the location of
the point z in the manifold M™. This is why the symbol ¢ is called the operator
of differentiation with respect to the secondary parameters and the 1-forms ﬂ;
are called the secondary (or fiber) forms.

If a tensor field is given on the manifold M™, then the coordinates of this
field must satisfy equations of type (1.13) at any point of this field. For ex-
ample, the coordinates t;k of the tensor field t(x) of type (1,2) depend not
only on a point x but also on the frame R, attached to the point z, so that
t;k = t;'-k(x,Rw). If the point z is held fixed, then this dependence can be
written in the form of the following differential equations:

If, in accordance with formulas (1.15), we denote the left-hand side of this
equation by Vgték, then this equation takes the form

Vsthy = 0. (1.25)

If the point & moves along the manifold M, then for a tensor field t;k(x),
equations (1.24) and (1.25) have the form

dtly, — thwh — thwh + thw = th,w! (1.26)
and _ '
Vith), =t (1.27)
where w! are basis forms of the manifold M™.

1.2.2 Mappings of Differentiable Manifolds. Let M and N be two
manifolds of dimension m and n, respectively, and let f : M — N be a
differentiable mapping of M into N. Consider a point a € M, its image
b= f(a) € N under the mapping f, and coordinate neighborhoods U, and U,
of the points a and b. The mapping f defines a correspondence

Yy =2, i=1,....mu=1,...,n,

between coordinates of points x € U, and y € U,. A mapping f is differentiable
of class p, f € CP, if and only if the functions f* are differentiable scalar
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functions of the same class p. If the functions f* are infinitely differentiable
functions, then the mapping f belongs to class C°°, and if the functions f*
are analytic functions, then f € C¥.
Consider the matrix B
M= (5x)

o’
having n rows and m columns. This matrix is called the Jacobi matriz of the
mapping f. It is obvious that the rank r of this matrix satisfies the condition

r < min(m,n).

It is also obvious that the rank r depends on a point € U,. If the rank
reaches its maximal value at a point z, i.e., 7 = min(m, n), then the mapping
f is said to be nondegenerate at the point x, and the point x itself is called a
regular point of a mapping f. If r < min(m, n) at a point z, then the point x
is called a singular point of the mapping f.

The following relations can exist between the dimensions m and n:

a) m < n. In this case, in a neighborhood U, of a regular point a, a mapping
f is injective. If a € M is a regular point of the mapping f, then b = f(a)
is a regular point of the submanifold V' = f(M) C N, and the map f
carries a sufficiently small neighborhood of the point a into a spherical
neighborhood of the point b = f(a). Moreover, the tangent subspace
T,(V) at a regular point b is an m-dimensional subspace of the tangent
subspace Tp(IN) whose dimension is equal to n. In particular, if m = 1,
the submanifold V is a curve in N, and if m = n — 1, the submanifold V'
is a hypersurface in N.

b) m > n. In this case, in a neighborhood U, of a regular point a, a mapping
f is surjective. In U,, this mapping defines a foliation whose leaves F),
are the complete preimages f~!(y) of the points y € Uy, where b = f(a).
The dimension of a leaf is equal to m — n, and the dimension of the
subspace tangent to the leaf Fy is also m —n. If dim N = 1, then we
may assume that N C R, and the leaves F), are the level hypersurfaces
of the function

y:f(xla"'axp)
defining the mapping M — R.

¢) m = n. In this case, in a neighborhood of a regular point a, a mapping f
is bijective. The tangent subspaces T, (M) and T, (V) to the manifolds M
and N at the points a and b are of the same dimension, and the mapping
f induces a nondegenerate linear map f, : To(M) — Tp(N) with the
matrix M,.
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Note also that if m < n, then in a neighborhood of a regular point a the
correspondence between the manifolds M and f(M) is bijective.

1.2.3 Exterior Algebra, Pfaffian Forms, and the Cartan Lemma.
Let 2 be coordinates in a neighborhood of a point a of the manifold M™, and
let f(z) be a differentiable function defined in this neighborhood. Then the
differential of this function can be written in the form

_of
= e (1.28)

df

The latter expression is a linear differential form in a coordinate neighborhood
of the manifold M™. However, this form is of special type because its coeffi-
cients are partial derivatives of the function f(z). A linear differential form of
general type can be written in the form

0 = a;dz". (1.29)

Its coefficients a; = a;(x) are coordinates of a differentiable covector field
defined on the manifold M™. The set of all linear forms on the manifold M™
is denoted by AL(M™).

For the linear forms, the operations of addition and multiplication by a
function can be defined in a natural way. In addition, for two linear forms
01 and 05, the operation of exterior multiplication 6; A f> can be defined.
This operation is linear with respect to each factor and is anticommutative:
02 N 01 = —01 A 03. The product 01 A 0 is an exterior quadratic form. The
exterior quadratic forms of general type are obtained by means of linear com-
binations of the exterior products of linear forms. The linear operations can
be defined in a natural way in the set of exterior quadratic forms, and this set
is a module over the ring of smooth functions on the manifold M™. This mod-
ule is denoted by A?(M™) (see, for example, the book [KN 63] by Kobayashi
and Nomizu, pp. 5-7). The localization of this module over each coordinate
neighborhood U C M™ is a free module with (g) = w generators. At
each point, the exterior quadratic forms form a vector space A? of dimension
n(n—1)
——5— over the field of real or complex numbers.

In a similar manner, one can define the exterior differential forms of degree
p, p < n on the manifold M™, and these forms generate a module AP(M™)
over the same ring. The localization of this module over each neighborhood
U C M™ is a free module of dimension (Z)

The multiplication of exterior forms of different degrees can be also defined.
If 6; and A, are exterior forms of degrees p and ¢, respectively, then their
exterior product 6; A 6 is an exterior form of degree p + ¢q. This product
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satisfies the following property:
01 N\ by = (—1)P105 N 0. (1.30)

By the skew symmetry, the exterior forms of degree greater than n vanish.
The exterior forms of different degrees form the exterior algebra on the
manifold M™:
A=A"+ AV A%+ AT (1.31)

here AP is the module of exterior forms of degree p. In particular, A? is the
ring of differentiable functions on the manifold M™. Exterior forms of degree
p are also called p-forms, and 1-forms are also called the Pfaffian forms.

We now consider an exterior differential form of degree two on a manifold
M™. In terms of the coordinates z*, this form can be written as

9:aijda:i/\dacj, ,7=1,...,n,

where a;; = a;;(x), a;; = —aj;, and dx® A da? are the basis 2-forms. A skew-
symmetric bilinear form is associated with the form 6. The bilinear form
0(&m), .

0(&,m) = ai; €',
determines the value of the form € on a pair of vector fields £ and 7 defined in
T(M™). If these two vector fields satisfy the equation

0(67 77) = Oa

then we say that they are in involution with respect to the exterior quadratic
form 6. The notion of the value of an exterior p-form on a system consisting of
p vector fields given on the manifold M™ can be defined in a similar manner.

Note further the following proposition of algebraic nature, which is called
the Cartan lemma.

Lemma 1.1 (E Cartan). Suppose the linearly independent 1-forms w*, w?,

...,wP and the 1-forms 61, 02,...,0, are connected by the relation
01 Aw! 4+ ..+ 0, AwP =0. (1.32)
Then the forms 0, are linearly expressed in terms of the forms w® as follows:
0y = lypw?®, (1.33)

where

lab = lpa. (1.34)
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Proof. Because the forms w®, a = 1,...,p, are linearly independent in the
covector space T*, by adding the forms w®, & = p+1,...,n, we complete
wt, ..., wP to a basis for T*. Then

0, = labwb + lagw"c.
Substituting this into relation (1.32), we obtain
lapw® A Wb +w* A lagwg =0,
which implies lqe = 0 and lqp = lpq. O
Cartan’s lemma is of pure algebraic nature. But if the forms w® and 6* are
given on a differentiable manifold M, then Cartan’s lemma is also valid, and
the quantities I, are smooth functions on M.
In the algebra of differential forms, another operation—the exterior differen-

tiation—can be defined. For functions, i.e., exterior forms of degree zero, this
operation coincides with ordinary differentiation, and for exterior forms of type

0 = adz®™ A ... Adz', (1.35)
this operation is defined by means of the formula:
df = da Adx™ A ... Adat. (1.36)

It is possible to prove that this operation is invariant under the change of
variables (see, for example, Cartan’s book [C 45], p. 34).

The operation of exterior differentiation defines a linear mapping of the
space AP(M™) into the space APT1(M™):

d: AP — APTL, (1.37)

Using formula (1.36), the formula for differentiation of a product of two exterior
forms can be proved. Namely, if the forms 6; and 0, have degrees p and g,
respectively, then

d(01 AN 92) =db; NOy + (—1)”91 A dbs. (138)
In addition, the following formula holds:
d(df) = 0. (1.39)

This formula is called the Poincaré lemma. In particular, for a function f on
M™ we have d(df) = 0. Conversely, if w is a 1-form given in a simply connected
domain of a manifold M™ and such that dw = 0, then w = df.
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A p-form 0 satisfying the condition df = 0 is called closed, and a p-form
6 satisfying the condition 6§ = do, where o is a (p — 1)-form, is called ezact.
Poincaré’s theorem states that if M™ is a p-connected manifold (i.e., in M™
every p-dimensional contour is homotopic to zero), then in M™ any closed
p-form is exact. This theorem follows from the p-dimensional Stokes theorem.

Note also that the operation of exterior differentiation, defined by formula
(1.36) by means of coordinates, does not depend on the choice of coordinates
on the manifold M™", i.e., this operation is invariant; it commutes with the
operation of coordinate transformation on the manifold M™.

1.2.4 The Structure Equations of the General Linear Group. As an
example, we apply the operation of exterior differentiation to derive the struc-
ture equations of the general linear group GL(n). In Section 1.1.1, invariant
forms for this group were determined for the frame bundle R(L™) of a vector
space L™ and were written in the form (1.4). Applying exterior differentiation
to equations (1.4) and using equations (1.36), we obtain

dw = da™"' A da. (1.40)

From relation (1.4) we find that
da = aw, (1.41)

and because aa~! = I, we have
da™' = —a"'da-a' = —wa™t. (1.42)

Substituting expressions (1.41) and (1.42) into equation (1.40), we arrive at
the equation

dw = —w A w. (1.43)
In coordinate form, this equation is written as
dw;- =—wi A w;-“,
or, more often, as ‘ .
dwi = w;-c A wp. (1.44)

Equations (1.43) and (1.44) are called the structure equations or the Maurer—
Cartan equations of the general linear group GL(n).

1.2.5 The Frobenius Theorem. Suppose that a system of linearly in-
dependent 1-forms 0%, a = p+1,...,n, is given on a manifold M™. At each
point x of the manifold M™, this system determines a linear subspace A, of
the space T,,(M™) via the equations

0°(¢) = 0. (1.45)
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The dimension of this subspace is equal to p. A set of such p-dimensional sub-
spaces AP given at every point = of the manifold M™ is called a p-dimensional
distribution and is denoted by AP(M™).

An integral manifold of a system of Pfaffian equations

6" =0 (1.46)

is a submanifold V7 of dimension ¢, ¢ < p, whose tangent subspace T,V ? at any
point z Dbelongs to the element AP of the distribution AP(M™),
T,V1C AP(M™).

It is easy to prove that the system (1.46) always possesses one-dimensional
integral manifolds. If the system has integral manifolds of maximal possi-
ble dimension p which form a foliation on the manifold M™, then we say
that the system is completely integrable. This means that through any point
x € M", there passes a unique p-dimensional integral manifold V7 of the sys-
tem (1.46). A necessary and sufficient condition for a system (1.46) to be
completely integrable is given by the Frobenius theorem (see Kobayashi and
Nomizu [KN 63], vol. 2, p. 323).

Theorem 1.2 (Frobenius). System (1.46) is completely integrable if and only
if the exterior differentials of the forms 0% vanish by means of the equations of
this system.

Analytically this can be written as follows:
do* = 6° A 67, (1.47)

where 0] are some new 1-forms.

Note that structure equations (1.44) of the general linear group GL(n),
which we found earlier, are conditions of complete integrability for the system
of equations (1.8) defining the infinitesimal displacement of a frame of the
space L™.

Note also that if a system of forms w; is given and it depends on p < n?
parameters and satisfies structure equations (1.44), then by Frobenius’ theo-
rem, this system uniquely (up to a transformation of the general linear group
GL(n)) determines a p-parameter family of frames R” in the space L™.

1.2.6 The Cartan Test. If system (1.46) is not completely integrable,
then it could still possess integral manifolds of dimension ¢ < p. We say
that the system of Pfaffian equations (1.46) is in involution if at least one two-
dimensional integral manifold V2 passes through each one-dimensional integral
manifold V! of this system, at least one three-dimensional integral manifold
V3 passes through each of its two-dimensional integral manifolds V2, etc., and
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finally, at least one integral manifold V¢ of dimension ¢ passes through each
integral manifold V¢! of dimension ¢ — 1.

Later we will often apply the Cartan test for the system of Pfaffian equa-
tions (1.46) to be in involution.

To formulate the Cartan test, first, we note that if V¢ is an integral manifold
of system (1.46), then on this manifold not only system (1.46) vanishes but
also the system

dg* = 0. (1.48)

A g¢-dimensional subspace A? tangent to the integral manifold V¢ is character-
ized by the fact that each of its vectors satisfies every equation of system (1.46),
and each pair of its vectors is in involution relative to the exterior quadratic
forms df?, i.e., the pair satisfies system (1.48). These vectors are called the
one-dimensional integral elements of system (1.46).

Let & be a one-dimensional integral element of system (1.46). A two-
dimensional integral element passing through element &; is determined by a
vector & that, in addition to the system of equations (1.45), together with &;
satisfy the system

d6° (€1, 65) = 0. (1.49)

If the vector &; is held fixed, system (1.49) is a linear homogeneous system for
finding £. Denote the rank of this system by 1. Suppose that &> is a solution
of system (1.49). The vectors &; and & determine a two-dimensional integral
element Es of system (1.46). To find a three-dimensional integral element of
this system, we should consider the system

dea(£17£3) = Oa doa(f%fﬁ") =0. (150)

Each vector {3 satisfying equations (1.50), together with the vectors &; and
&5, determines a three-dimensional integral element E3. Denote the rank of
system (1.50) by ro. Similarly we can construct integral elements Ey, ..., E,.
They are connected by the relation

&G=E1CE,CE;C...CE,.

Denote by ry the rank of the system of type (1.50) defining a vector &1,
which is in involution with the previously defined vectors &1, ..., &, and let

§1="T1, S2=7T2—T1, ...,8-1="T¢g-1 —Tg—2-

Let sq be the dimension of the subspace defined by a system of type (1.50)
for finding a vector £,;. The integers s1, s2,..., s, are called the characters of
system (1.46), and the integer

Q=51+25+...4¢s54
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is called its Cartan number. The characters of the Pfaffian system (1.46) are
connected by the inequalities

S1> 82 > ... 2> 8g. (1.51)

The left-hand sides of equations (1.48) are exterior products of some linear
forms from which ¢ forms are linearly independent and are the basis forms of
the integral manifold V?. Let us denote these 1-forms by w®, a =1,...,q. In
addition, equations (1.48) contain forms w* whose number is equal to s1 + ss+
...+ s4. Applying the procedure outlined in the proof of the Cartan lemma,
one can express the forms w" as linear combinations of the forms w®. The
number of independent coefficients in these linear combinations is called the
arbitrariness of the general integral element and is denoted by the letter S.

If the manifold M and the distribution AP(M) defined on M by the system
of equations (1.46) are real analytic, then the following theorem is valid:

Theorem 1.3 (E Cartan’s Test). For a system of Pfaffian equations (1.46)
to be in involution, it is necessary and sufficient that the condition QQ = S holds.
Moreover, its q-dimensional integral manifold V¢ depends on sy functions of
k variables, where sy, is the last nonvanishing character in sequence (1.51).

Note also that if system (1.46) of Pfaffian equations is not in involution, this
does not mean that the system has no solution. The further investigation of this
system is connected with its successive differential prolongations. Moreover, it
can be proved that after a finite number of prolongations one obtains either a
system in involution—and in this case there exists a solution of system (1.46)—
or arrives at a contradiction proving that the system has no solution.

The reader can find a more detailed exposition of the theory of systems of
Pfaffian equations in involution in the books [BCGGG 91] by Bryant, Chern,
Gardner, Goldsmith, and Griffiths; [C 45] by Cartan; [Fi 48] by Finikov; [Gr 83]
by Griffiths; [GJ 87] by Griffiths and Jensen; and [AG 93] by Akivis and
Goldberg. Examples of application of Cartan’s test can be found in the rest of
this book.

1.2.7 The Structure Equations of a Differentiable Manifold. Let
us find the structure equations of a differentiable manifold M™. As we have
already noted, if a differentiable function f(x) is given on the manifold M™,
then in local coordinates z*, the differential of this function can be written in
form (1.28). The operators % of differentiation with respect to the coordi-
nates x' form a basis of the tangent space T, (M™), called the natural basis.

We view the differentials dz’ as the coordinates of a tangent vector d = azi dz’

with respect to this basis. If we replace the natural basis {%} by an arbitrary
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basis {e; } of the space T,,(M™):
;0 0

e; = xz%, e e;, (1.52)

where (z7) and (#7) are mutually inverse matrices, then we can expand the
vector d as

d=e;Tdx' = e;, (1.53)
where we used the notation
W =Fda', ij=1,...,n. (1.54)

The forms w’ are called the basis forms of the manifold M™.
Taking exterior derivatives of equations (1.54), we obtain

dw' = dz A da? . (1.55)

Eliminating the differentials dz/ by means of relations (1.54) from equations
(1.55), we arrive at the equations:

dw' = dzi, A xfwj. (1.56)
Equations (1.56) imply that
dw' = wl A w;:, (1.57)

i

where the forms w;
(1.57), we find that

are not uniquely defined. In fact, subtracting (1.56) from

wl A (w; + x?diz) =0.
Applying the Cartan lemma to these equations, we obtain the equations

. K i -
wi + zjdT), = Thw
or
; k i ik
Wi = —x;dT}, + z5w", (1.58)

where a:;k = x}w

Equations (1.57) are the first set of structure equations of the manifold M™.
By the Frobenius theorem, it follows from equations (1.57) that the system of
equations w* = 0 is completely integrable. The first integrals of this system
are the coordinates z* of a point x of the manifold M™.
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Let us find the second set of the structure equations of the manifold M™,
which are satisfied by the forms w?. Exterior differentiation of equations (1.58)
leads to the equations

dw; = —dxf A dT + dwé.k AWk 4 x;'»kwl Awr. (1.59)
The entries of the matrices (z7) and (/) are connected by the relation
xfﬂ?k = (5;
If we differentiate this relation, we find that
dm? = —wgmédﬁ].

Substituting these expressions for dx? into equations (1.59) and using relations
(1.58), we find that

dw’; = wf Awp + (Vahy, + x?lx;,kwl) AWk, (1.60)
where Vxé . are defined according to the rule (1.15). Define also the 1-forms
wh = Val, + a:;-’legkwl + lw', (1.61)
where xékl = lek Using these equations, we can write equations (1.60) as
dw :w;?/\w,ier;k/\wk. (1.62)

These equations form the second set of structure equations of the manifold
M™.

Using the same procedure we just used to define the forms w?, wé and w; &
on the differentiable manifold M™ and to find structure equations for these
forms, we can define higher-order forms w; s - - - and find structure equations
for them (see Laptev [Lap 66]). However, in this book we will not need these
higher-order forms and equations.

As we already noted, the forms w’ are basis forms of the manifold M™. The
forms w; are the fiber forms of the bundle R!(M™) of frames of first order over
M™, and the forms w§ > together with the forms w;-, are the fiber forms of the
bundle R?(M™) of frames of second order over M™. The fibers Rl and R2 of
these two fibrations are defined on the manifolds R!(M™) and R?(M™) by the
equations w' = 0.

We denote by § the restriction of the differential d to the fibers R and R2
of the frame bundles under consideration. Let us also denote the restrictions
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J
respectively. Then it follows from equations (1.62) that

of the forms w’ and wj.k to these bundles by 7! = w!(§) and wék = wék(é)

57T§- = 7r§”‘ AT (1.63)

Equations (1.63) coincide with the structure equations (1.44) of the general
linear group GL(n). Thus, the forms 7T;- are invariant forms of the group
GL(n) of admissible transformations of the first-order frames {e;} associated
with a point z of the manifold M, and the fiber R} is diffeomorphic to this
group. This fiber is an orbit of a vector of a representation space of the group
GL(n).

This and relations (1.5) show that if w® = 0, the vectors e; composing a
frame in the space T, (M™) satisfy the equations

(561' = ’R’g €j,
and the forms w’ composing a coframe satisfy the equations

Sw' = —ﬂjwj. (1.64)

Next, consider the forms 7%, = w?, (6). Relations (1.61) imply that
W;k = V(Sx;]w

and thus 7r§ =T ;- It is not so difficult to show that the forms 7r§ . satisfy the
following structure equations

A % l % l )

(see Laptev [Lap 66]) and that these forms together with the forms 7} are
invariant forms of the group GL?(n) of admissible transformations of the

second-order frames associated with the point # € M™. The group GL? (n) is
diffeomorphic to the fiber R2.

1.2.8 Affine Connections on a Differentiable Manifold. In what
follows we will use the notion of an affine connection in a frame bundle. An
affine connection  on a manifold M™ is defined in the frame bundle R?(M")
by means of an invariant horizontal distribution A defined by a system of
Pfaffian forms

9; = w; - F;kwk (1.65)

vanishing on A. The distribution A is invariant with respect to the group of
affine transformations acting in R*(M™).
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Using equations (1.65), we eliminate the forms w} from equations (1.57).
As a result, we obtain

dw’ = w A% + Rijw! AWk, (1.66)

where R}, =T{;,. The condition for the distribution A to be invariant leads
to the following equations:

o} = 05 A0}, + Rl Aol (1.67)

The Pfaffian forms 6 = (#%) with their values in the Lie algebra gl(n) of the
group GL(n) are called the connection forms of the connection 7.

The quantities R; . and R; ; form tensors called the torsion tensor and the
curvature tensor of the connection -, respectively.

Conversely, one can prove that if in the frame bundle R*(M™), the forms 6’
are given, and these forms together with the forms w’ satisfy equations (1.66)
and (1.67), then the forms 9;- define an affine connection v on M", and the
tensors R; x and R; i are the torsion and curvature tensors of this connection
.

As a rule, in our considerations the torsion-free affine connections will arise
for which R;'. » = 0. For these connections, the form w = (w}) can be chosen as
a connection form. Under this assumption, the structure equations (1.66) and
(1.67) can be written in the form

dw' =W AW, dw! = wf A wh + R;klwk Awl. (1.68)

A more detailed presentation of the foundations of the theory of affine
connections can be found in the books [KN 63] by Kobayashi and Nomizu and
[Lich 55] by Lichnerowicz (see also the papers [Lap 66, 69] by Laptev).

1.3 Projective Space

1.3.1 Projective Transformations, Projective Frames, and the Struc-
ture Equations of a Projective Space. We assume that the reader is
familiar with the notions of the projective plane and the three-dimensional
projective space. These notions can be generalized for the multidimensional
case in a natural way (see Dieudonné [Di 64]).

Consider an (n + 1)-dimensional vector space L"*1. Denote by L™ the
set_of all nonzero vectors of the space L1, We consider collinear vectors
of L™t to be equivalent and define the n-dimensional projective space P" as
the quotient of the set L™™! by this equivalence relation: P" = L"*!/{0}.
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This means that a point of P™ is a collection of nonzero collinear vectors Ax of
L™+ ie., a point of P" is a one-dimensional subspace of L™t!. A straight line
of P" is a two-dimensional subspace of L™*! etc. If in L™t a basis defined
by the vectors eg,e1,...,e, is given, then any vector  # 0 of L"*! can be
decomposed relative to this basis:

z =1 +zter + ...+ z"p,

where the numbers 2%, z',..., 2" are the coordinates of the vector z rela-
tive to the basis {e;}. In the space L™*! a set of collinear vectors corre-
sponds to the point x of P", and the coordinates of this set are the numbers
(A Azt ..., Aa™), where A # 0. These numbers are called the homogeneous
coordinates of the point x € P". Note that they are unique up to a multiplica-
tive factor.

Linear transformations of the space L"*! give rise to corresponding pro-
jective transformations of the space P™. Under these transformations, straight
lines are transformed into straight lines, planes into planes, etc. Because a
point in P" is defined by homogeneous coordinates, transformations of the
form

yu:pxuv p#oa UZO,l,...,’ﬂ,

define the identity transformation of the space P™. Thus, the projective trans-
formations can be written as

U

py :a/gl‘v’ p#()) u7v:071""7n’

where det(a) # 0. Therefore, the group of projective transformations of the
space P depends on (n+1)% —1 = n? + 2n parameters. This group is denoted
by PGL(n).

A projective frame in the space P™ is a system consisting of n + 1 points
Ay, u=0,1,...,n, and a unity point E, which are in general position. In the
space L™t to the points A, there correspond linearly independent vectors
e, and the vector e = ZZ:O e, corresponds to the point . These vectors are
defined in L™*! up to a common factor. It follows that the set of projective
frames {A,} depends on n? + 2n parameters. We shall assume that the unity
point F is given along with the basis points A,,, although we might not mention
it on every occasion.

We will perform the linear operations on points of a projective space P"
via the corresponding vectors in the space L™*!. These operations will be
invariant in P™ if we multiply all corresponding vectors in L™"*! by a common
factor.
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In some instances, we assume that a vectorial frame in L™*! is normalized
by the condition

+1 for odd n,
eoNeiN...Ne, = (1.69)
1 for even n,

where the wedge denotes the exterior product. Condition (1.69) can always
be achieved by multiplying all vectors of the frame by an appropriate factor.!
Hence the group PGL(n) is isomorphic to the quotient group SL(n + 1)/Cs,
where Cy = {1, —1} is the cyclic group of the second degree.

When such a normalization has been done, the vectors of a frame in L"*!
corresponding to the point of a projective frame { A, } are uniquely determined.
Thus, the group of projective transformations of the space P™ is isomorphic to
the special linear group SL(n + 1) of transformations of L"*!. Sometimes we
will write the normalization condition (1.69) in the form

AgNAT N ... NA, = *1. (1.70)

The equations of infinitesimal displacement of a frame in P" have the same
form (1.5) as in L™:
dA, = w, Ay, (1.71)

but now the indices u and v take the values from 0 to n, and by condition
(1.70), the forms w? in equations (1.71) are connected by the relation

Wit w4 . Wt =0. (1.72)

This condition shows that the number of linearly independent forms w; be-
comes equal to the number of parameters on which the group PGL(n) of
projective transformations of the space P depends.

The structure equations of the space P™ have the same form as they had
in the space L™:

dwy = wy ANwy, (1.73)
but now we have a new range for the indices u,v and w: u,v,w =0,1...,n.

It is well known that a projective space P" is a differentiable manifold. Let
us show that equations (1.73) are a particular case of the structure equations
(1.57) and (1.62) of a differentiable manifold. To show this, first we write
equations (1.73) for v = 0 and w = ¢, where ¢ = 1,...,n, in the form

i _ A pi
dwy = wy N6,

1If we multiply all the vectors eg, e1, ..., e, by X, then the determinant is multiplied by
A"F1. Thus if n is odd, then it is impossible to change the determinant sign.
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where 9;- = wé — 5;@8. These equations differ from equations (1.57) only in no-

tation. Next, taking exterior derivatives of the forms 9;- and applying equations
(1.73), we find that

o = 05 A6}, + (Gjw) + Siwp) Awg.

Comparing these equations with equations (1.62), we observe that they coin-
cide if
w;»k = 5,iw? + 5}@2.

The latter relations prove that if a first-order frame is held fixed, the second-
order frames of a projective space P depend on n parameters while on a
general differentiable manifold they depend on n3 parameters.

Note that the forms wj constitute a basis in the cotangent space T} (P™) of
a projective space P". The corresponding basis in the tangent space T, (P™) is
formed by the vectors v; which are directed along the lines AgA; (see Griffiths
and Harris [GH 79]). In what follows, we will denote the forms wj by w'.

1.3.2 The Duality Principle. Consider a hyperplane ¢ in P". The
equations of this hyperplane can be written in the form

&t =0, v=0,1,...,n, (1.74)

where the coefficients £, are defined up to a constant factor. These coefficients
can be viewed as homogeneous coordinates of the hyperplane £&. They are called
the tangential coordinates of the hyperplane . This consideration shows that
the collection of hyperplanes of a projective space P” is a new projective space
of the same dimension n. This space is denoted by (P™)* and called dual to
the space P™.

Equation (1.74) is the condition of the incidence of a point x with coor-
dinates z* and a hyperplane £ = (£,). Denote the left-hand side of equation
(1.74) by (&,x). Then we can write it in the form

(§z)=0. (1.75)

Equation (1.75) shows that the spaces P™ and (P™)* are mutually dual, that
is, the space P" is dual to the space (P™)*,

(")) =P,

The passage from the space P" to the space (P™)* (or back from (P™)*
to P") is called the duality principle. Let P C P™ be an m-dimensional
subspace of the space P". Then P™ is spanned by m + 1 linearly indepen-
dent points My, My,..., M,,. By the duality principle, to every point M;,
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i =0,1,...,m, there corresponds a hyperplane p’. Hence to a subspace P™
there corresponds in (P")* a subspace of dimension n —m — 1, which is the
intersection of hyperplanes u¢. Therefore, (P™)* = P*~™~1 = ,OApt AL Ap™.

If in the space P* we have P; C Py C P”, then in (P")* we have
Py C Py c (P")*. This means that the duality principle reverses the in-
cidence of subspaces in the spaces P* and (P™). Thus, to each theorem of
projective geometry and to any configuration composed from subspaces of the
space P™, there corresponds a dual theorem and configuration in the space
(P™)* (see Rosenfeld [Ro 97], p. 135).

The mapping C of the space P™ to the space (P™)* preserving the incidence
of subspaces is called the correlation, C : P* — (P™)*, where £ = Cx is a
nondegenerate linear mapping. In a frame {A,}, v = 0,...,n, of the space
P™, the correlation C can be written in the form

&u = cupx”, det(cyy) #£ 0, (1.76)

where z¥ are point coordinates and £, are tangential coordinates in P"™.
In the space (P™)*, let us choose a coframe consisting of n + 1 hyperplanes
a" connected with the points of the frame {A4,} by the following condition:

(¥, Ay) = 5¥. (1.77)

This coframe is called dual to the frame {A4,}. Condition (1.77) means that
the hyperplane " contains all points A,, v # u, and that the condition of
normalization (a*, A,) = 1 holds.

We write the equations of infinitesimal displacement of the tangential frame
{a*} in the form

do* =ora’, u,v=0,1,...,n. (1.78)

Differentiating relations (1.77) and using equations (1.71), (1.78), and (1.77),
we arrive at the equations
wy + W, =0,

from which it follows that equations (1.78) take the form
da" = —wya®. (1.79)

The structure equations (1.73) are the conditions for complete integrability
of both equations (1.71) of infinitesimal displacement of a point frame and
equations (1.79) of infinitesimal displacement of a tangential frame. Thus,
if the 1-forms w" depend on some number p, p < n? + n, of parameters,
and satisfy structure equations (1.73), then in the space P™, they define a
p-parameter family of frames, up to a projective transformation of P™. The
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location of this family of frames is completely determined by the location of a
frame corresponding to initial values of parameters. Conversely, if in P" a fam-
ily of projective frames that depends on p parameters is given, then the com-
ponents w, of infinitesimal displacement of this family are unchanged under
its projective transformation. Similarly, the 1-forms w;’ define a p-parameter
family of coframes {c,,}, up to a projective transformation. Hence, the forms
wy are invariant forms with respect to transformations of the projective group.

1.3.3 Projectivization. In what follows, we will often use a special con-
struction called the projectivization.

Let P™ be a projective space of dimension n, and let P™ be a subspace
of dimension m, where 0 < m < n. We say that two points z,y € P",
x,y ¢ P™ are in the relation P™ and write this as zP™y if the straight line
xy intersects the subspace P™. It is easy to check that the introduced relation
is an equivalence relation. Thus, the points in the relation P™ are called P™-
equivalent. This equivalence relation divides all points of the space P™ into
the equivalence classes in such a way that all points of an (m + 1)-plane P™+1
containing the subspace P™ belong to one class.

The equivalence relation introduced above allows us to factorize the space
P™ by this relation. The resulting quotient space P /P™ is called the projec-

tivization of P™ with the center P™ and denoted by pr—m-1,
ﬁpn—m—l _ Pn/]P;m

Sometimes the quotient space P™/P™ is called the factorization of P™ with
respect to P™. The projectivization Pr—m—1ligq projective space of dimension
n —m — 1. Let us take a basis in P™ in such a way that its points A;, i =
0,1,...,m, belong to the center P of projectivization. Then the basis of
the space P"~™~1 is formed by the points A, = Ao/P™, a =m+1,...,n.
Because the center P is unchanged under projectivization, the equations of
infinitesimal displacement of the frame {A;, A, } of the space P" can be written
in the form _
dA; = wlAj, dA, =Wl As + Wl A;.

Thus, in this family of frames we have w{* = 0. Hence, the structure equations
(1.73) of a projective space P" imply that

dwf = w] Awh. (1.80)

This allows us to consider the forms w? as the components of infinitesimal
displacement of the frame {A,} of the projectivization P"~"~! so that

dAva = wg;{ﬁ'



1.8  Projective Space 25

On some occasions, we will identify the points A, of the projectivization
P*~™~1 with the points A, of the projective space P".

Note that one can also consider the projectivization of a vector space L™ by
its O-dimensional subspace {0}. The result of this projectivization is the sub-
space P~ = L™/{0}. Actually, in the definition of the projective space
P™ itself (see Section 1.3.1), we already used the projectivization, so that
P = L™+ /{0}.

1.3.4 Classical Homogeneous Spaces (Affine, Euclidean, Non-Eu-
clidean) and Their Transformations. As was noted in the Preface, a
projective space can be used to represent all classical homogeneous spaces:
affine, Euclidean, non-Euclidean, conformal, and other spaces. To do this, one
fixes certain invariant objects in a projective space P and reduces the group
of transformations of the space by requiring that they be invariant. Now we
show how this can be carried out for the basic homogeneous spaces.

An affine space A™ is a projective space P™ in which a hyperplane « is
fixed. This hyperplane is called the ideal hyperplane or the hyperplane at
infinity (or the improper hyperplane). The affine transformations are those
projective transformations that transform this hyperplane into itself. Straight
lines of the space P™ that intersect the ideal hyperplane at the same point are
called parallel straight lines of the space A™. Two-dimensional planes of P™
intersecting the ideal hyperplane along the same straight line are called parallel
2-planes of the space A", etc.

As a frame in the space A", it is natural to take a projective frame whose
points Aq,..., A, lie in the ideal hyperplane a. The equations of infinitesimal
displacement of such a frame have the form

{dAQ w8A0+ (.AJéAi,

. (1.81)
dAZ: waj, i,j:].,...,n.

Equations (1.81) show that in this case the forms w! in equations (1.71) are

equal to zero: w) = 0. This and structure equations (1.73) imply that dwl = 0.
Thus, the form w is a total differential: w9 = dlog|A|. Substituting this value

of the form w into the first equation of (1.81), we find that
dA ;
dAO = TAQ + wéAi.

It follows that

AO i Ai
d(T) = wh 5. (1.82)
If we set 4 4
O o 20—
N =% 3 = (1.83)
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then equation (1.82) can be written as

dr = whe;. (1.84)
Differentiating the second equation of (1.83), we obtain

dei = erj, (185)

where

0] = w! — 67 din|A|.

We may consider the point x as the vertex of an affine frame and the vectors e;
as its basis vectors. Equations (1.84) and (1.85) are the equations of infinites-
imal displacement of this affine frame {x,e;}. These equations contain n + n?
linearly independent forms w) and 7. This corresponds to the fact that the
group of affine transformations of the space A" depends on n+n? parameters.
The forms wi determine a parallel displacement of the frame, and the forms
67 determine the isotropy transformations of this frame, which keep the point
x invariant.

The structure equations of the space A™ can be obtained from equations
(1.73). In fact, we derive from those equations that

i 0 A L I At — ) A B
dwi = wy Awy + wp Awj = wy A5,

C ok )
de;_dw}—wj/\w}v—ﬁj/\%.

As a result, the structure equations of the affine space A" have the form

dwly = wj N 05,

i — gt g (1.86)
=07 N
These equations imply that the isotropy transformations form an invariant
subgroup in the group of affine transformations of the space A™, and this sub-
group is isomorphic to the general linear group GL(n). In addition, equations
(1.86) imply that the parallel displacements form a subgroup that is not an
invariant subgroup.

A Euclidean space E™ is obtained from an affine space A™ if in the ideal hy-
perplane of the latter space a nondegenerate imaginary quadric @ of dimension
n — 2 is fixed. The equations of this quadric () can be written in the form

¥ =0, zn:(xi)Q =0. (1.87)
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The Euclidean transformations are those affine transformations that transform
this quadric into itself.

The quadric @ allows us to define the scalar product (a, b) of vectors a and
b in the Euclidean space E™. If we take vectors of a frame in such a way that

(ei,€5) = 0y (1.88)

(here d;; is the Kronecker symbol: d;; = 1 and J;; = 0 if ¢ # j), then the forms
9;» from equations (1.85) are connected by the relations

0] + 0 =0, (1.89)

which are obtained by differentiating equations (1.88). The number of inde-
pendent forms in equations (1.84) and (1.85) is now equal to n + in(n —1) =
%n(nqt 1). This number coincides with the number of parameters on which the
group of motions of space E™ depends. The structure equations of the space
E" still have the form (1.86).

A non-FEuclidean space is a projective space P™ in which a nondegenerate
invariant hyperquadric

Q(X,X) = gupz¥z’ =0, u,v=0,1,...,n, (1.90)

is fixed. Suppose for definiteness that a non-Euclidean space is elliptic, i.e. the
hyperquadric Q(X, X) is positive definite. Then we may choose the points of a
projective frame {A,} in such a way that they form an autopolar simplex with
respect to this hyperquadric, and we normalize the vertices of this simplex.
This means that we have

Q(AuaAv) = 5uva (191)

and the forms w? from equations (1.71) satisfy the equations
w, +wy = 0. (1.92)

The elliptic transformations are those projective transformations of the space
P™ that preserve the hyperquadric ). These transformations depend on
%n(n + 1) parameters, and the latter number coincides with the number of
independent forms among the forms w;;.

If the hyperquadric @ is of signature (1,n), then it defines the hyperbolic
geometry in P™, which is also called the Lobachevsky geometry.
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1.4 Specializations of Moving Frames

1.4.1 The First Specialization. In our study of the structure of subman-
ifolds in a projective space, we will often apply the method of specialization
of moving frames. The idea of this method is that from all projective frames
associated with an element of a submanifold, we will take the frames that
are most closely connected with the element and its differential neighborhood
of a certain order. Such a specialization can be conducted analytically and
geometrically.

Consider, for example, how the method of specialization of moving frames
applies in the study of geometry of a curve on a projective plane. In this study,
we will use both geometric and analytic variations of this method.

Let T be a smooth simple connected curve in the projective plane P2. A
moving frame in P? consists of three points Ay, A1, and A, that do not belong
to a straight line. The equations of infinitesimal displacements of such a frame
have the form

dA, =wp Ay, u,v=0,1,2 (1.93)
where w;, are differential 1-forms satisfying the structure equations of the plane
P2:

dw, = wy Nwy),  w,v,w=0,1,2 (1.94)
(cf. equations (1.71) and (1.73)).

We assume that the family of projective frames in P? is normalized by the

condition

AgNATNAy =1 (1.95)
(cf. equation (1.70)). Differentiating (1.95) with the help of (1.93) and using
the fact that the points Ag, A1, and Ay are linearly independent, we obtain
that

wy+wi+ws=0 (1.96)
(cf. equation (1.72)).

First, we apply two geometric specializations of the moving frame. Suppose

that Ag = « € I" and locate the point A; on the tangent T,(I') to I' at the
point x, Ay € T,(T'). Then we have

dAO = ng() + w(l)A1. (197)
Comparing (1.97) with the first equation of (1.93), we see that
wi =0. (1.98)

The form w} is a basis form on the curve I': if w§ = 0, then the point Ag
is a fixed point on I'. This form w§ is proportional to the differential du of a
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parameter u moving the point z = A along I': w} = adu. The parameter u
is called the principal parameter.

Taking the exterior derivative of equation (1.98) with the help of (1.94), we
obtain the exterior quadratic equation

wi Aw? =0,
which by Cartan’s lemma implies that
wi = bowy. (1.99)

Note that the coefficient by is defined in a second-order differential neighbor-
hood of the point x. In what follows, the subindex will denote an order of a
neighborhood in which an object in question is defined.

If b, = 0 at all points of T', then

dAg = ngo + wéAl, dA, = w?Ao + w%Al,
and
d(AO N Al) = (wg +w%)(A0 N Al),

and the curve I" becomes the straight line Ag A A;. In what follows, we will
assume that
b #£ 0, (1.100)

i.e., that the curve I' is not a straight line.

For the next specialization of the moving frame, we apply the analytic
method. Taking the exterior derivative of (1.99) with the help of (1.94) and
(1.96), we obtain the exterior quadratic equation

(dby — 3bowi) Awp =0,
which by Cartan’s lemma implies that
dby — 3bawi = bzwg. (1.101)
If we fix Ag on I (i.e., if we set wj = 0), we find that
5by — 3bami = 0, (1.102)

where ﬂf = wg li—o and ¢ is the symbol differentiation with respect to the

secondary parameters (i.e., the parameters that move a frame when the point
x = Ap is held fixed).
By (1.100), it follows from (1.102) that

dlog by = 3mi. (1.103)
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If we fix all secondary parameters except ¢o, in terms of the differential of
which the secondary form 37 is expressed, we obtain

3w} = §log ¢o. (1.104)

Here we used the fact that the differential of a function of one variable is always
a total differential. By (1.104), equation (1.103) takes the form

dlogbs = dlog ¢o.

It follows that

by = Ea¢a,
where F5 = const. Because ¢ takes arbitrary values, we can take
1
$2 = B
As a result, we get
by =1, (1.105)
and (1.99) takes the form
w? = wj. (1.106)
Note that we could take ¢g = —E%, and as a result we could have by = —1
and
wi = —wp. (1.107)

Note that if we change the orientation of the curve T, i.e., if we change du to
—du, we come again to equations (1.105) and (1.106). In what follows, we will
assume that specialization (1.105) takes place.

By (1.105), equation (1.101) takes the form

—3w] = b3wg. (1.108)

Taking the exterior derivative of equation (1.108), we obtain the exterior
quadratic equation

[dbz + bz (w) — wi) + 3(w? — wi)] Awd =0,
which by Cartan’s lemma implies that
dbs + b3(w) — wi) + 3(w) — wi) = (3by — (b3)*)wg. (1.109)

1.4.2 Power Series Expansion of an Equation of a Curve. Before go-
ing to further frame specializations, we will clarify the meaning of the functions
ba, b3, and by. First, we find the conditions for a point

M = 2"Ag + 21 Ay + 22 Ay (1.110)
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in the plane P? to be fixed. Such a condition is
dM = 6M, (1.111)

where 6 is a 1-form. By (1.93) and linear independence of the vertices A, of
our moving frame, it follows from (1.111) that

dr® + 2% + 2w + %W = 020,
dzt + 2% + 2lwl + 2%wl = 021, (1.112)

dz? + 2% + 2lw? + 2%w3 = 022

For nonhomogeneous coordinates

x! 22

xr= — y:—
20’ 20

of the point M, equations (1.112) give

{ da + wp + w(wi — wf) +ywj — 2w — zywl =0, (1.113)

dy + wi + 2w + y(wi — wf) — zyw — y?wy = 0.
Suppose that the curve I' is given by an equation
y = f(z). (1.114)

If we place the origin (0,0) to a regular point of T', then the right-hand side of
(1.114) can be expanded into the MacLauren series:

oo
y:a1$+%agft2+$a3f£3+... = Z%anz”. (1.115)

n=1
Because we placed the point A; on the tangent T, (I") to I at the point
x, the equation of the tangent line T,(T") is y = 0. The tangent line T, (T")
intersects T' in two coinciding points. Thus if we set y = 0 in (1.115), we
must obtain a double root = 0. Hence expansion (1.115) must start from

second-degree terms. Therefore, we have

ay =0, (1.116)
and expansion (1.115) becomes
1 1 =1
y= aagxz + 5@3333 +...= Z —jant”. (1.117)

n=2
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Next we differentiate equation (1.117), apply (1.113), and equate the coef-
ficients in x. This gives
as = 1. (1.118)

Equating the coefficients in ™, n > 2, we obtain the following recurrent
differential equations for the coefficients a,, n > 2:

day, +an[(n — Dwd — nwi + w3] + n(n — 2)a,_1w?

(1.119)
+n!(swl — slwd) = a0},
where
sO:Za ap03, a+pG=n, a>1 n>2
2 alpr “eth
P (1.120)

sy = Z '5'&aaﬁ7 a+pB=n+1.

Substituting n = 2,3 into (1.119) and applying (1.119), (1.116), (1.118),
(1.96), (1.106), (1.108), and (1.109), we find that

as = b3, Ay = 3b4. (1.121)

As a result of (1.118) and (1.121), expansion (1.117) takes the form

1
y= -2’ + bg,x + Lt +[5]. (1.122)

2 6 8

Hence, equation (1.122) shows that the coefficients as, a3, and ayq of expan-
sion (1.117) coincide with the functions by = 1,b3, and by.

1.4.3 The Osculating Conic to a Curve. In homogeneous coordinates,
the equation of a conic in the plane P? is

all(xl)z + 2a102t2? + a22(x2)2 + 2a102 20 + 2a90222° + aoo(x0)2 =0.

It has six coefficients but only five essential parameters. Thus a conic can have
a fourth-order tangency with the curve I'. We write the preceding equation in
nonhomogeneous coordinates z and y as follows:

a112? 4 2a122y + a20y® + 2a10z + 2a20y + agy = 0. (1.123)

If (1.123) is the equation of such an osculating conic Cs, then substitut-
ing y from (1.122) into (1.123), we must obtain five roots x = 0. Thus the
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coefficients in ¥,k = 0,1,2, 3,4, must vanish. Hence we obtain five relations
between a,, and the coefficients of expansion (1.122). But we can obtain the
same five relations by another method. The function y and its derivatives
v y"y" y() computed from equations (1.122) and (1.123) must coincide
at the point x = 0, y = 0. Thus, taking four consecutive derivatives of (1.123)
and substituting each time the values

=0, y=0,y(0)=0, 4(0) =1, y(0) = bs, y(0) = 3by,

we obtain the following relations:

ago =0, a0 =0, a1 +az =0, 3aiz + azpbs =0,

(1.124)
4a19b3 + 3ass + 3agspbs = 0.
Solving (1.124) with respect to ai1,a12, and asq, we find that
ago = 0, aip =0, a1 = —as,
(1.125)

1 1 )
aip = —§b3a207 G2 = 5(4(1)3) - 9b4)a20.

Substituting (1.125) into (1.123), we obtain the following equation (in non-
homogeneous coordinates) of the osculating conic Co having a fourth-order
tangency with the curve I':

922 4 6bzxy + (9bg — 4(b3)?)y* — 18y = 0. (1.126)

In homogeneous coordinates (z°, z*, 22), equation (1.126) can be written as

9(z")? + 6bsx' 2 + (9by — 4(b3)?)(2?)? — 182220 = 0. (1.127)

1.4.4 The Second and Third Specializations and Their Geometric
Meaning. For the next two specializations, we apply the geometric method.
First, we place the point A3(0,0,1) on the conic Cy. The point A5 belongs to
the conic Cy defined by equation (1.127) if and only if

9by — 4(b3)?* = 0. (1.128)
As a result of this specialization, equation (1.127) takes the form

3(x')? + 2bzatz? — 62220 = 0. (1.129)



34 1. FOUNDATIONAL MATERIAL

Second, we locate the point A5 on the tangent line to Cy at the point As.
The equation of the tangent to the curve (1.129) at A is

oF
Erie 2bsz’t — 62 = 0
or

byt — 32 = 0.

This tangent line is the line A; A Ay defined by the equation 2° = 0 if and only
if
bz = 0. (1.130)

It follows from (1.128) and (1.130) that the conditions
b3 =0, by =0 (1.131)

are necessary and sufficient conditions for As to be located on the curve I' and
for the line Ay A As to be the tangent line to T' at the point As.
The specializations (1.131) imply that equations (1.108) and (1.109) become

wi=0 (1.132)

and

W) —wi =0. (1.133)

In addition, it follows from (1.96) and (1.132) that
w) +ws =0. (1.134)

Next, taking the exterior derivative of equation (1.133), we obtain the ex-
terior quadratic equation
wg A w(l) =0,

which by Cartan’s lemma implies that
w§ = bswp. (1.135)

In addition, as a result of specializations (1.131), expansion (1.122) takes
the form 1
y= 51;2 + [5], (1.136)

and equation (1.126) of the osculating conic Cy becomes

y=-x°. (1.137)
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Next, we rewrite expansion (1.122) in the form

y = %xQ + $a5x5 + éaﬁxfi + %CW.Z‘? + [8]. (1.138)

If a5 = 0, then at the point x = Ay, the conic C5 has a tangency of at least
fifth order with the curve I'. Such points of I" are called sextactic. If I' and Cs
have a fifth-order tangency at all points, then C5 is the same at all points of
' and T = Cs.

It is easy to confirm this consideration analytically. If a5 = 0, then it
follows from (1.119)—(1.120) that a, = 0,p = 6,7, ..., and expansion (1.138)
becomes (1.137).

In what follows, we assume that

as # 0. (1.139)

Setting n = 4 in (1.119)-(1.120) and taking into account (1.131) and
(1.135), we find that
as = 6b5. (1.140)

By (1.140), expansion (1.138) takes the form

1 1 1 1
Yy = 51'2 + ?Ob51'5 + aagxﬁ =+ ﬁa%’E? + [8] (1141)
It follows from (1.139) and (1.140) that
bs # 0. (1.142)

In what follows, we assume that (1.139) (or (1.142)), i.e., that the curve
I' in question is not a conic. Note that in the frame we have constructed,
the conic Cy defined by equation (1.137) has a fourth-order tangency with the
curve I' at the point = = Aj.

1.4.5 The Osculating Cubic to a Curve. In homogeneous coordinates,
the equation of a cubic in the plane P? is

o’z =0, wu,v,w=0,1,2. (1.143)

It has ten coefficients but only nine essential parameters. Thus a cubic can
have an eighth-order tangency with the curve I'. But not all cubics in P? are
projectively equivalent. Moreover, not all points of a cubic are equivalent: a
cubic can have a singular (double) point. We will use this fact later. Thus
we will save one parameter and look for a cubic C'5 having only a seven-order
tangency with the curve T.
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In order to find such a cubic Cs, we apply the same procedure we used in
Section 1.4.3 when we were looking for an osculating conic Cs. The function
y and its derivatives v/, 3", y"", y(@), y®) y®@) 4@ computed from equations
(1.138) (we assume that the specializations bo = 1,b3 = by = 0 have been
made) and (1.143) must coincide at the point = 0, y = 0. Thus taking seven
consecutive derivatives of (1.143) and substituting each time the values

z =0, y =0, ¥ (0)=0, ¢”(0)=1, ¥"(0)=0,
y(“}) (0) = 07 y(v) = as, y(vi) = g, y(vii) = ar,

we find the following eight relations:

aooo =0, a0 =0,

2a110 + age0 =0, a111 + 3a120 =0,

aggo + 2a112 = 0, asazo0 + 30a122 = 0,
agazoo + 12a5a120 + 30ag22 = 0,

arazoo + 14agaiao + 42a5(a12 + azeo) = 0.

Excluding the case when T is a conic (i.e., assuming that inequality (1.139)
holds), we find from the preceding equations that

a110 = Aas, Q120 = [G5, G200 = —2Aas, G111 = —3Uas,
1 1 2
3aigs = 5)@?7 Q92 = E)\GSGG - ga?)/h

1 2
3(1112 = —?Aﬂq + Hae, 3(1220 = —?)\047 + 2,“4”46,

where A and p are arbitrary parameters.
As a result, we find the following equation of a pencil of osculating cubics
having at the point x = y = 0 a seven-order tangency with the curve I':

)\[05 (3x2 — 6y + Eny + %y?’) + a (2y2 — xzy)}
5 15 7 (1.144)

2
+1 [a5 (6a:y — 323 — %y?’) — ag (2y2 — J;Zy)} =0.
We can see that if A = 0, equation (1.144) does not contain the first powers

of z and y. Hence if A = 0, the cubic C3 has a double point (a knot) at the
point Ag. Equating to zero the second-degree terms, we get

6aszy — 2agy” = 0.
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This shows that at the double point Ag, the osculating conic C5 has two real
tangents defined by the equations

y =0 and 3asz — agy = 0. (1.145)

1.4.6 Two More Specializations and Their Geometric Meaning.
For the two final specializations, we will apply again the analytic method. Tak-
ing the exterior derivative of equation (1.135), we obtain the exterior quadratic
equation

(dbs + 3bswd) A wp =0,

which by Cartan’s lemma implies that
dbs + 3bswl) = 3bswp. (1.146)
If the point = Ay is held fixed, it follows from (1.146) and (1.141) that
§logbs = —3m).

Fixing all secondary parameters except ¢s, in terms of the differential of which
the secondary form —3r{) is expressed, we obtain consecutively

—31) = dlog ¢s, dlogbs = dloggs, bs = Es¢s,
where E5 = const. Taking ¢5 = E%), we arrive at
by = 1. (1.147)
By (1.147), we find from (1.146) that
wl) = bewp. (1.148)

Taking the exterior derivative of equation (1.148), we obtain the exterior
quadratic equation
(dbs + wi) Awp =0,

which by Cartan’s lemma implies that
dbg + Wi = kwp. (1.149)
If the point = Ag is held fixed, it follows from (1.149) that
6bg = —71'(1).

Fixing all secondary parameters except the parameter ¢g, in terms of the dif-

ferential of which the secondary form —7¥ is expressed, we obtain consecutively

—7) = 8¢, 0bs = s, bs = ¢ + Es,
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where FEg = const. Taking ¢g = —Eg, we arrive at
b = 0. (1.150)
By (1.150), equation (1.149) becomes
W) = kwp, (1.151)
and equations (1.148) and (1.134) give
wy =wi =0. (1.152)
Exterior differentiation of (1.151) gives the exterior quadratic equation
dk ANwj =0,
which by Cartan’s lemma implies that
dk = lwg. (1.153)

Now all the forms w{ become the principal forms:
(1.154)

and the functions k& and [ are the absolute invariants of the curve T".
Setting n = 5 and n = 6 in (1.119)—(1.120) and taking into account (1.131),
(1.140), (1.147), (1.150), (1.151), and (1.152), we find that

ag =0, ay = 18k. (1.155)
By (1.155), expansion (1.141) takes the form

Lo, 15 k- 7
== — — . 1.156
Y= 58"+ 550 + 5e5 + [8] ( )
The osculating cubic C5 having the knot at the origin is determined by the
equation
523 + 4y — 10xy = 0. (1.157)

Note that expansion (1.156) coincides with the similar decomposition (8)
on p. 216 in the book [Fi 37] by Finikov.

Now we can establish the geometric meaning of the specialization ag = 0.
It follows from (1.145), that the condition ag = 0 is necessary and sufficient
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for the straight line AgAs to be the second tangent line to the osculating cubic
C3 at its double point Ay.

Note that we can make the specialization ag = 0 geometrically by requesting
the line AgAs be the second tangent line to the cubic C3 at its double point
Ao immediately after we found equations (1.145).

1.4.7 Conclusions. We make the following conclusions from our consid-

erations in this section:

1. The specializations we have performed can be made for any curve not a
straight line or a conic.

2. We summarize here the geometric meaning of all vertices of our special-
ized moving frame:

A():ZL'GF, A()ECQ, AQECg,
Ay € T,.(T) Ay € T,(Cs), Ay € Tp(Cy)  (1.158)

Ay =T, (C3)NCoy Ay =T,(T) NTy,(C)

(see Figure 1.1).

Ay

Figure 1.1
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3. By (1.94) and (1.154), we have
dwj =0,
i.e., the basic form w} is a total differential:

wy = du. (1.159)

By (1.93), (1.154), and (1.159), we obtain the following Frenet formulas:

dAo

a0 _ 4y

du 1

A pay A, (1.160)
du

2 _ g4k,

du

The parameter u in (1.159) is the projective arc length, and the absolute
invariant & in equations (1.160) is the projective curvature of T' (see more
detail on the projective arc length on pp. 222-224 and on the projective
curvature on pp. 221-222 and 225-226 in the book [Fi 37] by Finikov).

It can be proved (see [Fi 37], pp. 220-221) that if we take the new parameter
v such that ‘;—”5 = —1, then

dAy d?Ag
dv = #| [ 4p, 220 T20 )
v <0’ du duz )™

2 3
k= _1<A0’dAO7 d A0>7
2 dv? ’ dv?

and if the projective curvature k is given as a function of the projective arc
length, then the curve I' is defined up to a projective transformation. In
particular, in the book [Fi 37], the curves I" with & = 0 and k& = const are
determined.

In general, all these considerations are coming from Halphen’s paper [H 78].
In particular, Halphen defined the so-called Halphen’s point in the following
manner (see also p. 68 in the book [Wi 06] by Wilczynski).

A pencil of cubics has always 3 -3 = 9 centers. All curves of the pencil
(1.144) of osculating cubics have eight common points with the curve I' (and

and
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thus among each other) at the origin. Therefore, besides the point z = Ay,
there exists only one common points for all cubics of the pencil (1.144). This
point is the Halphen point. Its coordinates are

x1 = 490k, x5 = 175k%, zo = 685 + 25k>.

If £ = 0, then the Halphen point coincides with the point x = Ag. In this
case the curve (1.157) has an eighth-order tangency with I" at «.

1.5 Some Algebraic Manifolds

1.5.1 Grassmannians. We now consider some algebraic varieties in a pro-
jective space, which we will need in our considerations.

First of all, we study the Grassmannian G(m,n) of m-dimensional sub-
spaces in a projective space P". Consider a fixed frame {E, } in P" and denote
the coordinates of a point X relative to this frame by z*. Thus, we have
X = z%FE,. Let P™ be an m-dimensional subspace in P". Let us take m + 1
linearly independent points X;, 7= 0,1,...,m, in the subspace P™. We call
them basis points of the P". We write the coordinates of the points X; relative
to the frame {F,} in the form of a matrix:

zy g g
()= 2% af ... 27 |. (1.161)
T T, T,

Consider the minors p??-m of order m + 1 of this matrix:

'i() il % 3
Ty Ty o o... Tg"

potim =det | a2l a2y L. 2 |- (1.162)
zio i zim

Because the matrix has m + 1 rows and n + 1 columns, the total number of
such minors is equal to (**)). If we change the basis in the subspace P™, the
matrix (1.161) also changes, but all of its minors are multiplied by the same
factor, namely, the determinant of the matrix of basis transformation. Thus,
these minors can be taken as homogeneous projective coordinates of a point in
the projective space PV of dimension N = (::fll) — 1. These coordinates are

called the Grassmann coordinates of the P™ C P”. It is easy to see that these
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coordinates are skew-symmetric and that not proportional sets of Grassmann
coordinates correspond to different m-dimensional subspaces.

The Grassmann coordinates p“-m are not independent—they satisfy the
sequence of the following quadratic relations:

pi()il-<~im—1[iWij0j1-“jm] =0, (1.163)

which follows from equations (1.161) and (1.162) (see, for example, Hodge and
Pedoe [HP 47]). In formulas (1.163) (and many other formulas of this book),
the square brackets enclosing some (or all) upper (or lower) indices denote the
alternation with respect to the enclosed indices while the parentheses in the
indices denote the symmetrization. For example,

—_

tlidl — §(t“ — %), +@9) — 5(tw + %),

fligk] — l'(tijk ki ghid ik gkdi _ yikiy
igk) — %(tijk gkl g ghid itk gkdi . gikdy

If we locate points A;, i = 0,1,...,m, of the moving frame in the subspace
P™, then we have

dAizngj—i-wf‘Aa, a=m+1,...,n;

thus the 1-forms wg* are basis forms on the Grassmannian G(m,n).

Relations (1.163) define in the space PV an algebraic variety of dimension
(m + 1)(n — m), which is the number of linearly independent basis forms w*
on the Grassmannian. We denote this algebraic variety by Q(m,n). There is
a one-to-one correspondence between m-dimensional subspaces P™ of P™ and
the points of the variety €2(m,n). This correspondence defines the mapping
v : G(m,n) = Q(m,n), called the Grassmann mapping.

As an example, we consider the Grassmannian G(1,3), the manifold of
straight lines of the three-dimensional projective space P3. In this case, matrix

(1.161) takes the form:
¥y @ T T
o) af o} ot )

Its minors
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are usually called the Plicker coordinates of the straight line [ defined by the
points Xy and X;. Because (3) = 6, the minors are homogeneous projective
coordinates of a point in the space P°. It is easy to prove that these coordinates
satisfy the single quadratic equation

PO 4 p02p3 4 0312 —

(cf. (1.163)). Therefore, the variety Q(1,3) is a hyperquadric in P%, called the
Pliicker hyperquadric.

Let us study the structure of the Grassmannian G(m,n) and its image
Q(m,n) in the space PV, where N = (:;11) — 1. Let p and ¢ be two
m-dimensional subspaces of P™ having in common an (m — 1)-dimensional
subspace P™~!. These two subspaces generate a linear pencil A\p + ugq of
m-dimensional subspaces. A straight line of the variety Q(m,n) corresponds
to this pencil. All subspaces of the pencil belong to the same subspace P!
of dimension m + 1, and a pair of subspaces P™~1 C P™*! completely defines
the pencil and therefore a straight line on Q(m,n).

Consider further an (n — m)-bundle of m-dimensional subspaces passing
through a fixed subspace P™~1. An (n — m)-dimensional plane generator
"™ of the variety Q(m,n) corresponds to this bundle. Because the space
P" contains the m(n — m + 1)-dimensional family of subspaces P~  the va-
riety Q(m,n) carries a family of (n — m)-dimensional plane generators "™,
and the latter family depends on m(n —m + 1) parameters.

Let P™*! be a fixed (m + 1)-dimensional subspace in P". Consider all its
m-dimensional subspaces P™. They form a plane field of dimension m +1. An
(m + 1)-dimensional plane generator n™*! of the variety Q(m,n) corresponds
to this field. Because P™ contains the (m + 2)(n —m — 1)-parameter family of
subspaces P™*1 the variety Q(m,n) carries an (m + 2)(n —m — 1)-parameter
family of plane generators n™*1.

If Pm~1 ¢ P™*!, then the plane generators £"~™ and n™*! of the variety
Q(m,n) corresponding to these subspaces intersect each other along a straight
line. Otherwise, they do not have common points.

Next, consider in P” a fixed subspace P™. It contains an m-parameter
family of subspaces P!, Thus, an m-parameter family of generators "™
passes through the point p € Q(m,n) corresponding to the P™. There is also
an (n —m — 1)-parameter family of subspaces P *! passing through the same
subspace P™. Thus, an (n—m—1)-parameter family of generators n™ ! passes
through the point p € (m,n). Moreover, any two generators £"~™ and n™*1
passing through the point p have a straight line as their intersection. It follows
that all plane generators £~ and 5™ *! passing through the point p € Q(m, n)
are generators of a cone with its vertex at the point p, and this cone is located
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on the variety Q(m,n). We denote this cone by Cp(n —m,m + 1) and call it
the Segre cone. The projectivization of the Segre cone with the center at a
point p is the Segre variety S(n —m — 1, m) which we will study later.

In the space P, the set of all m-dimensional subspaces intersecting a
fixed subspace P™ along the subspace of dimension m — 1 corresponds to the
Segre cone Cp(n —m, m + 1). It follows that the dimension of the Segre cone
Cp(n —m,m + 1) is equal to n.

1.5.2 Determinant Submanifolds. The so-called determinant subman-
ifolds are interesting examples of submanifolds in a projective space.

Consider a projective space PV of dimension N = ml + m + [ in which
projective coordinates are matrices (z¢) with ¢ =0,1,...,m; a=0,1,...,],
and we suppose m < [. A determinant manifold is defined by the condition

1 <rank () <r, r<m. (1.164)

Consider first the extreme case r = 1. In this case, the matrix (z¢) has the
form of a simple dyad:
xy =1t%s, (1.165)

7

where t* and s; are homogeneous parameters that can be taken as coordinates
of points in the spaces P! and P"*.

The determinant manifold defined by equation (1.165) is called the Segre
variety and is denoted by S(m,[) (cf. the end of Section 1.4.1). This variety
carries two families of plane generators s; = A¢; and t* = pc® where ¢; and ¢®
are constants. The generators of these two families are of dimension [ and m,
respectively. The Segre variety is an embedding

P! x (P™)* — PN (1.166)

of the direct product of the spaces P! and P™* into the space PV, and the
dimension of the Segre variety is [ + m.
Suppose now that in relation (1.164) the rank = 2. In this case the entries
of the matrix (z$) can be written in the form
=X (t*-s) +up ("t*-s)), (1.167)

(2

i.e., the matrix () is a linear combination of two simple dyads. Each of these
dyads determines a point on the Segre variety S(m, ). If the parameters A and
p vary, the point of the space PV with coordinates =& describes a straight line
—the bisecant of the Segre variety S(m,l). Thus, if r = 2, equation (1.164)
defines the bisecant variety for the Segre variety S(m,1).

Similarly, for any r, the determinant manifold (1.164) is a family of (r —1)-
secant subspaces for the Segre variety S(m,1).
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For example, if m = [ = 1, then n = 3, and the equations of the Segre
variety S(1,1) can be written as

To=t's0, ai =P, (1.168)
xy =tlsg, x}=1tlsy.

Eliminating the parameters t® and s; from these equations, we arrive at the
quadratic equation
rr] — gzl =0, (1.169)

defining in the space P? a ruled surface of second order that carries two fam-
ilies of rectilinear generators: s; = const and t* = const. This surface is an
embedding of the direct product P' x P'* into the space P3.

Next, we consider another type of determinant manifold defined in a pro-
jective space P" of dimension n = 1(m + 1)(m + 2) — 1, where projective
coordinates are symmetric matrices (z%), 4,5 = 0,1,...,m, by the equation:

rank (27) =r, r<m. (1.170)
If r = 1, then each entry of a matrix (2%/) is the tensorial square of a vector t':
9 =t (1.171)

The parameters ¢' can be considered as homogeneous coordinates of a point
in a projective space P™. Thus, the manifold defined by equations (1.171) is a
symmetric embedding of the P into the P™:

s: Sym (P™ x P™) — P,

where n = (m + 1)(m + 2) — 1. The manifold (1.171) is called the Veronese
variety and is denoted by V(m). Its dimension is m.

If r > 1, the determinant manifold (1.170) is the variety of (r — 1)-secant
subspaces for the Veronese variety V(m).

As an example of the Veronese variety, we consider the case m = 2. Then
n = 5 and the variety V(2), defined by equation (1.171) for 4,57 = 0,1,2, is a
symmetric embedding of the two-dimensional projective plane into the space
P°. The variety V(2) is a two-dimensional surface of fourth order in P5 (see,
for example, Semple and Roth [SR 85]).

Note some properties of the Veronese surface V(2). To each straight line
of the plane P? there corresponds a conic on the Veronese surface V(2), and
this surface carries a two-parameter family of such conics. Through each point
of the surface V(2), there passes a one-parameter family of such conics, and
through any pair of points of the surface V(2) there passes a unique conic of
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this family. Two-dimensional planes in P® containing these conics are called
conisecant planes of the surface V(2).
To the conics defined by the equation

aijt't! =0 (1.172)

in the plane P2, there corresponds a quartic (a fourth-degree curve) on the
Veronese surface V' (2). This quartic is the intersection of the Veronese surface
V(2) with the hyperplane

aijz’ =0 (1.173)

of the space P°. If the conic (1.172) degenerates into two straight lines, then
the corresponding quartic is decomposed into two conics. For curves of this
type, we have det(a;;) = 0, and the hyperplane (1.173) defining this curve is
tangent to the Veronese surface V(2) at a point of intersection of these two
conics. If the curve (1.172) is a double straight line, then a;; = a;a;, and
the hyperplane (1.173) is tangent to the Veronese surface V(2) along a double
conic.

If 7 = 2, the manifold defined in the space P® by equation (1.170) is a
hypercubic defined by the equation

xOO 1.01 x02

210 gt 212 | =0, 2% =2/, (1.174)
Z‘QO le .1322

and called the cubic symmetroid. This hypercubic is a bisecant variety for
the Veronese surface V(2). It carries two families of two-dimensional plane
generators. One of these families consists of conisecant planes of the surface
V(2), and the second consists of two-dimensional planes tangent to this sur-
face. The Veronese surface V(2) is the manifold of singular points of the cubic
symmetroid (1.174).

In Section 2.5 we will prove that the Veronese variety and the cubic sym-
metroid are mutually dual submanifolds.

NOTES

1.2. For more detail on differentiable manifolds, see, for example, the books
[KN 63] by Kobayashi and Nomizu or [Di 71] by Dieudonné or [Va 01] by Vasil’ev and
on the theory of systems of Pfaffian equations in involution the books [BCGGG 91]
by Bryant, Chern, Gardner, Goldsmith, and Griffiths, [C 45] by Cartan, [Fi 48] by
Finikov, [Gr 83] by Griffiths, [GJ 87] by Griffiths and Jensen, and [AG 93] by Akivis
and Goldberg.
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A more detailed presentation of the foundations of the theory of affine connections
can be found in the books [KN 63] by Kobayashi and Nomizu and [Lich 55] by
Lichnerowicz (see also the papers [Lap 66, 69] by Laptev).

1.3. For more detail on the notion of a multidimensional projective space, see
the book [Di 64] by Dieudonné and the paper [GH 79] by Griffiths and Harris.

1.4. The method of moving frames was first used by Frenet [Fr 47] and Serret
[Se 51], who applied it to the theory of curves in the Euclidean plane and the Eu-
clidean space. Following this, Darboux [Da] applied this method to the theory of
surfaces in the Euclidean space. Cartan developed the method of specialization of
moving frames for studying submanifolds in any homogeneous space (see, for exam-
ple, [C 35] and [C 45]). In Russia, Finikov (see [Fi 48, 50]) and his students widely
used the method of specialization of moving frames in their work.

In this book we systematically use the method of moving frames and make spe-
cializations of moving frames when they are appropriate.

1.5. On the Grassmann coordinates, see, for example, the book [HP 47] by Hodge
and Pedoe.

On Veronese variety, see the book [SR 85] by Semple and Roth. The embedding
(1.171) generating the Veronese variety was considered in many papers and books
from different points of view (see, for example, the book [GH 78] by Griffiths and
Harris and the papers [CDK 70] by Chern, do Carmo, and Kobayashi, [EH 87] by
Eisenbud and Harris, [GH 79] by Griffiths and Harris, [J 89] by Jijtchenko, [LP 71]
by Little and Pohl, [Nom 76] by Nomizu, [NY 74] by Nomizu and Yano, [Sas 91] by
Sasaki, [SegC 21a, 21b, 22] by C. Segre, [Sev 01] by Severi, and recent papers [K 00a,
00b] by Konnov).

The book [Ha 92] by Harris contains an excellent presentation of different prop-
erties of the Grassmannians (see Lecture 6), the determinant varieties (see Lecture
12), the Segre varieties (see Lectures 2 and 18), the Veronese varieties (see Lectures
2 and 18), and many other special algebraic varieties.
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Chapter 2

Varieties in Projective
Spaces and Their Gauss
Maps

In this chapter, after introducing in Sections 2.1 and 2.2 the basic notions (such as the
tangent, osculating and normal subspaces, the second fundamental tensor and the second
fundamental form, and the asymptotic lines and asymptotic cone) associated with a variety
in a projective space PV, in Section 2.3, we define the rank of a variety and varieties with
degenerate Gauss maps. In Section 2.4, we consider the main examples of varieties with
degenerate Gauss maps (cones, torses, hypersurfaces, joins, etc.). In Section 2.5, we study the
duality principle and its applications, consider another example of varieties with degenerate
Gauss maps (the cubic symmetroid) and correlative transformations, and in Section 2.6, we
investigate a hypersurface with a degenerate Gauss map associated with a Veronese variety
and find its singular points.

2.1 Varieties in a Projective Space

2.1.1 Equations of a Variety. Let M be an n-dimensional connected dif-
ferentiable manifold, and let f be a nondegenerate almost everywhere differ-
entiable mapping of M into a projective space PV:

f:M —PN,

where n < N. The image X = f(M) of the manifold M under this mapping
is also differentiable almost everywhere. We shall call X an n-dimensional
variety (or sometimes subvariety). Note that the manifold M is differentiable
while the variety X = f(M) is almost everywhere differentiable.

49
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For a point x € X of a variety X € PV, we have dim7,X > dim X = n.
If dim 7, X = dim X = n, then a point z is called regular (or smooth), and if
dim 7T, X > dim X = n, a point x is called singular (see Shafarevich [Sha 88],
Chapter 2, §1).

We denote the locus of smooth points of X by X, and the locus of singular
points of X by Sing X, so

Xem={z € X :dimT, X =dim X},
SingX ={zr € X :dimT, X > dim X}.

It is obvious that Sing X C X, X, C X, dim X, = n, dim Sing X < n.
If ¥, i =1,...,n, are differentiable coordinates on the manifold M, then
the variety X can be given by the equations

o =z*(t"), u=0,1,...,N, (2.1)

where z%(t') are almost everywhere differentiable functions of the variables
t', and the rank of the matrix (%ﬁ) does not exceed n. Because z" are
homogeneous coordinates of a point z of the space PV, the functions 2% admit
multiplication by a common factor, which can be not only a number but also
a function f(t%).

The locus of singular points Sing X is determined by the condition

Kk (817“) <
ran . n.
ot
The variety X can also be given locally by a system consisting of N — n
independent equations of the form

Fo% 2. . 2N)=0, a=n+1,...,N, (2.2)

where F'® are homogeneous almost everywhere differentiable functions. In a

oz
N — n. Hence without loss of generality, we may assume that if in a neighbor-

hood of a point x € X, det (%%;) #0,a,8 =n—+1,...,N, then equations

(2.2) can be solved for the variables z“:

neighborhood of a nonsingular point z, the Jacobi matrix (6F a) is of rank

@ = 2% 2, ..., 2"), a=n+1,...,N. (2.3)

Here the right-hand sides are homogeneous functions of first degree. Therefore,
these right-hand sides and the right-hand sides of equations (2.1) contain n
essential variables that determine the location of a point on the variety X. If
we set ' /20 = %, we reduce equations (2.3) to the form (2.1).
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In Section 1.5 we considered some algebraic submanifolds in a projec-
tive space. Certainly, those are differentiable manifolds. Moreover, equations
(1.163) defining the image £(m,n) of the Grassmannian G(m,n) in the space
PV where N = (:;11) —1, are of form (2.2), and equations (1.165) and (1.171),
defining the Segre and Veronese varieties, respectively, are of form (2.1). How-
ever, the parameters in equations (1.165) and (1.171) are homogeneous while
the parameters in equations (2.1) are nonhomogeneous. But as we indicated
for equation (2.3), in a neighborhood of a nonsingular point, it is easy to change

homogeneous parameters for nonhomogeneous ones.

2.1.2 The Bundle of First-Order Frames Associated with a Vari-
ety. Let X be an almost everywhere differentiable variety of dimension n in
the projective space PV, and let x be its nonsingular point. In what follows,
we assume that a point € X under consideration is nonsingular without also
specifying this. Consider all smooth curves passing through a point xz € X,,.
The tangent lines to these curves at the point z lie in an n-dimensional sub-
space T, (X) of the space PV, called the tangent subspace to the variety X at
the point x. For brevity, we also use the symbol T, for the subspace T, (X).

If x is a regular point of the variety X, then the tangent subspace T, (X)
can be considered in two ways: as a vector space L™*! formed by the vectors
v = Ty, where y € T,.(X) or as a projective subspace P™ of the projective space
PV with the fixed point 2 € X. In what follows, we will adhere to the second
point of view. Unless otherwise stated, we will conduct all our considerations
in a neighborhood of a regular point z € X.

We associate a family of moving frames {4,}, v = 0,1,..., N, with each
point « € Xg,,,, and assume that for all these frames the point Aq coincides with
the point z, and the points A;, i = 1,...,n, lie in the tangent subspace T.
The frames of this family are called first-order frames. Because the differential
dxr = dAy of the point = belongs to the tangent subspace T, its decomposition
with respect to the vertices of the frame {A,} can be written as:

dAQ = ngQ + wéAi. (24)

Thus, in the space PV, the variety X along with the family of first-order frames
is defined by the following system of Pfaffian equations:

wi=0,a=n+1,...,N, (2.5)

and the forms w{ in equation (2.4) are linearly independent and form a cobasis
in the tangent subspace T.. For brevity, we denote these forms by w*:

wy = w".
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We call equations (2.5) the basic equations of the variety X.
By the structure equations (1.73) of a projective space PV and by equations
(2.5), the exterior differentials of the forms w’ can be written as

dw' = wi A (w; — 5§w8). (2.6)
This implies that the 1-forms
9;- = w§ - 5;@8 (2.7)

are the base forms of the frame bundle R(M) of first-order frames on the
manifold M of parameters of the variety X. The forms w’ are the basis forms
of the manifold M as well as of the variety X. By relation (1.64), if the point
x is held fixed, the forms w® satisfy the differential equations

Sw’ + W (7 — 85m) = 0, (2.8)

where, as in Chapter 1, the symbol § denotes the restriction of the differential
d to the fiber Rl of the frame bundle R'(M), and 7% = w¥ ().

If the point z is held fixed on the variety X, then the forms w’ vanish,
w? = 0. In this case, the tangent subspace T} is also fixed. Hence the forms
wg* also vanish. Thus, if the point z is held fixed, then the admissible trans-
formations of the moving frames are determined by the following derivational
equations:

5A0 = 7T8A0,
§A; =m0 Ao + 7l Aj, (2.9)
(SAQ = 7T3A0 + 7'[':1142 + WgAﬁ.

The 1-forms 7§, 70, m}, 70, 72 and 72 in (2.9) define the group of transforma-

tions of first-order frames associated with the point x = Ag. This group is
called the stationary subgroup of the plane element (z,T,) of X.

Because the family of first-order frames is associated with each point x of
the variety X, the bundle R*(X) of first-order frames is defined on the whole
variety X. The base of this bundle is the variety X itself, its base forms are
the forms w?, its typical fiber is a set of first-order frames associated with a

0,0 J 0 i ]
w?, and wk.

point x = Ay, and its fiber forms are the forms wy, w;, w;], wy,

Consider the projectivization T, =T, /Ag of the tangent subspace T, with
the center Ay = z (see Section 1.3.3). This projectivization is a projective space
P! whose elements are the straight lines of the space T}, passing through the

point x.
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As indicated in Section 1.3, this projectivization defines an equivalence
relation in the set of points of the space T,.. This explains why it is natural to
denote this projectivization by T /Ag:

T, = T,/ Ap.

A frame in the space T, = P is formed by the points A; = A, /Ap, and the
forms w® become homogeneous coordinates of the point Y € P*~!, i.e.,

i} = wigi.

Consider also the projectivization of the space PV with the tangent sub-
space T} as the center of projectivization. The elements of this projectivization
are (n+1)-dimensional subspaces of the space PV containing the n-dimensional
subspace T,,. We denote this projectivization by pPN-n-1 = pN /T... The ba-
sis points of the space PN—"=1 are the points A, = A, /T, determined by
(n 4+ 1)-dimensional subspaces passing through the points A, and the center
T, of projectivization. The space PN="=1 = PN /T, is called the first normal
subspace of the variety X at its point x and is denoted by N, (X) = PV /T,.

2.1.3 The Prolongation of Basic Equations. The further investigation
of a variety X in a projective space PV is concerned with differential prolonga-
tions of equations (2.5) defining this variety along with the family of first-order
moving frames associated with it. Exterior differentiation of these equations
gives the exterior quadratic equations

W AW = 0. (2.10)

Applying the Cartan lemma to these exterior equations, we obtain the expres-
sions of the forms w{* in terms of the basis forms w* of the variety X:

wi = bW, b = b5, (2.11)

The 1-forms {w§,w} are the basis forms of the Grassmannian G(n, N) whose
elements are the subspaces p = Ag A A1 A ... A A,. But on the variety X,
we have w® = 0 (see (2.5)). Thus, equation (2.11) defines a mapping of the
variety X into the Grassmannian G(n, N). This mapping is called the Gauss
map. We denote it by ~:

v:X = G(n,N).

Its name is related to the fact that this map is a projective generalization of
the spherical map, introduced by Gauss, of a surface V2 of a three-dimensional
Euclidean space R? into a sphere S? by means of unit normal vectors.



54 2. VARIETIES IN PROJECTIVE SPACES AND THEIR GAUSS MAPS

To establish the nature of the geometric object with the components b},
we evaluate the exterior differentials of equations (2.11) by means of struc-
ture equations (1.73) of the space PV. This results in the following exterior
equations:

Vb Aw? =0, (2.12)

where

Vb = dbg; — by 0F — b5.0% + 05, (2.13)

and the forms 95 are determined by formulas (2.7). As we noted earlier, these
forms are connected with transformations of the first-order frames in the sub-
space T, (M) tangent to the manifold M of parameters of the variety X. Sim-
ilarly, the forms

determine admissible transformations of moving frames in the space N, (X).
Applying the Cartan lemma to exterior quadratic equation (2.12), we ob-
tain the equations
Vo7, = b”kw (2.15)

where the coefficients b% , are symmetric with respect to all lower indices. It
follows from these equations that if w’ = 0, we have

Vb = 8bg; — b0 — b0k + bog =0, (2.16)

where

o] =m) 75?7‘(8, o =mg — 557T0
Comparing equations (2.16) with equations (1.13), we see that the quantities
b7; form a tensor relative to the indices ¢ and j. They also form a tensor relative
to the index « under transformations of moving frames in the space N, (X).
Such tensors are called mized tensors.

2.2 The Second Fundamental Tensor and the
Second Fundamental Form

2.2.1 The Second Fundamental Tensor, the Second Fundamental
Form, and the Osculating Subspace of a Variety. The tensor b7; is
connected with the second-order differential neighborhood of a point = of the
variety X. For this reason, this tensor is called the second fundamental tensor
of the variety X. Let us clarify the geometric meaning of this tensor. To do
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this, we compute the second differential of the point z = Ag by differentiating
the relation (2.4):

d*Ag = (dwl + (W)? + wiw) Ag + (Wiw + wgw;»)Ai +whw® Ay, (2.17)

Factorizing the latter relation by the tangent subspace T, = AgAA1A... ANA,,
we obtain o
d?Ag /T, = wiws Aq, (2.18)

where Ea are basis points of the normal space N, = PV /T,,.
Substituting the values of w$ from equations (2.11) into equation (2.18)
and denoting the left-hand side by ®, we find that

® = bw'w! A,. (2.19)

This expression is a quadratic form with respect to the coordinates w?, having
values in the normal subspace N,. The form ® is called the second fundamental
form of the variety X. Thus, the second fundamental form defines a mapping
of the tangent subspace T, (X) into the normal subspace N, (X):

& : Sym@ T, (X) = N (X).

This mapping is called the Meusnier—FEuler mapping (see Griffiths and Harris
[GH 79]).

Note that a variety X is an n-plane or a part of an n-plane if and only
if the second fundamental form ® vanishes on X. In fact, if ® = 0, then it
follows from formula (2.18) that w{ = 0 on X. This implies that the equations
of infinitesimal displacement of a moving frame become:

dAy = ngO + wiAi,
dAZ = w?Ao + waj,

and as a result, the n-plane Ag A A1 A...AA, is fixed, and the point Ay moves
in this n-plane.
The scalar forms
" = bjiw'w’ (2.20)

are the coordinates of the form ® with respect to the moving frame {ga} in the
space N,. Let us denote the maximal number of linearly independent forms
®“ by m. In some instances, it is convenient to consider the bundle of second
fundamental forms of the variety X defined by the relation

D(&) = Eabfiw'w, (2.21)
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where £ = (§,). The number m is the dimension of this bundle. In what
follows, we assume that the number m is constant on the variety X.

The quantities &, occurring in (2.21) define a hyperplane £ = £,z = 0,
which is tangent to the variety X at the point x, and expression (2.21) is called
the second fundamental form of the variety X with respect to the hyperplane
£.

In the space N,, consider the points
Bij = b3 Aa. (2.22)

Because Eij = Ej,;, the number of these points is equal to %n(nJr 1). However,
it is not necessarily the case that all these points are linearly independent.
The maximal number of linearly independent points B;; coincides with the
maximal number of linearly independent forms ®“, which we denoted by m.
Note that according to our general point of view (see the Preface), we suppose
that the integer m is the same on the entire variety X in question, and we will
make similar assumptions relative to all other integer-valued invariants arising
in our further considerations.
It is obvious that the number m satisfies the following inequalities:

0<m<Mntl)

and m < N —n. (2.23)
In the space N, the points Eij span the subspace pm-1,

Next, in the space PV, we consider the subspace, which is the linear span of
the subspace T, and the points B;; = b%Aa. By relation (2.17), this subspace
is also the linear span of all two-dimensional osculating planes of all curves of
the variety X passing through the point x. For this reason, this subspace is
called the second osculating subspace of the variety X at its point x, and it is

denoted by Tf). We consider the tangent subspace T, as the first osculating

subspace of the variety X at a point z, T, = Tz(l).

2.2.2 Further Specialization of Moving Frames and Reduced Nor-
mal Subspaces. We will make a further specialization of moving frames
{A,} associated with a point x € X. To do this, we place the vertices

Apii, .- Apym of the frames into the second osculating subspace TQL(,Q)7 whose
dimension is equal to n + m. The frames thus obtained are called the frames
of second order.

With this specialization, the points B;;, which together with the points Ag

R
and A; define the second osculating subspace Tm(Q), are expressed in terms of
the points A;, alone: B;; = bz;Ail, i1=n+1,...,n+ m. So, we have

byl =0, ar=n+m+1,...,N, (2.24)
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and therefore formulas (2.11) break up into two groups:

K2

wit = b, 2.25
¥

a1, (2.26)

Therefore the second fundamental forms ®“ of the variety X can be written
as follows: ' S
" =bilw'w!, @ =0, (2.27)

and formula (2.18) becomes
d>Ag)T, = wiwi* Ay, . (2.28)

The forms ®%* are linearly independent, and the matrix (bz;) of coefficients of
these forms, having m rows and %n(n + 1) columns, is of rank m.
Consider now the projectivization with the center T, of the projective space
T, 52). This projectivization is a projective space of dimension m — 1. We call
this space the reduced first normal subspace of the variety X and denote it by
Ny: B
N, =T®/T,. (2.29)
If N > n+ m, then at the point x € X it is also possible to define the
second normal subspace
N@ =PN/73), (2.30)
whose dimension is equal to N — n —m — 1 and whose basis is formed by the
points Ay, = Aal/Tf).
Let us now establish the form of equations (2.15) after the specialization of
moving frames indicated earlier. These equations also break into two groups:

Vbt = dbs — biLoF — b0k + b0 = bl ", (2.31)
Vb = bwst = bWk, (2.32)

Equations (2.31) show that the quantities bf; form a tensor relative to the

indices i, 7, and i;. Because the matrix (b;;) is of rank m, equations (2.32) can
be solved with respect to the forms wfl'l'

k
wit = e Wt (2.33)
Substituting these expressions of the forms w;'* into equations (2.32), we obtain

bll (65} _bal

17 zlk ijk* (234)
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Because the quantities bf;lk are symmetric with respect to the indices j and k,
we find from (2.34) that

bihely, = bikefL. (2.35)
This equation can also be obtained as a result of exterior differentiation of
equations (2.26).

In the same manner as for the tensor bf;, we can prove that the quantities
b?jlk form a tensor relative to the indices i, 7, k, and «;. This and the relations
(2.34) imply that the quantities c;'}, also form a tensor relative to the indices
k,i1, and a;. As to the quantities b:}k in relations (2.31), it is easy to verify
that they do not form a tensor, but rather they depend on the choice of the
subspace Ag A Ap11 A... A Ayim, which is complementary to the subspace Ty,

in the osculating subspace TJEZ).

2.2.3 Asymptotic Lines and Asymptotic Cone. A curve on a two-
dimensional surface V2 of a Euclidean space E? is called asymptotic if its
osculating planes coincide with the tangent planes to the surface V2 or are
undetermined (see, for example, Blaschke’s books [Bl 21}, p. 52, or [Bl 50],
p. 65). This definition is projectively invariant and can be generalized to
the case where we have a variety of any dimension n in a projective space PV.
Namely, a curve [ on a variety X is said to be asymptotic if its two-dimensional
osculating plane at any of its points x belongs to the tangent subspace T, to
the variety X at this point or is undetermined.

If a curve [ is given on the variety X by a parametric equation x = z(¢),
then its osculating plane is determined by the points x(t), 2'(t) and 2" (t). But
because x = Ay, this plane can also be defined by the points Ay, dAg, and d? Ay.
Because for an asymptotic line the second differential of its point belongs to
the tangent subspace Ty, it follows from equation (2.17) that on this curve we
have

d =wwiA, =0, (2.36)

i.e., the second fundamental form of the variety X vanishes on [. Thus in
coordinate form, the equations of asymptotic lines have the form

b%wiwj =0. (2.37)
On a curve [ passing through the point x, the basis forms w’ have the

form w’ = £'dt, where £ are coordinates of a tangent vector to the curve.
Substituting these expressions into equations (2.37), we obtain

byE'e? = 0. (2.38)

These equations define a cone C,, of directions with vertex x. This cone belongs
to the tangent subspace T, and is called the asymptotic cone.
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If we place the points A;,, i1 =n+1,...,n+m, of our moving frames into
the second osculating subspace Tf), as we did in Section 2.2.2, then by (2.38),

the equations of the asymptotic cone C, at the point x can be written as

b =0, iy=n+1,...,n+m. (2.39)

The problem of existence of asymptotic directions at the point = of the
variety X is reduced to finding nontrivial solutions of the system of equations
(2.39). This is an algebraic problem. In general, nontrivial solutions exist if
m < n — 1. However, in some special cases, nontrivial solutions of equations
(2.39) may exist even if m >n — 1.

2.2.4 The Osculating Subspace, the Second Fundamental Form,
and the Asymptotic Cone of the Grassmannian. As an example, we now
consider the second osculating subspace and the second fundamental form for
the Grassmannian G(m,n).

As in Section 1.4, we denote by Q(m,n) the image of the Grassmannian
G(m,n) under the Grassmann mapping. This image is a variety of dimension
p = (m+1)(n —m) in the projective space PV, where N = (") — 1.

m—+1
With each element p = P™ of G(m,n) we associate a family of moving
frames whose points A4;, i =0,1,...,m, span the subspace P"*. Then we have
dA; = WA+ wfA,, a=m+1,....n, (2.40)

where w¢ are the basis forms of G(m,n).
The subspace P™ can be represented as

p:AO/\Al/\~--/\AnL’ (241)

where the symbol A denotes the exterior product. Differentiating (2.41) and
using (2.40), we obtain ,
dp = wp + wipl,, (2.42)

where w = w§ + wi + ... +w™, and
pfl:A()/\Al/\.../\Ai,1/\Aa/\Ai+1/\.../\Am.

This implies that the tangent subspace T}, to the variety €2(m,n) is the span
of the points p and p’,.

Formula (2.42) proves that the forms w¢ are coordinates of a point in the
projective space T}, /p with respect to the moving frame p, = p?, /p.

To find the second differential of the point p, we first differentiate the points
p, and then apply projectivization with the center T,. This gives

dpl, /T, = wipils, (2.43)
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where - -
ﬁijﬁ = pgﬁ/ T,
and

pffﬁ:AO/\Al/\.../\Ai,l/\Aa/\AHl/\.../\Aj,lAAgAAj+1A...AAm.

Thus, the points piaj@ are skew-symmetric with respect to both the upper and
lower indices. By equation (2.43), the projectivization with the center T}, of
the second differential of the point p has the form

1 a a\~ij
d*p/T, = ) Z (wj Wf - wiﬁwj )pcfﬁ' (2.44)

a,B,i,j

The right-hand side of this expression is the second fundamental form ® of the
image 2(m, n) of the Grassmannian G(m,n). The coordinates of this form are
written as follows:

wj'. (2.45)

It follows that the forms wio‘jﬁ

indices. If i < j and a < 3, the points p;jﬁ are linearly independent, and their

is equal to the same number p;. The points p, p’,, and p;jﬁ determine

are skew-symmetric in both the upper and lower

number is equal to p; = (
ap
j

the second osculating subspace TISQ) of the variety Q(m,n) at the point p.
Because the dimension of the tangent space T}, of Q(m,n) is equal to

dimT, = (m + 1)(n —m) = <m+ 1) <”m> (2.46)

). The number of linearly independent
forms w

1 1

the dimension of its second osculating subspace ngz) is given by the formula:

dim T2 = (mf 1) (” B m) + (m; 1) (” B m). (2.47)

The equation of the asymptotic cone C' of the variety Q(m,n) has the form

af _ o B B o
wi = wiwj —w;wi =0. (2.48)

Because the forms w?jﬁ are the minors of second order of the rectangular matrix

M = (W), (2.49)

?
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equations (2.48) are equivalent to the conditions
rank M = 1. (2.50)

But as we noted in Section 1.4, in the projective space T,/p this condition
defines the Segre variety S(m — 1,n — m — 1) carrying plane generators of
dimensions m — 1 and n —m — 1. The Segre variety S(m — 1,n —m — 1) is the
projectivization of the asymptotic cone C, which is the Segre cone C(m,n—m).
The vertex of this cone is the point p, and its director manifold is the Segre
variety S(m —1,n —m — 1).

2.2.5 Varieties with One-Dimensional Normal Subspaces. Consider
an n-dimensional variety X = V" belonging to a projective space P"*1. Such a
variety is called a hypersurface. For a hypersurface X, equations (2.5), (2.11),
and (2.20) have the forms

w(r)LJrl =0, (2.51)
W =buw! | by = by, (2.52)
O = bijwiwj’ (253)

where b;; = b?j"’l is the second fundamental tensor of the hypersurface X.

If ® = 0 at any point x € X, then as we showed in Section 2.2.1, the
hypersurface X coincides with its first osculating subspace, i.e., it degenerates
into a hyperplane.

If the form ® does not identically vanish, then the osculating subspace TQEQ)
coincides with the space P*t!. Moreover, in this case, the normal subspace
N, is of dimension 1 and coincides with the reduced normal subspace N,. The
hypersurface X has a single relatively invariant second fundamental form ®,
which at any point x determines the cone C, C T, of asymptotic directions
with vertex at x. The cone C,, is defined by the equation

P = bijwiwj =0. (254)

Consider a variety X = V™ in the space P, and suppose that all second
fundamental forms ®¢, a =n+1,..., N, of X are proportional. In this case,
the points of the variety X are called azial, and the reduced normal subspaces
N, of X are of dimension 1, as was the case for a hypersurface.

Specializing the moving frames in the same way as in Section 2.2.2, we
obtain

(I)nJrl = bijwiwj, (255)

O =0, a1 =n+2,...,N. (2.56)
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Thus, equations (2.25) and (2.26) have the form

Wit = b, Wi =0. (2.57)

Because now the index i; takes only one value, formula (2.33) can be written

as follows:

Wiy =Wk, ar=n+2,...,N, (2.58)

and formula (2.52) can be written as
bijczl = bikC?I. (259)
We can now prove the following result.

Theorem 2.1. If all points of a variety X = V" of a projective space PN
are axial, then either the variety X belongs to its fized osculating subspace

ng2) of dimension n + 1, or this variety is a torse, i.e., it is an envelope of a
one-parameter family of n-dimensional subspaces.

Proof. Suppose that rank ® = r > 2. Then the matrix of this form can be
reduced to a diagonal form, i.e., bjj = 0,4 # j,baa # 0,byy = 0,0 = 1,...7;
u=r+1,...,n. As a result, equations (2.59) take the form

baacy! =0, k#a.
But because the index a takes more than one value, this implies that
cpt =0forany k=1,...,n.

Thus, we have w;’ | = 0, the subspace ngz) = AgNAIA...NALNA, 11 remains

fixed when the point x moves along the variety X, and X C TQEZ).
If rank ® = r = 1, then the matrix of ® can be reduced to the form in
which

b117é0, bijZOifi#lorj;él.
As a result, equations (2.59) take the form

bllcgl = 0, k 75 1.

It follows that c* = 0, and the forms w;}; become

T ci“wl.

wn+l -

Thus, the family of tangent subspaces T, of the variety X depends on one
parameter, and therefore this variety is a torse (see Example 2.5 in Section
2.4). O
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In the case when X is a variety of an IN-dimensional space of constant
curvature, a similar theorem was proved by C. Segre (see [SegC 07], p. 571),
and for this reason, it is called the Segre theorem. The proof given above
implies that the result of Segre’s theorem does not depend on a metric but is
of pure projective nature. So our theorem is a generalized Segre theorem.

2.3 Rank and Defect of Varieties with
Degenerate Gauss Maps

To a regular point € X C PV, there corresponds the tangent subspace T},.
Because Ty, is an element of the Grassmannian G(n, N), the variety X defines
a map

v: X = G(n,N). (2.60)

As we said earlier, under this map, we have y(z) = T,,(X). We called the map
v the Gauss map.

We denote the image of the variety X under the Gauss map v by v(X).
Denote by r the rank of the Gauss map y(X), rank v(X) = r. It is obvious
that 0 < 7 < n. The rank of the variety X is defined as the rank of the map
~: rank X = rank v(X).

Because T, = Ag AN A1 A ... AN A, the basis forms of the Grassmannian
G(n, N) are the forms {w§,w®}. Thus, the Gauss map v(X) is defined by
equations (2.5) and (2.11). It follows from these equations that

rank v(X) = rank X = rank (w{") = rank (bf‘jwj). (2.61)

Let 2 € X be a regular point of a variety X C P, and ®, be its second
fundamental form at this point. Consider the subspace

T! = {¢ € T,|®,(¢,n) = 0 for any 7€ Ty}

By (2.20), in a coordinate form, this subspace is defined by the system of
equations

bi;§" = 0. (2.62)
The number | = dim 7}, is called the Gauss defect of a variety X (see the book
[FP 01], p. 89, by Fischer and Piontkowski) or the index of relative nullity of
the second fundamental form ® of the variety X at the point 2 (see the paper
[CK 52] by Chern and Kuiper).

Comparing equations (2.61) and (2.62), we find that

l+r=n,
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i.e., the sum of the defect and the rank of a variety X coincides with its di-
Mension.

In what follows, we assume that at all points « € X its rank (and therefore
its defect) takes a constant value.

If r = rank X = n, then the Gauss map = is nondegenerate. In this case,
the tangent subspace T, (X) to the variety X depends on n parameters, and the
variety X is called tangentially nondegenerate. For such a variety, the forms
w in equations (2.11) cannot be expressed in terms of fewer than n linearly
independent forms w?.

If r = rank X < n, then the Gauss map + is degenerate. In this case,
its Gauss image (X) depends on r parameters, where 0 < r < n. Then we
say that the variety X is tangentially degenerate of rank r, or X is a wvariety
with a degenerate Gauss map of rank r. We denote such variety by X = V.,
rank X = r < n. Varieties with a degenerate Gauss map of rank r foliate into
their leaves L of dimension | = n — r, along which the tangent subspace T,,(X)
is fixed. This foliation is called the Monge—Ampere foliation (see Section 3.1.1).
We will prove in Theorem 3.1 (see Section 3.1.3) that the leaves of this foliation
are [-planes.

AN\

(N[ [ K

\\
(@ ®) (©)
Figure 2.1

In a three-dimensional Euclidean space E3 (N = 3,n = 2,7 = 1) vari-
eties with degenerate Gauss maps are known as developable surfaces. There
are three classes of developable surfaces in E3: cylinders, cones, and tangent
developables of space curves (see Figure 2.1 (a), (b), (¢)).

If rank X = 0, then the matrix (b;) is the zero matrix, the form @ is also 0,
® =0, and a variety X is a flat variety, i.e., X is an n-dimensional projective
subspace P™ of the space PV, or it is an open part of P™.
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2.4 Examples of Varieties with Degenerate
Gauss Maps

Consider a few examples of varieties with degenerate Gauss maps.

Example 2.2. If rank X = dim X = n, then X is a variety of complete rank.
X is also called tangentially nondegenerate in the space PV. Such varieties do
not have singular points.
For example, the quadric @ defined in a three-dimensional projective space
P3 by the equation
Tor3 — X1T2 = 0

is tangentially nondegenerate. For the quadric @, we have n = 2, N = 3,
r = 2,1 = 0. Such a quadric bears two families of rectilinear generators.
However, the tangent plane T(Q) is not constant along these generators, i.e.,
none of these families compose the Monge-Ampere foliation.

Example 2.3. As we showed in Section 2.2.1, for r = 0, a variety X is an
n-dimensional subspace P*, n < N. This variety is the only variety with a
degenerate Gauss map without singularities in PV,

Example 2.4. Suppose that S is a subspace of the space PV, dimS =1 —1,
and T is its complementary subspace, dim T = N — 1, TNS = (. Let Y
be a smooth tangentially nondegenerate variety of the subspace T, dimY =
rank Y = r < N —[. Consider an r-parameter family of /-dimensional sub-
spaces Ly, = S Ay, y € Y. This variety is a cone X with vertex S and the
director manifold Y. The subspace T,,(X) tangent to the cone X at a point

Figure 2.2

x € Ly(x ¢ S) is defined by its vertex S and the subspace Ty,(Y),
T,(X) = SAT,(Y), and T,(X) remains fixed when a point  moves in the
subspace L. As a result, the cone X is a variety with a degenerate Gauss map
of dimension n = {4 and rank r, with plane generators L, of dimension [ (see
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Figure 2.2). The generators L, of the cone X are leaves of the Monge-Ampere
foliation associated with X.

Example 2.5. Consider a smooth curve Y in the space PV not belonging
to a subspace P! C PV and the set of its osculating subspaces L, of order
and dimension [. This set forms a variety X = Uyecy Ly of dimension [ + 1
and rank 7 = 1 in PV. Such a variety is called a torse (cf. Section 2.2.5).

The subspace T}, = L, + ddL—yy is the tangent subspace to X at all points of its

generator L,. Thus, the subspaces L, are the leaves of the Monge-Ampere
foliation associated with the torse X. The subspace F, = L, N ‘%—yy describes
also a torse of dimension [. This process of construction of torses departing
from X can be continued in both directions: from one side until we reach a
smooth curve Y for which the subspace L, is the osculating subspace of order
[ — 1, and from the other side until we reach an (N — 1)-dimensional variety
(hypersurface) with a degenerate Gauss map. Figure 2.3 shows a torse in P3.

Conversely, a variety of dimension n and rank 1 is a torse formed by a
family of osculating subspaces of order n — 1 of a curve of class CP, p > n —1,
in the space PV,

Figure 2.3

In what follows, unless otherwise stated, we always assume that r > 1.

In particular, we consider the spatial third-degree curve! C defined in the
space P2 by the parametric equations z(t) = (#3,¢2,¢,1). The tangent line to
C is determined by the point z(¢) and the point z'(t) = (3t2,2¢,1,0). The
parametric equations of this tangent line have the form

y(t,s) = x(t) + s2'(t) = (3 + 3t*s, 1% + 2ts,t + s, 1).

LCayley [Cay 64] called such a curve a twisted cubic.
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A surface swept by these tangent lines is a torse—a variety with a degenerate
Gauss map of rank one and dimension two in the space P3. In this case we
have n = 2, N = 3,1 =1, r = 1. The tangents to the line z(t) are the leaves
of the Monge—Ampere foliation associated with this third-degree curve.

In order to obtain an equation of form (2.2) of the torse X formed by the
tangents to the third-degree curve, we need to exclude parameters ¢ and s from
the parametric equations of the third-degree curve and its tangent line. An
equation of this torse can also be obtained by a method indicated by Cayley
(see [Cay 64]).

Let (yo,¥1,Y2,¥3) be homogeneous coordinates of the space P2. Consider
the nonhomogeneous polynomial

Y(t) = yot® + y1t® + yat + ys.

An osculating plane of the third-degree curve z(t) = (¢3,t2,t,1) is defined
by the points x(t),z'(t) = (3t2,2t,1,0), and z(t) = (6t,2,0,0). So, the equa-
tion of this plane is

Yo Y1 Y2 Y3
B2t 1
3t2 2t 1 0
66 2 0 O

=0

or
V¥ (t) == yo — 3yrt + 3yat® — yst®> = 0.

It follows from this form of ¢*(¢) that the dual curve x*(¢) has the param-
eterization z*(t) = (1, —3t,3t%, —t®). Its osculating plane is defined by the
points z*(¢), (z*)'(t) = (0,—3,6t,—3t?), and (x*)"(t) = (0,0,6,—6t). Thus,
its equation is

Yo Y1 Y2 Y3

1 =3t 32 —3

0 -3 6t -—3t?

0 0 6 —6t

Easy computation shows that this equation is
Y(t) = 0.

The torse X is the envelope of the family of osculating planes ¥*(t) = 0 of
the third-degree curve z(t), and the torse X* is the envelope of the family of
osculating planes ¢ (t) = 0 of the dual curve z*(t).
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We find equations of both torses X and X*.
According to Cayley [Cay 64], an equation of the torse X* is

Disct 9(t) =0,

where Disct ¢(t) is the discriminant of the polynomial 1(¢). Computing the
discriminant

Yo vy Y2 ys O
0 wo w1 Y2 s
Disct (t) = | 3yo 2y1 y2 0 0
0 3y 2y w2 O
0 0 3w 2y1 v

up to a factor of yy, we obtain the following equation of the torse X™*:
U o= 27y3y5 — 18yoy1y2ys + 4yoys + 4yiys — yiys = 0.

We can find an equation of the torse X (which is the envelope of the
osculating planes ¢*(t) = 0 of the third-degree curve z*(¢)) by computing the
discriminant of the polynomial 1*(t).

However, it is easier to find this equation by making the substitution

Yo = Y3, Y1 — —3Y2, Y2 — 3Y1, Y3 — —Yo

in the equation of the torse X. The result is

U* = ydy3 — 6yoy1y2ys + 4yoys + 4yiys — 3yiys = 0.

This equation shows that the surface swept by the tangents to the third-
degree curve is an algebraic fourth-degree surface.

Note that Cayley [Cay 64] took equations of the family of osculating planes
of the torse X in the form

yot> + 3y1t? + 3yat® + y3 = 0.

Comparing this with ¢*(¢) = 0, we see that Cayley used the following paramet-
rization of a third-degree curve: (1,—t,t2, —t3). It is easy to check that the
equations of the torses X and X* for Cayley’s parameterization are precisely
the same as for our parameterization. Namely, the torses X and X* for Cay-
ley’s parameterization are defined by the equations ¥* = 0 (see [Cay 64]) and
W = 0, respectively.

In his paper [Ca 64], Cayley found equations of torses formed by the tan-
gents to two special fourth-degree curves (quartics) u(t) and v(t) in the space
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P3. He did not indicate the equations of these fourth-degree curves—he found
equations of the torses as envelopes of the families of osculating planes of the
dual curves u*(t) and v*(t).

In addition, in his paper [Cay 64], Cayley considered in P? the fourth-
degree curves u(t) = (81, —27t,9t% %) and v(t) = (=2,¢,—t3,2t*) and found
equations of the torses formed by the tangents to these curves. These torses
are defined by the algebraic equations

Yay2 + 6y2ydys — 24y0yy2ys + 9yoys + 16yTys — Sytys = 0
and
Yoys — 12y3y19293 — 2Tyays — 6yoysysys — 2Ty ys — 64ydys = 0.

These equations can be derived in a way similar to what we used to find the
equation U*(¢) = 0 of the torse formed by the tangents to the third-degree
curve x(t) = (t3,12,¢,1).

oS

Figure 2.4

Example 2.6. In the space PV, N > 4, we take two arbitrary smooth space
curves, Y7 and Y5, that do not belong to the same three-dimensional space,
and the set of all straight lines intersecting these two curves (see Figure 2.4).
These straight lines form a three-dimensional variety X. Such a variety is
called the join. Its dimension is three, dim X = 3. It is easy to see that the
variety X has a degenerate Gauss map. In fact, the three-dimensional tangent
subspace T, (X) to X at a point x lying on a rectilinear generator L is defined
by this generator L and two straight lines tangent to the curves Y; and Y5 at
the points y; and ys of their intersection with the line L. Because this tangent
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subspace does not depend on the location of the point = on the generator L,
the variety under consideration is a variety X = V3> with a degenerate Gauss
map of rank two.

This example can be generalized by taking k spatial curves in the space
PV where N > 2k and k > 2, and considering a k-parameter family of (k—1)-
planes intersecting all these k curves.

Example 2.7. Let N =n+ 1, and let Y be an r-parameter family of hyper-
planes ¢ in general position in P"*!, r < n. Such a family has an n-dimensional
envelope X that is a variety with a degenerate Gauss map of dimension n and
rank 7 in the space P**+1. It foliates into an r-parameter family of plane gener-
ators L of dimension [ = n—r, along which the tangent subspace T,.(X), z € L,
is fixed and coincides with a hyperplane £ of the family in question. Thus, X is
a hypersurface with a degenerate Gauss map of rank r with (n—r)-dimensional
plane generators L in the space P**1,

Figure 2.5

Figure 2.5 represents the case n = 3,7 = 2, ie., a hypersurface
X =V} cPph

2.5 Application of the Duality Principle

2.5.1 Dual Variety. For construction of new examples of varieties with
degenerate Gauss maps we employ the duality principle in a projective space
introduced in Section 1.3.2.

By the duality principle, to a point z of a projective space PY, there cor-
responds a hyperplane €. A set of hyperplanes of space PV forms the dual
projective space (PV)* of the same dimension N. Under this correspondence,
to a subspace P C PY of dimension p, there corresponds a subspace P* C (PV)*
of dimension N — p — 1. Under the dual map, the incidence of subspaces is
reversed, that is, if Py C Py, then P} D P3.
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Let X be an irreducible, almost everywhere smooth variety of dimension
n, dim X = n, in the space PV, let = be a smooth point of X, and let T, X
be the tangent subspace to X at the point z. A hyperplane £ is said to be
tangent to X at x if T, C £&. The bundle of hyperplanes £ tangent to X at z
is of dimension N —n — 1.

The set of all hyperplanes £ tangent to the variety X at its smooth points
composes a variety

XN ={¢c PV 3z € X,,, such that T, X C ¢}.

But this variety can be not closed if X has singular points. The dual variety
X* of a variety X is the closure of the variety X":

X*=XA={6cC PN[Fz € X,,, such that T, X C £}. (2.63)

The dual variety X* can also be described as the envelope of the family of
hyperplanes £ dual to the points x € X. This gives a practical way for finding
X*, which we will use in examples.

If a variety X is tangentially nondegenerate, i.e., if its rank r = n, then in
the general case, the dimension n* of its dual variety X* is equal to

n*=dimX*=(N—-n—-1)+n=N—1. (2.64)

Equation (2.64) means that the variety X* is a hypersurface with a degenerate
Gauss map in the space (PV)*. The rank r of X* equals the dimension n of
the variety X, r = rank X* = n, and its Gauss defect 6, (X*) =0* =n* —r =
N—r—1

However, it may happen that dim X* < N — 1. Then the number

0y =N—1—dim X~

is called the dual defect of the variety X, and the variety X itself is said to be
dually degenerate.

An example of a dually degenerate smooth variety is the Segre variety
X = Seg (P™ x P") C P™ntm+n whose dual defect equals |m — n| (see
Example 2.11).

If a variety X has a degenerate Gauss map (i.e., if its rank r < n), then the
dual variety X* is a fibration whose fiber is the bundle = = {¢ ¢ PV |¢ D T X}
of hyperplanes £ containing the tangent subspace 77, X and whose base is the
manifold B = X*/Z. The dimension of a fiber = of this fibration (as in the
case r =n) equals N —n — 1, dim= = N — n — 1, and the dimension of the
base B equals r, dim B = r, i.e., the dimension of B coincides with the rank
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of the variety X. Therefore, in the general case, the dimension n* of its dual
variety X* is determined by the formula

dmX*=(N-n—-1)+r=N-1-1, (2.65)

where | = dimL = 6,(X) = n —r, and its Gauss defect is equal to
W(X*)=lr=n*—r=(N-I1l-1)—r=N-n—-1=dimE.
However, it may happen that dim X* < N —[ — 1. Then the number

0 =N—-1—1—-dim X~

is called the dual defect of the variety X, and the variety X itself is said to
be dually degenerate. Note that the dual defect of tangentially nondegenerate
varieties (see p. 71) can be obtained from this new definition by taking [ = 0.

Note also that dually degenerate smooth varieties in the projective space
PV are few and far between. As to dually degenerate varieties with degenerate
Gauss maps, we are aware of only a few examples of dually degenerate varieties
X with degenerate Gauss maps: the varieties X with degenerate Gauss maps
of ranks three and four in PV were considered by Piontkowski [Pio 02b].

This is why in this book we consider only dually nondegenerate varieties in
the space PV, i.e., we assume that for the variety X C PV of dimension n and
rank r, the dimension of its dual variety is determined by formula (2.65).

2.5.2 The Main Theorem. The following theorem follows immediately
from the preceding considerations.

Theorem 2.8. Let X be a dually nondegenerate variety with a degenerate
Gauss map of dimension n and rank r in the space PN . Then the leaves L of
the Monge—Ampére foliation of X are of dimension | = n—r. The dual variety
X* C (PN)* is of dimension

nf=N-1-1 (2.66)

and the same rank r, and the leaves L* of the Monge—Ampére foliation of X*
are of dimension
*=N-n-1. (2.67)

Under this map, the plane generator L* corresponds to a tangent subspace
T,(X) of the variety X, and the tangent subspace Te(X*) of the variety X*
corresponds to a plane generator L, i.e., on X the tangent bundle T(X) and
the Monge—Ampére foliation L(X) are mutually dual.

In particular, if a variety X C PV is tangentially nondegenerate, then we
have n = r,1 = 0 (ie., n* = N — 1), and the dual map (*) sends X to a
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hypersurface X* C (PV)* with a degenerate Gauss map of rank n with the
leaves L* of the Monge-Ampere foliation of dimension [* = N —n — 1.

Conversely, if X is a hypersurface with a degenerate Gauss map of rank
r < N—1in PV, then the variety X* dual to X is a tangentially nondegenerate
variety of dimension r and rank r.

In particular, the dual map (*) sends a tangentially nondegenerate variety
X C PN of dimension and rank r = n = N —2 to a hypersurface X* C (P"+2)*
with a degenerate Gauss map of rank r, and X* bears an r-parameter family
of rectilinear generators. Each of these rectilinear generators possesses r foci
if each is counted as many times as its multiplicity. The hypersurface X* is
torsal and foliates into r families of torses. The original variety X bears a net
of conjugate lines corresponding to the torses of the variety X*. Of course, the
correspondence indicated above is mutual.

We consider an irreducible, almost everywhere smooth variety X of dimen-
sion n and rank 7 in the space PV in more detail. The tangent bundle 7'(X)
of X is formed by the n-dimensional subspaces T, tangent to X at points
z € X and depending on r parameters. The subspaces T, are tangent to
X along the plane generators L of dimension | = n — r composing on X the
Monge—Ampere foliation L(X). The bundle T'(X) and the foliation L(X) have
a common r-dimensional base.

Let (*) be the dual map of PV onto (PV)*. The dual map (*) sends the
variety X to a variety X*, which is the set of all hyperplanes ¢ C (PM)*
tangent to X along the leaves L of its Monge-Ampere foliation. The map (*)
sends the tangent bundle T'(X) and the Monge—Ampere foliation L(X) of X
to the Monge—Ampere foliation L(X™*) and the tangent bundle T'(X*) of X*,
respectively. Thus, under the dual map (*), we have

(T(X)" = L(X7), (L(X))" =T(X"),

where dim7'(X*) = dimX* =n* = N - —1 and dim L(X*) = dim L* = [*
=N-n-—1
We now consider a few examples.

Example 2.9. First, we consider a simple example. Let X be a smooth spatial
curve X in a three-dimensional projective space P3. For this curve, we have
N=3n=r=1,1=0, and T,(X) is the tangent line to X at x. The dual
map (*) sends a point € X to a plane £ C X*, and the dual variety X* is
the envelope of the one-parameter family of hyperplanes £ (see Figure 2.6), i.e,
X* is a torse.

Using the formulas for n* and [* written earlier we find that n* =2, [* = 1.
The variety X* bears rectilinear generators L* along which the tangent planes
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¢ =T(X™) are constant. Hence rank X* = 1. The generators L* of the torse
X* are dual to the tangent lines T'(X) to the curve X.

Next, we determine which varieties correspond to the varieties with de-
generate Gauss maps considered in Examples 2.4, 2.5, and 2.7.

z 72(X) X
\Q

p? (Pg)* \ <

Figure 2.6

Example 2.10. To a cone X of rank r with vertex S of dimension
I —1 (see Example 2.4), there corresponds a variety X* lying in the subspace
T=5" dimT = N —I. Because dim X* =n* = N —[—1, the variety X* is a
hypersurface of rank r in the subspace T'. Such a hypersurface was considered
in Example 2.7.

If a tangentially nondegenerate variety X, dim X = rank X = r, belongs to
a subspace P"*1 € PV, then we can consider two dual maps in the spaces P**+!
and PY. We denote the first of these maps by * and the second by o. Then
under the first map, the image of X is a hypersurface X* C P**!, and under
the second map, the hypersurface X is transferred into a cone X° of rank r
and dimension n° = N —n 4+ r — 1 with an (N — n — 2)-dimensional vertex
S = (P"*1)° and (N — n — 1)-dimensional plane generators L° = T'(X)°. It
follows that Examples 2.4 and 2.7 are mutually dual to each other.

For the torse X (see Example 2.5), we have n = [+ 1,r = 1 and
n*=N—-1—-1,1"=N—1[-2,1i.e., the dual image X* of a torse X is a torse.

Thus, the varieties considered in Examples 2.4, 2.5, and 2.7 are dual to
varieties considered in 2.7, 2.5, and 2.4, respectively.

Example 2.11. The Segre variety (see Griffiths and Harris [GH 79] and
Tevelev [T 01]) S(m,n) is the embedding of the direct product of the pro-
jective spaces P™ and P™ in the space Pmntm+n,

S P x PP Prntmn,

defined by the equations
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where i = 0,1,...,m, k= 0,1,...,n, and z*,y*, and 2z** are the coordinates
of points in the spaces P™,P", and P""+™+" respectively. This manifold has
the dimension m + n, dim S(m,n) = m +n.

Consider in the spaces P™ and P™ projective frames {Ag, A1, ..., Ay} and
{Bo, B1,...,Bp}. Then in the space P""+t™+" we obtain the projective frame

{Ao ® By, Ag ® By, A; ® By, A; ® By}

(here and in what follows 4,5 = 1,...,m;k,l = 1,...,n) consisting of
(m + 1)(n + 1) linearly independent points of the space P+ +"  The point
Ag ® By is the generic point of the variety S.

In the spaces P™ and P", we have the following equations:

dAO = (.UOOAO +wéAi, dBO = 0830 + O'gBk
(see (1.71)). Hence
d(Ao & Bo) = (wg + 0'8)(140 & Bo) + w(’)(AZ ® Bo) + O'g(AO ® Bk),

and the subspace in Pt *t" gpanned by the points Ag ® By, A; ® By, and
Ap ® By, is the tangent subspace to the Segre variety S at the point Ayg ® By:

Ta,0B, = Span (Ag ® By, A; ® By, A9 @ By).
The second differential of the point Ag ® By has the form:
dZ(AO & Bo) = 2(4)6 O'g Ai ® Bk (mod TA0®BO>'

Hence the osculating subspace T3 g p,(5) to the variety S coincides with the
entire space Pt /Ty op . and its second fundamental forms have the
form

O = wiok.
The total number of these forms is mn. The equations w) = 0 determine
n-dimensional plane generators on S, and the equations of = 0 determine its
m-dimensional plane generators.

Consider a tangent hyperplane to the Segre variety S at the point Ay ® By.
Because such a hyperplane contains the tangent subspace T'4,g B, , its equation
can be written in the form

¢ =&z =0,
wherei =1,...,m; k=1,...,n, and z** are coordinates of points in the space
Prntmtn /Ty o8, As a result, the second fundamental form of the variety S
with respect to the hyperplane £ is

D(&) = &nwh on
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(see (2.21)). The forms ®(&) constitute the system of the second fundamental
forms of the variety S. The mn forms ®* are linearly independent forms of
this system. The matrix of this system of second fundamental forms has the

form
_ < 0 (&) ) .
(ki) O

In this formula (&) is a rectangular (m x n)-matrix and (&) is its transpose.

It follows that det = = 0 if m # n. In this case, the system of the second
fundamental forms of the variety S is degenerate, and the dual defect 0.(S) of
S equals [n —m| : §,(S) = [n — m|. The variety S is dually nondegenerate if
and only if m = n.

(1]

2.5.3 Cubic Symmetroid. Now we consider the Veronese variety given
as the image of the embedding

V*: Sym (P?* x P**) — P**
into the projective space P%*. This embedding is defined by the equations
l'ij = uiuj’ 7’?] = O? 17 2) (268)

where u; are projective coordinates in the plane P?*, i.e., tangential coordinates
in the plane P2, and z;; are projective coordinates in the space P°*, z;; = ;.

Let us find an equation of the variety V that is dual to the variety
V* C P% defined by equations (2.68). This variety V is the envelope of the
two-parameter family of hyperplanes defined in the space P by the equation

E=auu; =0, i,j=0,1,2. (2.69)

Equation (2.69) depends on two affine parameters u = z—é and v = Z—(Z), and the
quantities 7/ occurring in (2.69) are projective coordinates in the space P°. In
order to find the equation of the envelope of the family (2.69), we differentiate
equation (2.69) with respect to u;. The result is

% _

u; zu; = 0. (2.70)

Eliminating the parameters u; from equations (2.70), we arrive at the equation

det (z¥) = 0,
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or in more detail,

00 01 1,02

F=det| 210 21 212 | =0. (2.71)
20 21 .22

8
8

Equation (2.71) defines in the space P® the cubic hypersurface dual to the
Veronese variety (2.68) and called the cubic symmetroid.

The Veronese variety V* defined by equation (2.68) is a tangentially non-
degenerate variety in the space P>*. Thus, by Theorem 2.8, its dual variety
V is a hypersurface with a degenerate Gauss map of rank two in the space
P5 having two-dimensional leaves L(V') of the Monge-Ampere foliation on V.
The latter is dual to the tangent bundle T'(V*) of V*.

Next we find equations of the leaves L(V) of the cubic symmetroid V.
Three hyperplanes

apz? + a1zt + ax® =0, i=0,1,2, (2.72)

of the space P° have a common two-dimensional plane. It is easy to see that
the coordinates of points of this 2-plane satisfy equation (2.71). In fact, by
(2.72), the rows of the determinant on the left-hand side of (2.71) are lin-
early dependent, and hence the determinant vanishes. Hence equations (2.72)
determine two-dimensional plane generators of the symmetroid V. Because
equations (2.72) contain two variables z—; and z—z, the symmetroid V carries a
two-parameter family of two-dimensional plane generators.

The equation of the tangent hyperplane & at the point = (2%) to the
cubic symmetroid V' defined by equations (2.71) has the form

oF .
Wy” = 0, (273)

where % are coordinates of an arbitrary point y € &.

Equation (2.73) can be written in the form

F= $00$11$22 4 2£E01$12£L'20 _ (EOO((E12)2 _ 1’11(€E02)2 _ x22(3:01)2 =0. (274)



78 2. VARIETIES IN PROJECTIVE SPACES AND THEIR GAUSS MAPS

By (2.74), the coeflicients of equation (2.73) are determined by the formulas

11 12 12 10
OF X x OF 5 T X
990 T 9201 ’
1.21 x22 :U22 $20
OF .%‘00 1}02 OF m10 .%‘11
or or
1,20 x22 :E20 1,21
00 01 01 00
aF X x 8F 5 X x
Ox22 ’ Oxl2
1‘10 .1311 3321 xQO

Consider the plane generators L° of the cubic symmetroid V defined by
equations (2.72) with ag = a3 = 0, as # 0. For this generator, equations
(2.72) take the form

% =0. (2.76)

This implies that only one coefficient of equation (2.73), namely %, is non-
vanishing. Hence, equation (2.73) takes the form

y*? = 0. (2.77)

Equation (2.77) is the equation of the tangent hyperplane to V for all points
of the generators L°. As a result, the tangent hyperplane ¢ is constant for all
points of the generators L°.

But all plane generators L of the cubic symmetroid V' are projectively
equivalent. Thus each of them is a leaf of the Monge-Ampere foliation on V,
and the symmetroid V itself is a hypersurface with a degenerate Gauss map of
rank r = 2 in the space P°. This corresponds to the contents of Theorem 2.8.

2.5.4 Singular Points of the Cubic Symmetroid. Next we find singu-
lar points of the cubic symmetroid V' defined by equation (2.71). Such points
are determined by the equations

oF
oz

=0. (2.78)

Because all plane generators of the symmetroid V' are projectively equivalent,
we will look for singular points on the plane generator L° defined by equations
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(2.76). On this plane generator, all the determinants (2.75) are identically
equal to zero, except the determinant 6‘1%. As a result, singular points on the
plane generator (2.76) are determined by the equation

F
8ax22 =201 — (292 = 0. (2.79)

Equation (2.79) defines the locus of singular points in the plane generator
L°. Hence, the locus of singular points in the plane generator L® is a conic.
Similarly, in all other generators L of the cubic symmetroid V, the loci of
singular points are the second-degree curves (the focus curves Fy, (see Section
3.2, p. 100) of these generators).

From (2.75) and (2.78) it follows that the set of all singular points on the
entire cubic symmetroid V is determined by the equation

rank 2% =1

or
9 =zl i,j=0,1,2 (2.80)

(cf. equations (2.68)). This means that the set of singular points of the cubic
symmetroid V C P° is a Veronese surface V* C P°*,

Most likely, all these results are well known in algebraic geometry. However,
we obtained them here by the methods of differential geometry.

Now we give one more interpretation of the properties of the cubic sym-
metroid V' C P?. To this end, we denote the entries of the matrix on the
left-hand side of (2.71) by a;;, i.e., we write this matrix in the form

apo o1 @o2
A= a1 Q11 Q12 s where Qi5 = Q-

a0 ag1 (22

Because the matrix A is defined up to a nonvanishing factor, in the projec-
tive plane P2, it determines a second-degree curve

aijr'z! =0, i,j=0,1,2
(see Figure 2.7 (a)). To the cubic symmetroid V defined in P5 by the equation
det A =0, (2.81)

there corresponds in P? the set of second-degree curves that decompose into
two straight lines ' _
a;x* =0, ba' =0, i=0,1,2, (2.82)

(see Figure 2.7 (b)).
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O > —
(@) (b) (©)

Figure 2.7

To the plane generator L C V, there corresponds in P2? the set of second-
degree curves of type (2.82) decomposed into two intersecting straight lines
with a common point of intersection for all pairs. The family of these plane
generators L depends on two parameters because the points of P2 depend on
two parameters.

To a tangent hyperplane of the cubic symmetroid V C P° at the point
a;j = a; bj), there corresponds in P? the set of second-degree curves passing
through the common point of the straight lines (2.82).

To the set of singular points of the symmetroid V' C P® defined by the
equation

rank A =1,

there corresponds in P? the set of second-degree curves degenerating into two
coinciding straight lines (see Figure 2.7 (c)).

2.5.5 Correlative Transformations. If we have the identification
(PV)* = PV, the duality principle can be realized by a correlative transforma-
tion of the space PV.

Consider a correlative transformation C (a correlation) in the space PV
that maps a point # € PV into a hyperplane ¢ € PV, ¢ = C(x), and preserves
the incidence of points and hyperplanes. A correlation C maps a k-dimensional
subspace P¥ ¢ PV into an (N — k — 1)-dimensional subspace PN ~F~1 c PV,

We assume that the correlation C is nondegenerate, i.e., it defines a one-
to-one correspondence between points and hyperplanes of the space PV.

Analytically, a correlation C can be written in the form

gi:cijxj7 i?j:0717"‘7N7

where z? are point coordinates and &; are tangential coordinates in the space PV
(cf. formulas (1.76) on p. 23). A correlation C is nondegenerate if det(c;;) # 0.

Consider a smooth curve C in the space PV and suppose that this curve does
not belong to a hyperplane. A correlation C maps points of C into hyperplanes
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forming a one-parameter family. The hyperplanes of this family envelope a hy-
persurface with a degenerate Gauss map of rank one with (N — 2)-dimensional
generators (see Figure 2.6 on p. 58).

If the curve C lies in a subspace P* C PV, then a correlation C maps points
of C into hyperplanes that envelop a hypercone with an (N —s—1)-dimensional
vertex.

Further, let X = V" be an arbitrary tangentially nondegenerate r-dimen-
sional variety in the space PV. A correlation C maps points of such V" into
hyperplanes forming an r-parameter family. The hyperplanes of this family
envelop a hypersurface Y = V.V~! with a degenerate Gauss map of rank r.
The generators of this hypersurface X are of dimension N—r—1 and correspond
to the tangent subspaces T, (V").

If the tangentially nondegenerate variety V" belongs to a subspace P* C PV,
s > 7, then the hypersurface Y = VN~ corresponding to V" under a correla-
tion C is a hypercone with an (N — s — 1)-dimensional vertex.

Now let X = V" be a variety with a degenerate Gauss map of rank r. Then
we can prove the following result, which fully corresponds to Theorem 2.8.

Theorem 2.12. A correlation C maps an n-dimensional dually nondegenerate
variety X = V. with a degenerate Gauss map of rank r with plane generators
of dimension | =n —r into a variety X* = VN=I=1 with a degenerate Gauss
map of the same rank r with (N —n — 1)-dimensional plane generators.

Proof. A correlation C sends an [-dimensional plane generator L C X to an
(N — 1 — 1)-dimensional plane P¥Y~!=1 and a tangent subspace T,(X) to an
(N — n — 1)-dimensional plane PY="=1 where PV="~! ¢ PN~!=1  Because
both of these planes depend on r parameters, the planes PNV ~"~! are generators
of the variety C(X), and the planes PNV ~!=1 are its tangent subspaces. Thus,
the variety C(X) is a variety X* = V,N='=1 of dimension N — [ — 1 and rank
7. O

2.6 Hypersurface with a Degenerate Gauss Map
Associated with a Veronese Variety
2.6.1 Veronese Varieties and Varieties with Degenerate Gauss Maps.

Consider a real five-dimensional projective space RP® with points whose coor-
dinates are defined by symmetric matrices
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and its dual space (RP®)* with points whose coordinates are defined by the
matrices

ZToo To1 o2
§= Ti0 T11  T12 = (xij)a
T20 T21 T22

where ¢,j = 0,1,2; z;; = xj;. In the space (RP)*, a frame consists of the
points

—_
o
o
o
o
o

AOO — O , All — 0 0 , A22 — 0 0 ,
0 0 0 O 0
0 0 1 0 0
Aol — 1 , A02 — 0 0 , A12 — 0 1 ,
0 1 0 0 0

(2.83)
and an arbitrary point £ € (RIP5)* can be represented as a linear combination
of the vertices of this frame: N

g = l‘ijA” .

A Veronese variety V in the space (RP®)* can be given by the following
parametric equations:

E=| vu 2 ww |, (2.84)

wu  wvu ’U}2

where (u,v,w) are projective coordinates in the plane RP?. Thus, the variety
V' is the embedding
1 : Sym (P?* x P?*) — P5*,

By (2.83), formula (2.84) can also be written in the form
€ =u?A% + 02 A" + w2 A% + 200 A% + 20wA"? + 2uw A% (2.85)

Consider now the projection Pr of the space (RP°)* from the point

100
s=lo01 0|,
00 1
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not belonging to the Veronese variety V', onto the subspace (RP4)* not tangent
to the variety V and defined in (RP°)* by the equation

Too + 11 + 222 = 0. (2.86)

First, we find the projections of the vertices A% of the frame of the space
(RP®)* onto the subspace (RP*)*. Because the vertices A', A2, and A%?
belong to the subspace (RIP’4)*, the projections coincide with these points:

Pr A% = A% Pr A2 = A'2; pr A" = A%

(see Figure 2.8).

Figure 2.8

The projection of the vertex Agg can be found from the condition
PrA%=4%_Xxs=|1 00 0 |-X[0O 0 | e (RP*)*.
0 00 0 1

By (2.86), it follows that

1
1-30=0, A=<
) 3’

ie.,
2 0 0
2 1 1 1
PrA® =249 _ _AY _—_A42_-_1| 0 -1 0
3 3 3 3 0 0 -1
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In a similar way, we find that

(10 0 (-1 00
PrA“:g 02 0 and PrA22:§ 0 -1 0
00 -1 0 0 2

The points Pr A%, Pr A', and Pr A?? are linearly dependent because
Pr A 4 Pr AM + Pr A?? = 0. (2.87)
Thus, we can take the independent points
A% A2 A% and Pr A% = A% pr A% = A?? (2.88)

as a basis of the subspace (RP*)*. By (2.87), for the point Pr A" we obtain
the expression B _
Pr A = — A% _ 4% (2.89)

Next, we find the projection of the Veronese variety V onto the subspace
(RP*)* from the point S. By (2.85), (2.88), and (2.89), we have

Pré= (u2 — 112)1100 + (w2 — 02)/122 + 2uv A% + 20wA + 2uwAY2.

Note that a similar projection of a Veronese variety into a four-dimensional
projective space was considered earlier by Sasaki [Sas 91]. In the space RP*
dual to the subspace (RP*)*, the last equation defines a two-parameter family
of hyperplanes £ corresponding to the points x* of the space (RP4)*. The
equation of a hyperplane £ has the form

€= (u? —v?)2% + (w? — v?¥)2? 4 2uvz®" + 2vwr'? + 2uwa® =0, (2.90)

. . . . 4
where %0, 222, 291, 212, and 2°? are projective coordinates in the space RP*.

The family of hyperplanes £ depends on two parameters > and -~. Hence the
envelope of this family is a hypersurface X with a degenerate Gauss map of
rank two in the space RP*. The hypersurface X bears a two-parameter family
of rectilinear generators L that are leaves of the Monge—Ampere foliation on
X.

In order to find an equation of the envelope of the family of hyperplanes &,

we differentiate equation (2.90) with respect to the parameters u, v, and w:

10

3 a—i = uz® + vz’ + wa® =0,

10

5 875} — uz® — o2 + 22%) + wa'? =0, (2.91)
10

1o = uz"? +vr'? +wr?? =0

2 Ow
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Because by Euler’s theorem on homogeneous functions, we have

o | 08 23
- > I R §
u8u+vf)v+w8w &
it follows that by (2.91) equation (2.90) is identically satisfied.

Eliminating the parameters u, v, and w from equations (2.91), we find that

J)OO .1','01 1‘02
® =det | 2 —(xOO + x22) 12 =0. (2.92)
02 x12 Z22

This equation determines the hypersurface X—the envelope of the family of
hyperplanes £&—in the space RP*.
This implies the following theorem.

Theorem 2.13. The hypersurface X dual to the projection of a Veronese vari-
ety into a four-dimensional subspace is a cubic hypersurface. This hypersurface
has a degenerate Gauss map and is of rank two. It bears a two-parameter fam-
ily of rectilinear generators that are leaves of the Monge—Ampere foliation on
X.

Moreover, equation (2.92) proves that the hypersurface X is equivalent
to the projectivization of the set of symmetric matrices of third order with
vanishing determinant and trace.

2.6.2 Singular Points. Let us find singular points of the hypersurface X
defined by equation (2.92). In order to do this, we write this equation in the
form

O = —390222(300 4 222) 4 24010212 (299
(202)2 (200 4 222 — 200 (512)2 _ 522(501)2 — (), :
Singular points of the hypersurface X are defined by the equations
o 00,22 2212 022 1242
8m00:_2$ ¥ — (%) + (27°)" = (x7%)° =0, (2.94)
0P
501 = 229212 — 2422201 = 0, (2.95)
P
8(112 = 2201202 — 2200512 =, (2.96)
P
oe _ 2201212 4 2292 (2%0 4 22%) = 0, (2.97)

092
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and
0P

0222

Equations (2.95) and (2.96) imply that

_ _(mOO)Q _ 2$OO$22 + (1'02)2 _ ({,1301)2 =0. (298)

212 = Ag0 202 = \g00 422 — 32,00 (2.99)

where, of course, A # 0. Substituting these expressions into equations (2.94),
(2.97), and (2.98) and dividing by A or A%, we arrive at the same equation

(%) + (1+2*)(2*)? =0,
from which it follows that
2% = £iy/1 4 22 2%, (2.100)

Equations (2.99) and (2.100) determine the desired singular points F and F
on the hypersurface X. These points are complex conjugate on the straight
line FAF.

It is easy to see that the straight line ' A F belongs to the hypersurface X
defined by equation (2.84). In fact, it follows from (2.99) and (2.100) that the
coordinates (2%, 22, 201, 212, 202) of an arbitrary point F + sF of this line are

(145, N2(1+5), iV 1+ AX2(1 —5), iAV/1+A2(1 — ), M1+ s))2.

Substituting these coordinates into the left-hand side of equation (2.93), we
obtain zero.

NOTES

2.1-2.2. Our presentation of the projectivization of the tangent and osculating
subspaces of a submanifold X is close to that in the paper [GH 79] by Griffiths and
Harris (see also the book [AG 93] by Akivis and Goldberg).

The differential geometry of the Grassmannian was considered by Akivis in [A 82].

The osculating spaces, fundamental forms, and asymptotic directions and lines of
a submanifold X were investigated by E. Cartan in [C 19]. See more on the second
fundamental forms of X in Griffiths and Harris [GH 79] and Landsberg [L 94].

Note that the proof of our Theorem 2.1 is different from that of Theorem 2.2 in
[AG 93], which has some inaccuracies.

This theorem generalizes a similar theorem of C. Segre (see [SegC 07], p. 571),
which was proved for submanifolds X of dimension n of the space PV that have at
each point z € X the osculating subspace T2 of dimension n + 1. By this theorem,
a submanifold X either belongs to a subspace P* or is a torse.
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Note that C. Segre proved the theorem named after him for a submanifold of a
multidimensional space of constant curvature.

Note also that Theorem 2.1 is similar to Theorem 3.10 from the book [AG 93] by
Akivis and Goldberg, which was proved there for submanifolds of a space PV bearing
a net of conjugate lines.

2.3. Zak [Za 87] (see also his book [Za 93] and the paper [Ra 84] by Ran) proved
that the Gauss map of a smooth variety is finite (see also the books [FP 01] by
Fischer and Piontkowski (subsections 2.3.3 and 3.1.3); [Ha 92] by Harris (p. 189);
[L 99] by Landsberg (p. 48); [T 01] by Tevelev (Sections 3.3 and 4.2); and the book
[Za 93] by Zak). In terms of differential geometry, Zak’s theorem can be formulated
as follows: The image of the Gauss map v(X) of a smooth irreducible variety X c PV
of dimension n, which is different from a linear space, is a smooth irreducible variety
v(X) C G(n, N) of the same dimension n.

From the point of view of differential geometry, this result is more or less obvious:
If a variety X is smooth in PV, then its Gauss map v(X) has the rank » = n (i.e.,
X is tangentially nondegenerate).

Fischer [F 88] extends to the complex analytic case a classical result on ruled
surfaces in E3. He shows that the only developable surfaces in CP? are planes, cones,
and tangent surfaces of curves. He also shows that a developable ruled surface is
uniquely determined by its directrix and its Gauss map.

The origins of the theory of varieties with degenerate Gauss maps are in the
works of C. Segre [SegC 07, 10] who studied the local differential geometry of linear
spaces. In particular, in [SegC 07, 10], he introduced the Segre cone of such families
and used the concepts of the second fundamental forms and foci.

Varieties X = V,* with degenerate Gauss maps of rank r < n were considered by
E. Cartan in [C 16] in connection with his study of metric deformation of hypersur-
faces, and in [C 19] in connection with his study of manifolds of constant curvature;
by Yanenko in [Ya 53] in connection with his study of metric deformation of subman-
ifolds of arbitrary class; by Akivis in [A 57, 62], Savelyev in [Sa 57, 60], and Ryzhkov
in [Ry 60] (see also the survey paper by Akivis and Ryzhkov [AR 64]) in a projective
space PV . Brauner [Br 38], Wu [Wu 95], and Fischer and Wu [FW 95] studied such
varieties in a Euclidean N-space EV.

Note that a relationship of the rank of varieties V™ and their deformation in a
Euclidean N-space was indicated by Bianchi as far back as 1905. In [Bi 05] he proved
that a necessary condition for V™ to be deformable is the condition rank V"™ < 2.
Allendérfer [Al 39] introduced the notion of type t,t = 0,1,,...,m, of V™ and
proved that varieties Viv_p, p > 1, of type t > 2 in EV are rigid. For definition of
type of V™, see [Al 39] or Yanenko [Ya 53]. Note only that the notion of type (as
well as of rank) is projectively and metrically invariant, and that for a hypersurface,
the type coincides with the rank.

Griffiths and Harris in [GH 79] (Section 2, pp. 383-393) considered varieties
X = V;» with degenerate Gauss maps from the point of view of algebraic geometry.
Following [GH 79], Landsberg [L 96] considered varieties with degenerate Gauss maps.
His recently published book [L 99] is in some sense an update to the paper [GH 79].
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Section 5 (pp. 47-50) of these notes is devoted to varieties with degenerate Gauss
maps. In the recently published book [FP 01] by Fischer and Piontkowski, the
authors studied ruled varieties from the point of view of complex projective algebraic
geometry. One section of this book was devoted to varieties with degenerate Gauss
maps (they called such varieties developable). Following Griffiths and Harris’s paper
[GH 79], the authors employed a bilinear second fundamental form for studying
developable varieties, gave detailed and more elementary proofs of some results in
[GH 79], and reported on some recent progress in this area. In particular, they
gave a classification of developable varieties of rank two in codimension one. Rogora
in [Rog 97] and Mezzetti and Tommasi in [MT 02a] also considered varieties with
degenerate Gauss maps from the point of view of algebraic geometry.

Recently Ishikawa published four papers [I 98, 99a, 99b] and [IM 01] on varieties
with degenerate Gauss maps (called “developable” in these papers). In [IM 01],
Ishikawa and Morimoto found the connection between such varieties and solutions
of Monge—Ampere equations; they named the foliation of plane generators L of X
(dim L = [I) the Monge-Ampere foliation. In [IM 01], the authors proved that the
rank r of a compact C*°-hypersurface X C R PV with a degenerate Gauss map is
an even integer r satisfying the inequality w > N, r # 0. In particular, if r < 2,
then X is necessarily a projective hyperplane of R PV, and if N = 3 or N = 5, then a
compact C°°-hypersurface with a degenerate Gauss map is a projective hyperplane.

In [I 98, 99b], Ishikawa found a real algebraic cubic nonsingular hypersurface
with a degenerate Gauss map in RPY for N = 4,7,13,25, and in [I 99a] he studied
singularities of C°°-hypersurfaces with degenerate Gauss maps.

The notion of the index [ of relative nullity was introduced by Chern and Kuiper
in their joint paper [CK 52] (see also the book by Kobayashi and Nomizu [KN 63],
vol. 2, p. 348) for a variety X = V™ embedded into a Riemannian manifold V.

However, the second fundamental forms of a submanifold X are related not so
much to the metric structure of X as to its projective structure, because these forms
are preserved under projective transformations of the Riemannian submanifold X.
This was noticed by Akivis in [A 87b], who also proved the relation ! + r = n.

Note that if [ > 0, then the point «x is called a parabolic point of the variety X. If
all points of a variety X are parabolic, then the variety X is called parabolic (cf. the
papers [Bor 82, 85] by Borisenko). The varieties X, for which the index [ is constant
and greater than 0 for all points x € X, are called strongly parabolic.

In 1997 Borisenko published the survey paper [Bor 97] in which he discussed re-
sults on strongly parabolic varieties and related questions in Riemannian and pseudo-
Riemannian spaces of constant curvature and, in particular, in a Euclidean space EV.
Among other results, he gives a description of certain classes of varieties of arbitrary
codimension that are analogous to the class of parabolic surfaces in a Euclidean space
E3. Borisenko also investigates the local and global metric and topological properties,
indicates conditions that imply that a variety of a Euclidean space E¥ is cylindri-
cal, presents results on strongly parabolic varieties in pseudo-Riemannian spaces of
constant curvature, and finds the relationship with minimal surfaces.

2.4. The results presented in this section are due to Akivis [A 57] (see also
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Section 4.2 in the book [AG 93] by Akivis and Goldberg). In our presentation,
we follow the recently published paper [AG 0la] by Akivis and Goldberg. Other
examples of varieties with degenerate Gauss maps can be found in the papers [A 87a]
by Akivis, [AG 93, 98b, 98¢, 0la, 01b, 02b] by Akivis and Goldberg, [AGL 01] by
Akivis, Goldberg, and Landsberg, [C 39] by Cartan, [FW 95] by Fischer and Wu,
[GH 79] by Griffiths and Harris, [I 98, 99a, 99b, 00a] by Ishikawa, [Pio 01, 02a, 02b] by
Piontkowski, [S 60] by Sacksteder, [Wu 95] by Wu, [WZ 02] by Wu and F. Zheng, and
in the books [L 99] by Landsberg and [FP 01] by Fischer and Piontkowski. Examples
of varieties with degenerate Gauss maps on the sphere S™ were constructed in the
recent papers [IKM 01, 02] by Ishikawa, Kimura, and Miyaoka.

2.5. The reader can find more details on the dual varieties and the dual defect
of a tangentially nondegenerate variety, for example, in the following books: Fischer
and Piontkowski [FP 01] (Sections 2.1.4, 2.1.5, 2.3.4, 2.5.1, 2.5.3, and 2.5.7); Harris
[Ha 92] (pp. 196-199); Landsberg [L 99] (pp. 16-17 and 52-57); and Tevelev [T 01]
(Chapters 1, 6, and 7). Formula (2.65) for the expected dimension of the dual
variety of a variety with degenerate Gauss map appeared also in the paper [Pio 2b]
by Piontkowski and implicitly in the books Landsberg [L 99] (see 7.2.1.1 and 7.3i)
and Fischer and Piontkowski [FP 01] (Section 2.3.4).

During the last 20 years, the smooth dually degenerate varieties (for which
dim X* < N — 1) were considered in many articles (see, for example, the papers
[GH 79] by Griffiths and Harris, Zak [Za 87], Ein [E 85, 86] and the books [Ha 92] by
Harris, [L 99] by Landsberg, [T 01] by Tevelev, [FP 01] by Fisher and Piontkowski).
Note that Harris [Ha 92] (p. 197) uses the term deficient for such varieties and the
term deficiency for their defect.

The classification of dually degenerate smooth varieties of small dimensions n
with positive dual defect . was found by Ein [E 85, 86] for n < 6, by Ein [E 85, 86]
and Lanteri and Strupa [LS 87] for n = 7, and by Beltrametti, Fania, and Sommese
[BFS 92] for n < 10 (see also Section 9.2.C in the book [T 01] by Tevelev).

For applications of the duality principle see also the book [AG 93] by Akivis and
Goldberg. In our presentation of these applications, we follow our recently published
papers [AG 0la, 02b] and Section 4.1 of the book [AG 93].

The dual defect of a variety X must be defined as the difference between an ex-
pected dimension of the dual variety X ™ and its true dimension. Thus, the definition
given on p. 71 and used in the literature (see, for example, Fischer and Piontkowski
[FP 01] (p. 55); Harris [Ha 92] (p. 199); Landsberg [L 99] (p. 16); and Tevelev
[T 01] (p. 3) is correct for smooth varieties because for them an expected dimension
of the dual variety X™ equals N — 1. In the books mentioned above, the definitions
of the dual defect and dually degenerate varieties given on p. 71, which are correct
for tangentially nondegenerate varieties, are automatically extended to varieties with
degenerate Gauss maps. In our opinion, this is incorrect, because for the latter vari-
eties, an expected dimension of X* is N -1 —1 < N —1 (see formula (2.65)), and for
them the correct definition of the dual defect (and dually degenerate varieties) must
be the definitions given on p. 72. Note that the definition on p. 72 includes the def-
inition on p. 71: the latter can be obtained from the former if one takes [ = 0. Note
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also that by definition on p. 72, the dual defect d. of a dually nondegenerate variety
equals 0 (and this is natural), while by the definition on p. 71, 6. =dy =n —1r > 0.

2.6. The constructions we made in Section 2.6 can be generalized for the projec-
tive space KP over the algebras K = R, C,H, O, where C is the algebra of complex
numbers, H is the algebra of quaternions, and O is the algebra of Cayley’s octonions
or octaves (see more on octonions and the algebra of Cayley’s octonions in Rosenfeld
[Ro 97], Section 1.3.1). Then dim K = 271, i = 1,2,3,4. In all these algebras, there
is an involutive or antiinvolutive automorphism z — Z.

This was done by Ishikawa in [I 99a], who constructed examples of real al-
gebraic cubic nonsingular hypersurfaces with degenerate Gauss maps in RP™ for
n = 4,7,13,25. These hypersurfaces have the structure of homogeneous spaces of
groups SO(3),SU(3),Sp(3), and Fy, respectively, and their projective duals are lin-
ear projections of Veronese embeddings of projective planes KP? for K = R, C,H, Q.



Chapter 3

Basic Equations of
Varieties with Degenerate
Gauss Maps

In Section 3.1, we define the Monge—Ampere foliation associated with a variety with a de-
generate Gauss map of dimension n, derive the basic equations of varieties with degenerate
Gauss maps, and prove a characteristic property of such varieties (the Monge—Ampere folia-
tion has flat leaves) of any of their plane generators. At the end of Section 3.1, for varieties
with degenerate Gauss maps we prove the generalized Griffiths—Harris Theorem, which be-
comes the well-known Griffiths—Harris Theorem for tangentially nondegenerate varieties (see
the paper [GH 79] by Griffiths and Harris). In Section 3.2, we consider focal images of such
varieties (the focus hypersurfaces and the focus hypercones). In Section 3.3, we study va-
rieties with degenerate Gauss maps without singularities, in Section 3.4, we introduce and
investigate an important class of varieties with degenerate Gauss maps without singularities,
the so-called Sacksteder-Bourgain hypersurface, in the affine space A%, and in Section 3.5,
we consider complete parabolic varieties in Riemannian spaces of constant curvature.

3.1 The Monge—Ampere Foliation

3.1.1 The Monge—Ampere Foliation Associated with a Variety with a
Degenerate Gauss Map. We consider a variety X with a degenerate Gauss
map of dimension n and rank 7 in the space PV. Let

v:X = G(n,N)

91
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be its Gauss map. Denote by L a leaf of the Gauss map . This leaf is the
preimage of the tangent subspace T, (X) on the variety X:

L=y""T;) =~ ' (v(x)).

The foliation on X defined as indicated above is called the Monge-Ampére
foliation (see, for example, the papers by Delanoé [De 89] and Ishikawa [I 98,
99b]).

A leaf L of this foliation, as well as the tangent subspace T, (X), depends
on r parameters. Denote by M an r-dimensional variety of parameters defining
a displacement of the subspace T, on X, and let (u!*!,... u™) be coordinates
of a point of M.

The Monge-Ampere foliation is defined by a completely integrable system
of Pfaffian equations

wP=0, p=Il+1,...,n,

whose first integrals are coordinates (u!*1,...,u™) of a point u € M.

Because the 1-forms w* occurring in equations (2.40) define a displacement
of the subspace T, on X, on the variety X, these forms must be expressed in
terms of precisely r linearly independent forms, i.e., we have

rank (w*) = 7.

If £ = Ay is a regular point of the variety X, then we can take as these
independent forms the forms

wh=uwPl, p=1+1,...,n,

determining a displacement of the point x transversally to the leaf L, of the
Monge—-Ampere foliation. These forms are basis forms on the manifold M and
on the Monge—Ampere foliation of the variety X. They are linear combinations
of the differentials duP of coordinates of a point u € M.

3.1.2 Basic Equations of Varieties with Degenerate Gauss Maps.
We write the expressions of the forms w{ in terms of the forms w9,
qg=1+1,...,n, as follows:

wi =bgwt, g=1+1,...,n. (3.1)
Because the matrix (bf‘j)7 1,7 = 1,...,n, is symmetric, this matrix takes the
form
Oixi Oixr
o , bo =08, 3.2
( O, (bpq) Pq qp (32)

where Opyq is the zero matrix with p rows and ¢ columns. In what follows,
we will assume that there is at least one nondegenerate matrix of rank r in
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the system (£,b5,) of second fundamental tensors of X. By the generalized
Griffiths—Harris theorem (see p. 97), this means that the variety X in question
is dually nondegenerate.

In what follows we will use the following ranges of indices:

a,b,c=1,....l; pq=1+1,...,n; ,6=m+1,...,N.

We will choose the points of our moving frame as follows: the point Ay = z
is a regular point of X; the points A, belong to the leaf L of the Monge—
Ampere foliation passing through the point Ag; the points A, together with
the points Ay, A, define the tangent subspace T X to X; and the points A,
are located outside the subspace T, X.

It follows from equations (2.5), (3.1) and (3.2) that

w*=0, wi=0, (3.3)

» = bpaw?, (3.4)
where, as earlier, b, = b, and the indices take the values indicated above.
The 1-forms w? are basis forms of the Gauss image v(X) of the variety X, and
the quantities bp, form the second fundamental tensor of the variety X at the
point x.

By (3.3), the equations of infinitesimal displacement of the moving frame

associated with a variety X with a degenerate Gauss map have the form

w

dAyp = wAg + wA, + wPAp,
dA, = wlAg + wb Ay + wP A, (3.5)
dA, = ngO + w;Aa + ngq + wg‘Aa,
dAy = wlAg +weA, +wiA, +wlAg,

where here and in what follows, unless otherwise stated, the indices take the
values indicated above.

Taking exterior derivatives of equations (3.3), we obtain the following ex-
terior quadratic equations:

wh Awy =0. (3.6)
Substituting expressions (3.4) into equations (3.6), we find that
bpgwh A w? = 0. (3.7)

Let us prove that, as was the case for the forms wy, the forms wf can be
expressed in terms of the basis forms w? alone. Suppose that decompositions
of the forms w? have the following form:

wh =ch wl+ cggwg, (3.8)
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where the forms w¢ are 1-forms that are linearly independent themselves, and
the set {w?,wt} is also linearly independent. Substituting these expressions
into equations (3.7), we find that

boyCapw? Aw? + bqucgfw§ Aw? = 0.

Because the exterior products w? A w? and wé A w? are independent, it follows
from these relations that

be Cop = b5Cay (3.9)
and
bgchg =0. (3.10)

The last system is a linear homogeneous system with respect to the quantities
CZg- Because the forms wy’ cannot be expressed in terms of less than r linearly
independent forms, the rank of the matrix of coefficients of system (3.10) is
equal to r, and the system has only the trivial solution, CZg = 0. Hence
equations (3.8) take the form:

wh = chwi, (3.11)

where the coefficients ¢}, are connected with the coefficients by, by conditions
(3.9). Note that conditions (3.9) will play an important role in our future
investigations, and we will apply them many times. For this reason, we framed
these conditions.

We shall call equations (3.4) and (3.11) the basic equations of a variety X
with a degenerate Gauss map.

Note that under transformations of the points A, the quantities ¢}, are
transformed as tensors. As to the index a, the quantities cf, do not form
a tensor with respect to this index. Nevertheless, under transformations of
the points Ag and A,, the quantities cf, along with the unit tensor 0% are
transformed as tensors. For this reason, the system of quantities cf, is called
a quasitensor.

Denote by B and C,, the (r x r)-matrices of coefficients occurring in equa-
tions (3.4) and (3.11):

B = (5,). Co= ().
Sometimes we will use the identity matrix Co = (0}) and the index
i=0,1,...,1, i.e., {i} = {0,a}. Then equations (3.2) and (3.9) can be com-
bined and written as follows:

(B*Ci)" = (B*Cy), (3.12)
i.e., the matrices

HY = BC; = (03.¢5,)

qsp
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are symmetric.

3.1.3 The Structure of Leaves of the Monge—Ampeére Foliation.
In examples considered in Section 2.4 we saw that the leaves of the Monge-
Ampere foliation are straight lines or planes. The following theorem proves
that this is the general fact.

Theorem 3.1. The leaves of the Monge-Ampére foliation associated with a
variety X with a degenerate Gauss map of dimension n and rank r are [-
dimensional planes, where l =n —r.

Proof. On a variety X, consider the system of equations
wP =0, (3.13)
defining the Monge-Ampere foliation. By (2.6) and (3.11), we have
dw? = W A (WP — Pwl) — ¢k w®). (3.14)

By the Frobenius theorem, equations (3.14) imply that the system of equations
(3.13) is completely integrable and defines a foliation of the variety X into
(n — r)-dimensional varieties.

Let us prove that all these varieties are planes. In fact, if w? = 0, then by
(3.11), the first two of equations (3.5) take the form

dAO = (.UOOAO + w“Aa,

3.15
dA, = W0Ag + Wl Ay, ( )

This means that if wP? = 0, then the [-plane defined by the points Ay and A,
remains constant. Thus the varieties defined on X by the system of equations
(3.13) are planes of dimension . Namely, these I-planes are the leaves of the
Monge—Ampere foliation associated with X.

The same system of equations (3.13) implies that if w? = 0, then in addition
to equations (3.15), we have the equations

dA, = W) Ay + wiAg + wWlA,. (3.16)

Equations (3.15) and (3.16) mean that the tangent subspace T,,(X) along the
fixed I-plane Ag A A1 A ... A A; remains constant. O

Thus, in Theorem 3.1, we have proved that the leaves of the Monge—Ampere
foliation associated with the variety X are [-dimensional planes

L=AgNAIN...NA4
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or their open parts. The tangent subspace T, (X) remains constant along the
leaves L of this foliation. For this reason, it is natural to denote this subspace
by T, L C Tr. A pair (L, Tr) on X depends on r parameters u!*! ... u"
the coordinates of the point u € M.

In what follows, we extend the leaves L of the Monge—Ampeére foliation to
the entire projective space P' in which they are located (L ~ P'). The leaves
L ~ P! of the Monge-Ampere foliation are plane generators of the variety X.
Note that the Monge—Ampere foliation is not locally trivial because its leaves
have singular points (which we will consider in Section 3.2).

We shall call the varieties of this type projectively complete. The notion of
geodesic completeness, used when one studies varieties with degenerate Gauss
maps in the Euclidean geometry, cannot be used here because in projective ge-
ometry the geodesics on submanifolds cannot be defined. In a certain sense, the
notion of projective completeness replaces the notion of geodesic completeness
in the Euclidean (and Riemannian) geometry.

However, unlike a traditional definition of the foliation (see, for example,
Dubrovin, Fomenko, and Novikov [DFN 85], §29), as we will see in Section 3.2,
the leaves of the Monge—Ampere foliation can have singularities. It is for this
reason that in general its leaves are not diffeomorphic to a standard leaf P'.

3.1.4 The Generalized Griffiths—Harris Theorem. In Section 2.5.1,
we defined the dual variety X* C (PV)* for a variety X C PV with a degen-
erate Gauss map of dimension n and rank r as the set of tangent hyperplanes
(€ D TrX) to X. It follows that the dual variety X* is a fibration whose
fiber is the bundle

)

E={{EDTLX}

of hyperplanes £ containing the tangent subspace 77, X and whose base is the
manifold
B=X"/E.

As we noted in Section 2.5.1, the dimension of a fiber = of this fibration equals
N —n — 1, and the dimension of the base B equals r, dim B = r, i.e., the
dimension of B coincides with the rank of the variety X. This implies that in
the general case,

dmX*=(N-n—-1)+r=N-1-1

(cf. formula (2.65)).
As was noted in Section 2.5.1, for a dually degenerate variety X with a
degenerate Gauss map, we have

dimX* < N —-1-1.
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The following theorem expresses this condition in terms of the second fun-
damental forms of the variety X.

Theorem 3.2 (Generalized Griffiths—Harris Theorem). The dual vari-
ety X* C (PV)* of a variety X with a degenerate Gauss map is dually degen-
erate if and only if at all smooth points x € X every second fundamental form
of the system of second fundamental forms 11 = {,by,wPw? of X is degenerate.

Proof. Consider the bundle R(X) of frames associated with a variety X with a
degenerate Gauss map, which we constructed earlier in this section. The basis
forms of the bundle R(X), as well as the basis forms of the tangent bundle
T(X) and the Monge-Ampere foliation of the variety X, are also called the
horizontal forms, and the secondary forms of all these bundles are called the
fiber or wertical forms (see, for example, Section 20.2 of the book [Di 71] by
Dieudonné). The forms w?, p = [+ 1,...,n, are linearly independent, and
their number equals . Thus, these forms are basis forms in the bundle R(X).
On the bundle R(X) the equations of infinitesimal displacement of a frame
have the form (3.5).
In this proof we will use the following ranges of indices:

0<u,v<N, 1<, <n,
1<a,b<l, [+1<p,qg<n,
n+1<a,6<N, n+1<poc<N-1

Consider now the dual coframe (or tangential frame) {«"} in the space
(PN)* to the frame {A,} constructed in Section 1.3. The hyperplanes a*
of the frame {a"} are connected with the points of the frame {A,} by the
conditions (see equations (1.77)):

(a¥, A,) = 6. (3.17)

Conditions (3.17) mean that the hyperplane o contains all points A, v # u,
and that the condition of normalization (a*, 4,) = 1 (cf. formula (1.70))
holds.

We proved in Section 1.3 that the equations of infinitesimal displacement
of the tangential frame {a*} are

doa" = wyay, u,v=01,...,N, (3.18)

where the forms w? are related to the forms w?, by the following formulas:
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(see equations (1.78)). Hence equations (3.18) can be written as
do® = —wia® (3.19)

(see equations (1.79)).
Recalling that

dA) = w®A, +wPA, (mod Ay),
dA, =wPA, (mod Ay, As,..., A,
dApEngU—&—wl")VAN (mod Ag, A1,...,Ap)

(cf. equations (3.5)) and

[
p

(cf. equations (2.5), (3.3), and (3.4)), it follows from (3.19) that

N___ N_a N
da”™ = —w, o —w,

w* =0, wy =0, wy =bpw”

o —wha’ (mod o).

The N —n—1 forms w) determine the infinitesimal displacement of the hyper-
plane ¢ = o in the bundle = of tangent hyperplanes ¢ containing the tangent
subspace T X, i.e., these forms are the fiber forms on the dual variety X*.
The number N — n — 1 coincides with the dimension of a fiber of this bundle.
Hence, forms w)¥ are linearly independent.

A basis of the fibration X* is the span SV of the forms w?', i.e., the forms

P
wzj)v are horizontal on X™*. Because
N N N N
wy = bpw?, by, =bgy pg=1+1,...,n,

the dimension of SV does not exceed the rank 7 = n — [ of the variety X.
Consider the exterior product

Wity A Awp =det (b WAL AW
It is easy to see that dim S = rank (b)), and dim SV < r if and only if

pa
det (b5)) = 0.

Because oY

was any of the hyperplanes o, we have
det (b7 ) = 0.

Moreover, the tangent hyperplane £ can be chosen arbitrarily from the
system & = 550/3 . This system of tangent hyperplanes passing through the
tangent subspace T, X determines the system of second fundamental forms

1l = §3b5quwq
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of the variety X and the system of second fundamental tensors
&p bgq

of this variety X. This proves the theorem statement: the variety X is dually
degenerate if and only if the system of its second fundamental forms I1 does
not contain any nondegenerate form. O

Note that if r = n (i.e., if a variety X is tangentially nondegenerate), then
its dual variety X* is dually degenerate if and only if at all smooth points x € X
every second fundamental form of the system of second fundamental forms
IT = £bgw'w’ of X is degenerate. We emphasize that unlike in Theorem 3.2,
the basis forms here are the forms w?, i =1,...,n.

This is exactly Theorem 3.5 proved by Griffiths and Harris in [GH 79]. This
is why we called Theorem 3.2 the generalized Griffiths—Harris theorem.

Corollary 3.3. A variety X with a degenerate Gauss map is dually nondegen-
erate (i.e., the dimension of its dual variety X* C (PN)* equals N — 1 — 1) if
and only if at any smooth point x € X there is at least one nondegenerate sec-
ond fundamental form in the system of second fundamental forms §,bp,wPw?
of X.

3.2 Focal Images

3.2.1 The Focus Hypersurfaces. Let X = V” be a variety with a degen-
erate Gauss map of rank r in the space CPY. By Theorem 3.1, such a variety
carries an r-parameter family of [-dimensional plane generators L of dimension
l=n—r. Let x = 24y + %A, be an arbitrary point of a generator L. For
such a point we have

dr = (dz° + 2°w5 + 2°w2) Ag + (dz® + 2% + 2Pw) Ay + (2%wP + 2wP) A,,.
By (3.11), it follows that
dx = (x05g +ach )Apw?  (mod L). (3.20)

The matrix (J?) = (z°6% + 2°c%,) is the Jacobi matriz of the map v : X —
G(n, N), and the determinant
J(x) = det (JP) = det (2767 + 2ch, )

aq

of this matrix is the Jacobian of the map ~.
We recall that in Section 2.1.1 we call a point x € X a regular point of
the map f and of the variety X if dim7,X = dim X = n, and we call x € X
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singular if dim7, X > dim X = n. It is easy to see that at regular points
J(x) # 0 and at singular points J(x) = 0. The set of all singular points of the
variety X was denoted by Sing X.

By (3.20), the set of singular points of a generator L of the variety X is
determined by the equation

det (622° + ¢k x*) = 0. (3.21)

Hence this set is an algebraic hypersurface in the generator L of dimension
I —1 and degree r. This hypersurface (in L) is called the focus hypersurface!
and is denoted Fr. Obviously, we have Sing X = UF7.

Note that extending the leaves L of the Monge—Ampere foliation to the
space P! (see Section 3.1) means that we include singular points Fy, of L into
L. Essentially, by adding F;, to L, we consider the closure of the leaf L, and
this closed leaf carries the structure of the projective space P'.

Because for % = 0 the left-hand side of equation (3.21) takes the form

det (2°07) = (2°)",
it follows that the point Ag is a regular point of the generator L.
We now calculate the second differential of a point « € L:
d’z = wi(w*2® + wiz®)A, (mod T).
This expression is the second fundamental form of the variety X:
IT, = w (W2’ + wiz) Ag = b5,(652° + ¢, 3%) AgwPw. (3.22)

Theorem 3.4. The number of linearly independent forms in the system of
second fundamental forms of a variety X with a degenerate Gauss map of rank
r is constant at all reqular points of its plane generator L.

Proof. Suppose that £ = £,z = 0 is the tangent hyperplane to X at x € L,
¢ DTr. Then
(67 II:I?) = hPtJ(ga r)wPw,
where
hpq(&x) = Sab§5(52$0 + Cqua)7 hpq = hp,
is the second fundamental form of the variety X at x with respect to the

hyperplane £. Because at regular points « € L the inequality J(x) # 0 holds,
the rank of the matrices (hpq(&, x)) is the same as the rank of the matrix

B(¢) = (fabgq) =&aBY, (3.23)

IWe use the term ”focus hypersurface” for the locus of foci in a plane generator L of a
variety X. We will use the term ”focal variety” for the locus of foci in the entire variety X.
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and this rank is the same at all regular points € L. Denote this rank by m.
O

3.2.2 The Focus Hypercones. We call a tangent hyperplane £ = (&)
singular (or a focus hyperplane) if

det (€4b2,) = 0, (3.24)

i.e., if the rank of matrix (3.23) is reduced. Condition (3.24) is an equation
of degree r with respect to the tangential coordinates &, of the hyperplane
¢ containing T7,(X). Because we assume that the variety X is dually nonde-
generate, by Corollary 3.3, there exists at least one nondegenerate form in the
system of second fundamental forms of X. Hence in the space PV, equation
(3.24) defines an algebraic hypercone of degree r, whose vertex is the tangent
subspace T, (X). This hypercone is called the focus hypercone and is denoted
@1, (see Akivis and Goldberg [AG 93], p. 119). In the dual space (PV)*, equa-
tions (3.24) define an algebraic hypersurface ®* of degree r belonging to the
leaf L* of the Monge—Ampere foliation on the variety X* dual to X.

Note that if a variety X is dually degenerate, then on such a variety, equa-
tions (3.24) are satisfied identically, and X does not have focus hypercones.

The determinant det (§,b5,) on the left-hand side of equation (3.24) is the
Jacobian of the dual map v* : X* — G(r, N). The map v* sends a hyperplane
¢ tangent to the variety X (i.e., an element of the variety X*) to a leaf L of
the Monge—-Ampere foliation that belongs to the hyperplane £.

The focus hypersurface F, C L (defined in Section 3.2.1) and the focus
hypercone @, with vertex T, are called the focal images of the variety X with
a degenerate Gauss map.

Note that under the passage from the variety X C PV to its dual variety
X* C (PN)*, the systems of square matrices C, and B* as well as the focus
hypersurfaces Fr, and the focus cones @ exchange their roles.

Because

d’z = bgs(c?;xo + capr®)wPw?Ay  (mod Ty, z € L),

the points
Apg = b0, (652° + ¢ ,0%) A, Apg = Agp, (3.25)
together with the points Ag, A,, and A, define the osculating subspace T7 (X).
Its dimension is
dim T?(X) = n +m,
where m is the number of linearly independent points among the points A,,,

m < rnin{w7 N — n} The number m is the number of linearly indepen-



102 3. BAsiC EQUATIONS

dent scalar second fundamental forms of the variety X at its regular points.
However, because at a regular point © € X, the condition J(z) # 0 holds
(see p. 97), m is the number of linearly independent points among the points

Apg = Aabpy-

The number m is constant for all regular points of a generator L of the variety
X. We also use the notation Sy, for the osculating space T7(X).
On a generator L of the variety X, consider the system of equations

0 a __
ofa” + cfa* = 0. (3.26)

The matrix of system (3.26) has 72 rows and [ + 1 columns. Denote the rank
of this matrix by m*. If m* <1+ 1, then system (3.26) defines a subspace K,
of dimension k = [ —m™* in L. This subspace belongs to the focus hypersurface
F, defined by equation (3.21). If [ > m*, then the hypersurface Fj, becomes a
cone with vertex K. We call the subspace K, the characteristic subspace of
the generator L.

Note also that by the duality principle in PV, the osculating subspace S,
and the characteristic subspace K, constructed for a pair (L, T},) correspond
to one another.

In what follows, we assume that a variety X in question does not have
singular points except the foci determined by equation (3.21), and its dual X*
does not have singular hyperplanes except the focus hyperplanes determined
by equation (3.24).

3.2.3 Examples. First we will find the foci and the focus hypersurfaces Fp,
for some of examples considered in Section 2.3.

Example 2.4. For a cone X, the focus hypersurface Fy, in each its plane
generators L is the cone vertex S.

Example 2.5. For a torse, in the case n = 2,7 =1 (i.e., for X = V2 c PV)
formed by the tangents to a nonplanar curve in PV (see Sections 2.2.4 and
Figure 2.3 for N = 3), each of its rectilinear generators L has one singular
point (a focus), and the tangent subspace of X at this point degenerates into
a straight line. The set of all singular points of such X forms the edge of
regression of this variety with a degenerate Gauss map.

Note that in Examples 2.4 and 2.5 the focus variety F of the generator L
is a subspace of dimension [ — 1. However, for a cone in Example 2.4, F}, is
fixed, while for a torse in Example 2.5, F, depends on one parameter and is
itself a torse of dimension one.

Example 2.6. For a join, the points y; and ys are foci of the generator L, and
the curves Y7 and Y, are degenerate focus varieties (see Figure 2.4 on p. 69).
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There are two cones through every generator L. These cones are described
by generators passing through the focus y; or the focus ys. On the variety
X, these cones form two one-parameter families comprising a focal net of the
variety X.

Example 2.7. For a hypersurface X = V3 C P* on Figure 2.5 (the case
n = 3, r = 2), the focus hypersurface Fy, in each of its one-dimensional plane
generators L is decomposed into a pair of points y; and ys called the foci.
These foci y; and ys describe two two-dimensional focal surfaces Y7 and Y5.
Note that Example 2.6 differs from Example 2.7 because in Example 2.6 the
foci describe the curves while in Example 2.7 they describe two-dimensional
surfaces.

Example 2.9. For the cubic symmetroid defined by equation (2.71), the focus
curve Fy, in a two-dimensional generator L is a conic (see formula (2.79) on
p- 79). The manifold of these curves on the symmetroid (2.71) is a Veronese
variety defined in the space (P?)* by the equation

rank (a;;) = 1.

Example 3.5. (See also Section 5.3, p. 184.) Let X be a variety with a
degenerate Gauss map of dimension n and rank r = n — 1. The leaves of
the Monge—-Ampere foliation on X can be considered as light rays. The focus
hypersurfaces Fj, C L decompose into r points on L. Each of these points
describe an n-dimensional variety F,), p=1,...,r. From the point of view of
geometric optics, the varieties F{,) are the loci of condensation of light rays.
They are called the caustics (see, for example, §2 of Chapter 2 in the book
[AVGL 89] by Arnol’d, Vasil’ev, Goryunov, and Lyashko). Of course, only the
cases N =2 and N = 3 are discussed in optics.

Although in this book we assume that n < N, the case n = N is also
interesting. Then a variety X is the congruence (i.e., an (n — 1)-parameter
family) of straight lines. The congruence of straight lines in a three-dimensional
projective, Euclidean, and non-Euclidean spaces were studied in detail by many
geometers starting from Monge [Mon 50] (for a detailed theory of congruences
see the book [Fi 50] by Finikov).

3.2.4 The Case n = 2. We now consider the case n = 2, i.e., X? c PV.
In this case, we have 0 < r < 2. As we already know, if = 2, then X is a
tangentially nondegenerate smooth surface. If r = 0, then X is P2. In this case,
B* =0 and C; = 0, and there are no singularities (the focus hypersurfaces F,
and the focus hypercones ®;, are indeterminate).

Suppose that r = 1. Because in each of the pencils £, B and £'C;, there is
at least one nondegenerate matrix, and Cy = (0%), we have rank B* = 1, and
rank C, < 1.
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In this case, the generator L depends on one parameter. The indices p, q
take only one value, 2, and equation (3.21) of the focus hypersurface Fj, takes
the form

2+ ciyrt = 0.

Thus, in this case the focus hypersurface F, is a point. Equation (3.24) of the
focus hypercone @, takes the form

Eab3y = 0.

Thus, in this case the focus hypercone ®, is a hyperplane.

In general, the surface X2 is a torse. If the above mentioned point is held
fixed, i.e., it is the same for all rectilinear generators L, then the surface X2
of rank one is a cone.

3.2.5 The Case n = 3. In this case, we have 0 < r < 3. As was in
the previous case, if » = 3, then X3 is a tangentially nondegenerate smooth
hypersurface, and if » = 0, then X is P3.

Suppose first that » = 2, and as a result, | = 1. Because the variety
X is dually nondegenerate, in each of the pencils £&,B® and &£C;, there is
at least one nondegenerate matrix, and Cy = (67), we have rank B = 2,
and rank C, < 2. In this case, the rectilinear generator L depends on two
parameters. The indices p and ¢ take only two values, 2 and 3, and equation
(3.21) of the focus hypersurface Fy, takes the form

det (55:170 + c‘{pzl) =0, p,g=2,3,
i.e., it has the form

20+ c%le c%le 0
0%3331 20 + C‘%3$1

This equation defines two foci. Denote them by F; and F>. We present here
a complete classification of three-dimensional varieties X for which Fy # F5.
A classification of varieties X with a double focus, i.e., when F; = Fy, will be
given in Section 4.5.2.

If F} # F5, then the following cases are possible:

a) The points F} and F» describe two-dimensional surfaces (F}) and (Fh),
and the rectilinear generators L are tangent to (F}) and (F3) along the
lines composing conjugate nets on (Fy) and (Fy) (see Figure 2.5 on p. 70).

b) The points F; and F5 describe the same irreducible two-dimensional sur-
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face (F') having two components (F;) and (F3). The rectilinear genera-
tors L are tangent to the components (Fy) and (Fb).

¢) The point F; describes a two-dimensional surface (F}), the point Fy de-
scribes a curve (Fy), and the rectilinear generators L = F; F» are tangent
to the surface (F7) and intersect the curve (F3). Then the variety X
foliates into co! cones with vertices on the curve (F), and the surface
(F1) has a conic conjugate net.

d) Both points F; and F5 describe curves (F7) and (F3), and the rectilinear
generators L intersect both of these curves (see Figure 2.4 on p. 69).
Then the variety X foliates into two families of cones whose vertices
describe the curves (Fy) and (F3). So, X is a join (see Example 2.6 in
Section 2.4).

e) Both points F7 and Fy describe curves (F7) and (F») that are parts of a
curve v not belonging to a three-dimensional space. Then the variety X
is described by bisecants to the curve 7.

Note that the case when the point F; describes a two-dimensional surface
(Fy) in PN N >4, and the point F; is fixed is impossible. If it were possible,
then the rectilinear generators L = Fj F5 would be tangent to the surface (F})
and would pass through the point F5. But for such a configuration, the point
Fi is not a focus of L.

Suppose next that » = 1, and as a result, [ = 2. In this case, p,q = 3, and
equation (3.21) of the focus hypersurface F, takes the form

20+ Bt + et = 0.

Thus, in this case the focus hypersurface Fy, is a straight line. Therefore, the
variety X foliates into co! of 2-planes that are osculating planes of a generic
curve «. The focus straight lines Fy, are tangent to the curve .

In particular, if all F;, have a common point, then the variety X is a cone.
This cone is a cone over a developable surface formed by tangents to a curve
~ belonging to a three-dimensional subspace.

3.3 Some Algebraic Hypersurfaces with
Degenerate Gauss Maps in P4
The question arises: Do there exist in the space PV varieties with degenerate

Gauss maps of rank r without singularities? The preceding considerations
imply that from the complex point of view, a variety X = V™ with a degenerate
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Gauss map of rank r does not have singularities if and only if it is an n-plane
P", i.e, if r = 0. From the real point of view, a variety X = V. with a
degenerate Gauss map of rank r does not have real singularities if and only if
its focal images in the plane generators are pure imaginary, and this situation
can occur only if the rank r is even.

Note that in the theory of varieties with degenerate Gauss maps, the com-
plex point of view is necessary only for studying focal images defined by alge-
braic equations.

We consider now two examples: one in which a variety X has real singu-
larities and one in which X does not have real singularities. Other examples
will be considered in Chapter 4.

Example 3.6. We consider the hypercubic X3 C P* defined by
X? ={(z,y. t,w) € P* | w = (2® +y* + 2ay) /(1 - 1)},

where (z,y,t,w) are nonhomogeneous coordinates in P4. Introduce homoge-
neous coordinates (xg,x1, X2, T3, x4) by setting

T1 = XLy, T2 = YTo, T3 =1To, T4 = WIo.
Then the equation of X3 becomes
F(20,21, %2, v3,24) = 2o(x3 + 23) + 2010003 — 24(25 — 23) =0,  (3.27)

where 2%, o = 0,1,2,3,4, are the coordinates of a point z € P* with respect
to the fixed frame formed by the points

Eo(1,0,0,0,0), £1(0,1,0,0,0), E2(0,0,1,0,0), £5(0,0,0, 1,0), E4(0,0,0,0,1).

Let us find singular points of the hypercubic X3. Such points are defined
by the equations a—i =0,a=0,1,2,3,4. It follows from (3.27) that

ox
OF
s = 2? + 23 — 2x024,
oF
—— = 2x0T1 + 22273,
8131
oF
o = 2w0x2 + 22123, (3.28)
5‘x2
oF
—— = 21172 + 22314,
8%3
oF
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Equations (3.28) imply that singular points of X? are defined by the following
system of equations:

22 + 23 — 2w924 = 0,

Tox1 + xoxg = 0,

ToTo + T173 = 0, (3.29)
T1To + x3x4 = 0,

—zd + 2% =0.

It follows from the last equation of system (3.29) that
T3 = :|:.Z‘0.

If x5 = x0, then the solution of system (3.29) is

T3 = To,
Ty = —X1, (330)
x3 = woi,

and if 3 = —x, then the solution of system (3.29) is
r3 = —Xo,
o = T, (331)
JJ% = XoT4.

Systems (3.30) and (3.31) determine two conics C; and Cy belonging to
two real 2-planes, m; and 7o, defined by the first two equations of (3.30) and
(3.31), respectively. A rectilinear generator of X? joins two arbitrary points
of the conics C; and Cs. In fact, take two arbitrary points of C; and Cs:
x = (wo, 1, —21, 20,27 /20) € C1 and y = (Yo, Y1, Y1, —Y0, Y3 /Yo) € Ca. Con-
sider an arbitrary point z = x + Ay on the straight line x A y. Its coordinates
are

z=a+ Ay = (2o + \yo, 21 + A\y1, =21 + \y1, To — Ao, T3 /0 + A3 /Yo)-

A straightforward calculation shows that these coordinates satisfy equation
(3.27) for any M. So, the straight line L = x Ay € X3 is a rectilinear generator
of X3. The hypercubic X? defined by equation (3.27) is a join with directrices
C; and Oy (see Example 2.6), and as a result, X° is hypersurface with a
degenerate Gauss map of rank two. A tangent hyperplane to X3 is determined
by the points x € C; and y € C5 and the straight lines tangent to C; and Co
at these points (see Figure 3.1).
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Figure 3.1

Systems (3.30) and (3.31) have the same third equation. This equation de-
termines a second-order hypercone whose vertex is the straight line
S = F3 N\ E5 defined by the equations g = 1 = x4 = 0, and the 2-planes 7
and 7 do not have common points with the vertex Fs A E5 of this hypercone.
Hence, they intersect this hypercone along two conics C; and Cs. Thus, we
have a complete description of the hypercubic X defined by equation (3.27).

In this example, we also have { = 1 and m = 1. The hypercubic X? foliates
into two family of real cones, whose vertices belong to one of the curves C; or
C5 and whose director manifold is the second of these curves.

Let us find the form of the matrices B* and C; for this example. We
consider the conic C; defined by (3.30). It follows from the last equation of
(3.30) that

X1 Tq
===
Zo T
and as a result,
T = taio, T4 = t2!L‘0.

In addition, equations (3.30) imply that

T3 = To, T = —txo.
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Thus, taking 29 = 1, we obtain a point z = (1,t, —t,1,t%) € C;.
In a similar manner, we find from equations (3.31) of the second conic Cy
that
Y1 = Yo, Y1=5"Yo, Y3 = —Yo. Y2 = SYo,
and taking yo = 1, we get a point y = (1,s,s, —1,s%) € Cs.
We choose now as the vertices Ay and Ay of our moving frame the following
points:

{ Ao =5z +y) = (L3t +9),5(s = 1),0,5(° +5%)),
A = %(JZ - y) = (07 %(t - 5)7_%(t+ 8)717 %(tQ - 52))

Differentiating the points Ay and A, we find that

dAg = 1(0,dt + ds,ds — dt, 0, 2(tdt + sds))
=1(0,1,—-1,0,2t)dt + 1(0,1,1,0,2s)ds,

dA, = %(O dt ds, —(dt + ds), 0, 2(tdt — sds))
=1(0,1,-1,0,2t)dt + (0, -1, —1,0, —2s)ds.

We take the points %(07 1,—1,0,2t) and %(O7 1,1,0,2s) as the vertices As and
Az of our moving frame:

1 1
Az = 5(0.1,-1,0,20), Az = (0,1,1,0,2s).
Differentiating As and Az, we obtain

dAs = (0,0,0,0,1)dt, dAs = (0,0,0,0,1)ds.
We take the point (0,0,0,0,1) as the vertex A4 of our moving frame:
Ay = Ey = (0,0,0,0,1).

The points Ag, A1, Ao, Az, and A, are linearly independent. We take them as
the vertices of our moving frame.

Thus, for the frame {Ag, A1, A2, Az, Ay}, we have the following equations
of infinitesimal displacement:

dAg = Asdt + Asds,
dA; = Axdt — Asds,
dAs = Ayudt,

dAs = Ayds,

dA4 = 0.
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Comparing these equations with (3.5) we see that

(.U(Z) = dt7 LUS = dS,
w% = dt w{’ = *dS,
w% = dt’ (,(J:% = ds,

0_ 1 _ 2_ . 3_ 4_
wij =wi =wy =wp =w; =0.

Comparing equations of the first two rows with (3.11) and the equations of the
third row with (3.4), we find that

=1, 23=0, ¢,=0, c33=1,

Ay=1, 2;=0, 3,=0, c$;=-1,

632 =1, b%iﬂ =0, b%Q =0, b§3 =1

From the definition of the matrices C; and B¢, it follows that

(10 (1 0 s (10
a-(o1)a-(o 3)m-(7)

Equation (3.21) of the focus hypersurface Fy, has the form

o+ T1 0

0 o — T1 =0

It follows that 23 = 23, i.e., 1 = +x¢. Taking zo = 1, we get z; = +1. So,
the focus hypersurface Fy, in the generator L = Ag A A; consists of two real

points:
Z‘:A0+A1 andy:Ao—Al.

Example 3.7. (See Wu and F. Zheng [WZ 02].) We consider the hypercubic
X3 C RP* defined by

X? = {(z,y,t,w) € Pw = (a? — y* + 2txy) /(1 + £*)},

where (z,y,t,w) are nonhomogeneous coordinates in RP*. Introduce homoge-
neous coordinates (xg,x1, 2, T3, x4) by setting

T1 =TT, T2 =YTo, T3 =1tTo, T4 = WIo.
Then the equation of X3 becomes

F (20,21, T2, v3,24) = 2o(x5 — 23) + 2010073 — 24(25 +23) = 0. (3.32)
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where %, o = 0,1,2,3,4, are the coordinates of a point z € RP* with respect
to the fixed frame formed by the points

EO(L 070707 0)3 El(oa 13 Oa 070)7 E2(0’07 17 Oa 0)7E3(03 Oa 0’ 170)3 E4(0707 Oa Oa 1)

Let us find singular points of the hypercubic X3. Such points are defined
by the equations 52 = 0, v = 0,1,2,3,4. It follows from (3.32) that

oF

G =27 — 22 — 22014,
oF

—— = 2x9x1 + 22273,
81‘1

oF

— = —2x0x9 + 22123, (333)
(91’2

oF

- = 2(11‘1.%‘2 — 2333.’174,
8x3

OF

Equations (3.33) imply that singular points of X3 are defined by the following
system of equations:

IL’% — I’g - 21‘01’4 = O7

xox1 + x2wy = 0,
—xox2 + 123 =0, (3.34)
T1X9 — 3Ly = 0,

2 2 _
—x5 —x3 = 0.

It follows from the last equation of system (3.34) that
T3 = ZEZZ'O

If 23 = ixo, then the solution of system (3.34) is

T3 = 1%y,
xg = 1T, (3.35)
af = zox,

and if 23 = —ixg, then the solution of system (3.34) is
T3 = —1xg,
To = —ixy, (3.36)
3 = xoT4.
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Systems (3.35) and (3.36) determine two conics C' and C that are inter-
sections of two complex conjugate 2-planes m and 7 defined by the first two
equations of (3.35) and (3.36), respectively. The third (common) equation of
these systems defines a real hypercone with a one-dimensional vertex Fs A Fs
defined by the equations xg = 1 = x4 = 0. This common third equation of
(3.35) and (3.36) can be written in the form

Ty T4

Zo Z1

_ Define complex parameters o = ¢ 4 is and & = ¢ — s on the conics C' and
C by setting on C
r1 = 0 Xp.

Then on this conic we obtain
To = 10Xy, T3 = 11Xy, T4 = 0 X.
Similarly, on the conic C', we obtain
Ty =0T, To=—i0T0, Ty= —iTy, Ta =0" To.

Taking in these relations g = 1 (i.e., in nonhomogeneous coordinates), we
find that
r = (1,0,i0,i,0%) € C (3.37)

and -
z = (1,7, —iz, —i,5°) € C. (3.38)

Consider the real straight line L defined by the points x and . Its arbitrary
real point u has the form B
U = \x + AT.

By (3.37) and (3.38), the coordinates wug, u1, ug, us, and uy of this point are

U= A+ A,

Uy = Ao + \G,
Uy = i(Ao — A\G),
uz =i(A— N),
Uy = Ao2 + \G2.

Substituting these coordinates into equation (3.32), we can see that this equa-
tion becomes an identity. Thus, the straight line L belongs to the hypercubic
(3.32), and this hypersurface is ruled.
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Moreover, because the points x and T of the straight line L describe the conics
C and C, the hypercubic (3.32) is a join with directrices C' and C (see Example
2.6). As a result, the hypercubic (3.32) is a real hypersurface X? with a
degenerate Gauss map of rank two in the space P*. A tangent hyperplane to
X3 is determined by the points z € C and T € C and the straight lines tangent
to C and C at these points (see Figure 3.2).

As we noted earlier, the common third equation of systems (3.35) and
(3.36) determines a real second-order hypercone with a one-dimensional vertex
zo = 1 = x4 = 0, and the 2-planes m and 7 do not pass through this vertex.
These 2-planes intersect this hypercone along two conics C' and C. Complex
conjugate points x € C' and T € C define real rectilinear generators L = x AT
of the hypercubic X defined by (3.32). The tangent hyperplanes to X along
L are constant because they are determined by the generator x A T and the
complex conjugate tangents to C and C at the points x and Z. Thus, we have
a complete description of the hypercubic X defined by equation (3.32).

In this example [ = 1 and m = 1. The hypercubic X? foliates into two
families of complex conjugate hypercones.

Let us find the form of the matrices B, Cy, and C; for this hypercubic.

Figure 3.2

To this end, we choose as the vertices Ay and A; of our moving frame the
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following real points:

1 _ 1 _
Ay = 5(;10—}—90), A = Z(x—x)

Applying (3.37) and (3.38), we find the coordinates of these points:
Ao = (1,t,—5,0,2 — s%),
Ay =(0,s,t,1,2ts).

Differentiating the points Ay and Ay, we find that

dAy 0,dt,—ds,0,2(tdt — sds))

= (

= (0,1,0,0,2t)dt + (0,0, 1,0, —2s)ds,
dA; = (0,ds,dt,0,2(sdt + tds))

= (0,0,1,0,2s)dt + (0,1,0,0, 2¢)ds.

We take the points (0,1,0,0,2¢) and (0,0,—1,0,—2s) as the vertices Ay and
Az of our moving frame:

A =(0,1,0,0,2t), As =(0,0,—1,0,—2s).
Then the last equations take the form

dA() =dt A2 + ds Ag,
dA1 =ds A2 —dt Ag.

This shows that the points A;, A1, Ao, and Ay define the 3-plane T, that is
tangent to X along the rectilinear generator L.
Differentiating As and Az, we obtain

dAs = (0,0,0,0,2)dt, dAs = (0,0,0,0,—2)ds.
We take the point (0,0,0,0,2) as the vertex A4 of our moving frame:
Ay =1(0,0,0,0,2).
Then the differentials dA, and dAs take the form

dAs; = dt Ay,
dA3 = —ds A4.
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Thus, for the frame {Ag, Ay, As, Az, A4}, we have the following equations
of infinitesimal displacement:

dAO = thQ + ds Ag,
dAl =ds A2 — thg,,

dAy = dt Ay,
dA3 = —ds A4,
dAs; = 0.

Comparing these equations with (3.5), we see that

wd = dt, wi =ds,
w? =ds w} = —dt,
wi = dt, wi = —ds,

0_ 1 _,2_ 3_ 4_
wy =wy =wy =wy =wy; =0.

Comparing the equations of the first two rows with (3.11) and the equations
of the third row with (3.4), we find that

Ay =1, 3;=0, c3,=0, ey =1,

Ay=0, 3=1, cy=-1, ;=0,

by =1, b33 =0, b3, =0, bi;=—1

From the definition of the matrices C; and B¢, it follows that

/10 (0 -1 s (10
a=(ov)a-(10) (0 L)

Equation (3.21) of the focus hypersurface Fy, has the form

) —T1 —0.
Ty Zo
It follows that 2% = —a2, i.e., 11 = +img. Taking xg = 1, we get x1 = +i.

So, the focus hypersurface Fp in the generator L = Ay A Ay consists of two
complex conjugate points:

Ao +iAy =z and Ay —i41 = 7.

Therefore, the hypersurface with a degenerate Gauss map defined in the space
P* by equation (3.40) does not have real singular points.

Examples 3.6 and 3.7 show how a parallel study of varieties in the real and
complex spaces allows to understand their structure deeper.
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3.4 The Sacksteder—Bourgain Hypersurface

3.4.1 The Sacksteder Hypersurface. In Cartesian coordinates (y', 42, y3, y*),
Sacksteder’s hypersurface S C A? is defined by the equation

y' =y' cos(y?) + y®sin(y®) (3.39)

(see Sacksteder [S 60]).

We introduce in the space A* homogeneous coordinates (20, z!, 2%, 23, 2)
such that y® = %’ a = 1,2,3,4, and we enlarge this space to a projective
space P* by means of the improper hyperplane P3_ defined by the equation
2% = 0. Consider the natural extension of the hypersurface S in the space P*
and denote it by the same letter S. The equations for the hypersurface S can
be represented in the parametric form

20 =s,

2t = —svsinu + tcosu,

z? = svcosu + tsinu, (3.40)
% = su,

zt =t

Equations (3.40) can be written in the form
X = SAO + tAl,

where

Ap = (1, —vsinu, v cos u, u, 0),

A1 = (0,cosu,sinu, 0,1)
are points of the space P* = A* UP3_. The straight lines L = Ay A A; are the
generators of the hypersurface S defined by (3.39), because equation (3.39) is

satisfied identically if we substitute the coordinates of the point X into this
equation. Differentiating the points Ay and A, we obtain

dAg = As du + Asdv,
dAl = Agdu,

where

As = (0, —vcosu, —vsinu, 1,0),
Az = (0, —sinu, cosu, 0, 0).

It can be easily verified that the points Ay, A1, Ao, and A3 are linearly in-
dependent. Because u and v are constant along L, the tangent hyperplane
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Ty, = Ag N A1 A\ A A\ Az remains constant along the straight line L = Ag A A;.
This hyperplane, like a rectilinear generator L of the hypersurface S, depends
solely on the parameters v and v. Thus, rank .S = 2.

We find the singular points (foci) of a generator L = Ag A A; of the hyper-
surface S C P* in the same manner as for the general case in Section 2.3. A
point X = sAgy + tA; is the focus of this generator if dX € Ag A Ay, whence it
follows that, for the focus,

s(Azdu + Azdv) + tAsdu = 0.

Because the points As and Aj are linearly independent, it follows that

sdu =0,
(3.41)
tdu+ sdv = 0.

a=AnANA,

Figure 3.3

This system should have a nontrivial solution relative to du and dv, which
defines a focal direction on S. Consequently,

0
det(s >:0
t s

and s? = 0. This means that the point A; (the point at infinity of a rectilinear
generator of the hypersurface S) is the double focus of the line
Ao N Ay, By equations (3.41), the torses on the hypersurface S are defined
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by the equation du = 0, and these torses are the pencils of straight lines
with centers at the points A; = {0,cosu,sinw,0,1} located in the 2-planes
B = Ag N Ay N\ Az, where A3z = détl. With respect to a fixed frame, the planes
[ are defined by the equations

x3 = uxo,
. ) (3.42)
r* =X CcosSu -+ T smu.

The 2-planes 3 belong to S and are its plane generators (see Figure 3.3).
They form a one-parameter family depending on the parameter u. But T, (5)
is fixed only along a generator L = Ag A A; C 3. This is why rank X = 2 (not
1). The point A; describes the conic C' in P2, defined by the equations

20 =0,
23 =0, (3.43)
(') + (%)% = (a*)?,

which can be easily derived from A; = (0, cosu,sinu,0,1). Because A3z = d;;l ,

the straight line A; A Ag is tangent to the conic C' at the point A;.

Thus, the hypersurface S defined by equation (3.39) in the space A%, has
no singularities in the proper domain of this space, because they have “re-
treated” to the hyperplane at infinity P2, of this space. On the other hand,
the hypersurface S is not a cylinder. Such hypersurfaces are called twisted
cylinders.

The example we discussed can be easily generalized. Let v be an arbitrary
complete smooth curve in the hyperplane at infinity H., of an affine space
AN . Suppose that this curve is described by the point A; = A;(u). We set
As = %, and let 8 = B(u) be the smooth family of proper tangent 2-planes
of the curve . These 2-planes form a complete regular variety X = V3 of
rank » = 2 on which the Monge-Ampere foliation is formed by the pencils of
straight lines with centers at the points A; located in the 2-planes 3. The
proof of this assertion differs little from our investigation of the structure of
hypersurface (3.39) in A%.

3.4.2 The Bourgain Hypersurface. Recently Wu [Wu 95] published an
example of a noncylindrical algebraic hypersurface with a degenerate Gauss
map in a Euclidean space E* that has a degenerate Gauss mapping but does
not have singularities. This example was constructed (but not published) by
Bourgain (see also Ishikawa [I 98, 99a, 99b]).

This example can be considered in an affine space A* (and even in a projec-
tive space P). In the affine space A%, in Cartesian coordinates (1, 2, x3, 4)
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the equation of the Bourgain hypersurface B is
2125 + 22(xs — 1) + 23(24 — 2) =0 (3.44)

(see Wu [Wu 95] or Ishikawa [I 98, 99a, 99b]). Equation (3.44) can be written
in the form
125 + (22 + 23)74 — (T2 + 223) = 0. (3.45)

In (3.45) make the following admissible change of Cartesian coordinates:
Ty + X3 — T2, Xo + 2x3 — T3.

Then equation (3.45) becomes

IL’l"Bi + ToxTy — x3 = 0. (346)
Introduce homogeneous coordinates in A* by setting x; = ﬁ, 1=1,2,3,4.
20
Then equation (3.46) takes the form
9(20, 21, 22, 23, 24) = 2125 + 202224 — 2523 = 0. (3.47)

Equation (3.47) defines a cubic hypersurface G in the space A= A*UP2_ which
is an enlarged space A%, i.e., it is the space A* enlarged by the hyperplane at
infinity P3_ (whose equation is zo = 0).

Denote by E,, a =0,1,2,3,4, fixed basis points of the space N Suppose
that these points have constant normalizations, i.e., that dFE, = 0. An arbi-
trary point z € A" can be written in the form z = > o ZaFq. We take a proper
point of the space A" as the point Ejy, and take four linearly independent points
at infinity as the points F,, Es, E3, Fy.

Equation (3.47) shows that the proper straight line Fg A E4 defined by the
equations z; = z9 = 23 = 0 and the plane at infinity defined by the equations
20 = 24 = 0 belong to the hypercubic G defined by equation (3.47).

We write the equations of the hypercubic G in a parametric form. To this
end, we set

zo=1, z4=p, 21 =u, z3=pv.

Then it follows from (3.47) that
Zo =V — pu.
This implies that an arbitrary point z € G can be written as

z=Fy+uE; +vE, —|—p(E4 —uFy + ’UE3). (348)
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The parameters p, u, and v are nonhomogeneous coordinates on the hypercu-
bic G.
Let us find singular points of the hypercubic G. Such points are defined by

17)
the equations 99 _ 0. It follows from (3.47) that

0z,
dg 5
—= = 2024 — 22023,
820 244 0<3
99 _ », 09 _ 99 _  » (3.49)
821 B 32’2 = %024, (923 - T
0
99 = 22124 + 2p22.
824

All these derivatives vanish simultaneously if and only if zg = z4 = 0. Thus
the 2-plane at infinity o = E1 A E5 A E35 is the locus of singular points of the
hypercubic G.

Consider a point Ay = Ey+pE4 = (1,0,0,0, p) on the straight line Ey A Ey.
It follows from (3.47) that to the point Ay there is the corresponding straight
line a(p) in the 2-plane at infinity o, and the equation of this straight line is

PPz +pza — 23 = 0. (3.50)

The family of straight lines a(p) depends on the parameter p. Its envelope is
determined by equation (3.50) and the equation

2pz1 4+ 29 = 0.

Excluding parameter p from the last two equations, we find that the envelope
is the conic C' defined by the equation

22 + 42123 = 0. (3.51)
The straight line a(p) is tangent to the conic C' at the point
Ai(p) = By — 2pEy — p*Es. (3.52)
Equation (3.52) is a parametric equation of the conic C. The point

dAq
— =-2(F E 3.53
L= 2B+ pEy) (3.5)
belongs to the tangent line to the conic C' at the point A;(p).

Consider the 2-planes 7 = Ag A A1 A dd/;l. Such 2-planes are completely
determined by the location of the point Ay on the straight line Fy A Ey4, and




3.4 The Sacksteder—Bourgain Hypersurface 121

they form a one-parameter family. All these 2-planes belong to the hypercubic
G. In fact, represent an arbitrary point z of the 2-plane 7 in the form
1 dA
z=alo+ A — =y—
A L (3.54)
= By + BB + (=2pB +7) B2 + (—p*B + py) Es + pak.

The coordinates of the point z are

2o=qa, z21=03, z22=7-2pB, z3=p(y—pB), 2= pa. (3.55)

Substituting these values of the coordinates into equation (3.47), one can see
that equation (3.47) is identically satisfied. Thus the hypercubic G is foliated
into a one-parameter family of 2-planes 7(p) = Ag A A1 A dzl .

In a 2-plane 7(p) consider a pencil of straight lines with center A;. The
straight lines of this pencil are defined by the point A; and the point
As = E9 + pEs + q(Ep + pE4). The straight lines A; A Ay depend on two
parameters p and ¢q. These lines belong to the 2-plane 7(p), and along with
this 2-plane they belong to the hypercubic G. Thus they form a foliation on
the hypercubic G.

We prove that this foliation is a Monge-Ampere foliation. In the space K4,
we introduce the moving frame formed by the points

Ag = Eo + pEy,

Ay = Ey — 2pE, — p*Fs,

Ag = By + pE3 + qEo + pqExy, (3.56)
Az = E3,

Ay = Ey.

It is easy to prove that these points are linearly independent, and the points
FE, can be expressed in terms of the points A, as follows:

Ey = Ao — pAu,

Ey = Ay +2pA; — p? Az — 2pq A,

Ey = Ay — pAs — qAy, (3.57)
E3 = A3,

E, = Ay

Consider a displacement of the straight lines A; A As along the hypercubic
G. Suppose that Z is an arbitrary point of this straight line,



122 3. BAsiC EQUATIONS

Differentiating (3.58) and taking into account (3.57) and dE, = 0, we find that
dZ = (2qdp + Adq) Ap + Mdp(As 4+ gA4) (mod Ap, As). (3.59)
It follows from relation (3.59) that:

1. A tangent hyperplane to the hypercubic G is spanned by the points
Ay, Ay, Ag and Az + qA4. This hyperplane is fixed when the point Z
moves along the straight line A; A A;. Thus, G is a hypersurface with a
degenerate Gauss map of rank 2, and the straight lines A; A Ay form a
Monge-Ampere foliation on G.

2. The system of equations

2qd, Adg =0
{qp+ q=0, (3.60)

\dp =0

defines singular points on the straight line A; A Ao, and on the hypersur-
face G it defines torses. The system of equations (3.60) has a nontrivial
solution with respect to dp and dq if and only if its determinant vanishes:
A2 = 0. Hence by (3.58), a singular point on the straight line A; A A co-
incides with the point A;. For A = 0, system (3.60) implies that dp = 0,
i.e.,, p = const. Thus it follows from (3.52) that the point A; € C is
fixed, and as a result, the torse corresponding to this constant parameter
p is a pencil of straight lines with the center A; located in the 2-plane
T(p) :Ao/\Al /\A2.

3. All singular points of the hypercubic G belong to the conic C' C P>
defined by equation (3.52). Thus if we consider the hypercubic G in an
affine space A%, then on G there are no singular points in a proper part
of this space.

4. The hypercubic G considered in the proper part of an affine space is not
a cylinder because its rectilinear generators do not belong to a bundle of
parallel straight lines. A two-parameter family of rectilinear generators
of G decomposes into a one-parameter family of plane pencils of parallel
lines.

None of these properties characterizes Bourgain’s hypersurfaces completely:
they are necessary but not sufficient for these hypersurfaces. The following
theorem gives a necessary and sufficient condition for a hypersurface to be of
Bourgain’s type.
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Theorem 3.8. Let | be a proper straight line of an affine space A* enlarged
by the hyperplane at infinity P2, and let C be a conic in the 2-plane o C P32 .
Suppose that the straight line | and the conic C' are in a projective correspon-
dence. Let Ao(p) and Ay (p) be two corresponding points of | and C, and let T
be the 2-plane passing through the point Ag and tangent to the conic C' at the

point Ay. Then

(a) when the point Ay is moving along the straight line 1, the plane T describes
a Bourgain hypersurface, and

(b) any Bourgain hypersurface satisfies the described construction.

Proof. Necessity (b) of the theorem hypotheses follows from our previous con-
siderations. We prove sufficiency (a) of these hypotheses. Take a fixed frame
{E,}, a=0,1,2,3,4, in the space A* enlarged by the plane at infinity P3_ as
follows: its point Ey belongs to [, the point F, is the point at infinity of [,
and the points E1, Fo, and E3 are located at the 2-plane at infinity o in such
a way that a parametric equation of the straight line [ is A9 = Ey + pEy, and
the equation of C has the form (3.52). The plane 7 is defined by the points
Ap, Ay, and dd—“;l. The parametric equations of this plane have the form (3.55).
Excluding the parameters «, 8, , and p from these equations, we return to the
cubic equation (3.47) defining the Bourgain hypersurface B in homogeneous
coordinates. O

The method of construction of the Bourgain hypersurface used in the proof
of Theorem 3.8 goes back to the classical methods of projective geometry
developed by Steiner [St 32] and Reye [R 68].

3.4.3 Local Equivalence of Sacksteder’s and Bourgain’s Hyper-
surfaces. In Section 3.4.2, we investigated Bourgain’s hypersurface B. In
particular, we proved that, as was the case for the Sacksteder hypersurface S,
the Bourgain hypersurface has no singularities because they “go to infinity”
and compose a conic C' in the hyperplane at infinity H,,. This analysis suggests
an idea that Bourgain’s and Sacksteder’s hypersurfaces should be equivalent.
Moreover, this analysis showed that a hypersurface constructed in these exam-
ples is torsal, i.e., it is stratified into a one-parameter family of plane pencils
of straight lines.

Now we prove the following theorem.

Theorem 3.9. The Sacksteder hypersurface S and the Bourgain hypersurface
B are locally equivalent, and the former is the standard covering of the latter.

Proof. In a Euclidean space E*, in Cartesian coordinates (1, %2, 23, 74), the
equation of the Sacksteder hypersurface S (cf. equation (3.39)) has the form

T4 = T1COST3 + Tosinxs. (3.61)



124 3. BAsiC EQUATIONS

The right-hand side of this equation is a function on the manifold M3 = R2 xS!
because the variable x3 is cyclic. Equation (3.61) defines a hypersurface on
the manifold M3 x R. The circumference S* = R/(27Z), where Z is the
set of integers, has a natural projective structure of P'. In the homogeneous
coordinates x3 = ¥, the mapping S' — P!, can be written as 23 — (u,v). By
removing the point {v = 0} from S!, we obtain a one-to-one correspondence

S"\{v = 0} +— R™.. (3.62)

Now we can consider the Sacksteder hypersurface S in A* or, if we enlarge A*
by the plane at infinity P3_, in the space P*.

Next we show how by applying the mapping S! — P!, we can transform
equation (3.61) of the Sacksteder hypersurface S into equation (3.47) of the
Bourgain hypersurface B. We write this mapping in the form

T3 = Qarctan%, % eR, |z3| <. (3.63)

It follows from (3.63) that

U o I3
> —tan?,
1—tan2@ 02 — 2
COS X3 = 1—|—tan2ﬁ o2 2’ (3.64)
x32
. B Qtan? 2w
sinxs = 1+tan2% BTy

Substituting these expressions into equation (3.61), we find that
ry(u? +0?) = 21 (v? — u?) + 2zouw,
ie.,
(x4 + x1)u? + (24 — 21)0* — 22000 = 0. (3.65)

Make a change of variables
21 =4 — X1, 22 = —2To, 23 =21+ Tqg, 20 =1U, 24 = .

As a result, we reduce equation (3.65) to equation (3.47). It follows that the
Sacksteder hypersurface S defined by equation (3.44) is locally equivalent to
the Bourgain hypersurface defined by equation (3.47).

Note also that if the cyclic parameter x3 changes on the entire real axis
R, then we obtain the standard covering of the Bourgain hypersurface B by
means of the Sacksteder hypersurface S. O
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3.4.4 Computation of the Matrices C; and B® for Sacksteder—
Bourgain Hypersurfaces. We now compute the matrices C; and B® for
Sacksteder—Bourgain’s hypersurfaces. In Section 3.4.2, for Sacksteder—Bour-
gain’s hypersurface defined by parametric equation (3.39), we choose the fol-
lowing vertices of the moving frame {Ag, A1, Aa, Az, Ayg}:

Ag = (1, —vsinu,v cosu, u,0),
A; = (0, cosu, sinu,0,1), (3.66)
As = (0,—vcosu, —vsinu, 1,0),
Az = (0, —sinu, cosu, 0, 0).
Differentiating these points, we find that
dAy = Asd Asdv,
0 20U + Azav (3.67)
dA1 = Agd’u,
and
dAs = (0, — cos udv + v sin udu, — sin udv — v cos udu, 1,0)
= (0, sinu, — cos u, 0, 0)vdu + (0, — cosu, — sinu, 0, 0)dv,
dAs = (0, — cosu, —sinu, 0, 0)du.
We take as the point A4 of our moving frame the point
Ay = (0,—cosu, —sinu,0,0).
Then the differentials dAs and dAs take the form:
dAy = —vduA dvAy,
2= Tvduds + dvdy (3.68)
dA3 = duA4
It follows from equations (3.67) and (3.68) that
Wi =du, wi=dv,
Ww=0, w=uw? (3.69)

Comparing equations (3.69) with (3.11) and (3.4), we find the following form
of the matrices C; and B:

00:<(1)?>, 01=<(1)8>, 34:(?(1)). (3.70)
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3.5 Complete Varieties with Degenerate
Gauss Maps in Real Projective and
Non-Euclidean Spaces

3.5.1 Parabolic Varieties. With varieties with degenerate Gauss maps in
a projective space PV there are associated the so-called parabolic varieties in
simply connected Riemannian spaces of constant curvature.

In Section 2.3 we defined the index I(z) of relative nullity (the Gauss defect)
of the variety X, dim X = n, at the point x. It was related to the rank r of
X by the equation I = n —r. If [(x) > 0, then the point € X is called a
parabolic point of the variety X. If all points of a variety X are parabolic, then
the variety X is called parabolic.

Varieties X of a Riemannian space V¥ of a constant Gauss defect I(z) = [
are called [-parabolic varieties (cf. the papers [Bor 82, 85] by Borisenko).

We will now study complete [-parabolic varieties in real simply connected
Riemannian spaces VYV of constant curvature c. If ¢ = 0, then V¥ is the
Euclidean space EV. If ¢ > 0, then V¥ is the elliptic space SV. If ¢ < 0,
then V¥ is the hyperbolic space HY. Each of these spaces admits a geodesic
mapping into the space PV, which is usually called the projective realization
of the corresponding space V.

The Euclidean space EY is realized in the projective space PV from which
a hyperplane E., has been removed (this hyperplane is called improper or
the hyperplane at infinity), and the proper domain of the space EVY can be
identified with the open simply connected manifold PV \E,. The elliptic space
SV is realized in the entire projective space PV, because the absolute of SV
is an imaginary hyperquadric and its proper domain coincides with the entire
space PV. Finally, the hyperbolic space HY is realized in the part of the
projective space PV lying within the convex hyperquadric that is the absolute
of this space. This open simply connected domain is the proper domain of
the hyperbolic space HY. We denote by G the proper domain of the simply
connected space V¥ in all these cases.

Let X, dim X = n, be a complete parabolic variety of a space VY of con-
stant curvature. Suppose that X has a constant Gauss defect I. Let X be
the image of X in the domain G of the space PV in which the space V¥ is
realized, and let X be the natural extension of this image in the space PV, so
that X = X N G. In this extension, [-dimensional plane generators of the va-
riety X are complemented by improper elements from the complement PV\G.
Because the variety X has a constant Gauss defect [, its realization X in the
space ]P’JYV is a variety with a degenerate Gauss map of rank r =n—1[ < n. The
variety X bears [-dimensional plane generators L, and each L carries the focus
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hypersurface Fy, of degree r, which is the set of all singularities of L. Thus a
variety X is regular if and only if the real part Re F, of its focus hypersurfaces
is located outside of the proper domain G of the space V.

One of the important problems of multidimensional differential geometry is
the finding of complete [-parabolic varieties X without singularities in spaces
V& of constant curvature. Theorem 3.2 implies the following result.

Theorem 3.10. Let V™ be a complete l-parabolic variety of a simply connected
space VY of constant curvature. Let X = f(X) be the image of X in the proper
domain G of the space PV in which the space VY is realized, and let X be the
natural extension of this image in the space PN. The variety X is reqular if
and only if the real parts Re Fr, of the focus hypersurfaces Fy belonging to
generators L of the variety X lie outside of the proper domain G C PN.

Let us examine the content of Theorem 3.10 for the different kinds of spaces
V¥ of constant curvature.

If ¢ = 0, then V¥ is the Euclidean space EV, and PV\E,, is the proper
domain of its projective realization. Thus a complete [-parabolic variety X of
the space EV is regular if and only if the real part Re FJ, of the focus variety Ff,
of each plane generator L of the corresponding variety X C PV coincides with
the intersection LNE., and constitutes a p-fold (I —1)-plane, where 0 < p < 7.

If ¢ > 0, then VY is the elliptic space SV, and its proper domain coincides
with the entire space PY. Thus a complete I-parabolic variety X of the space
SY is regular if and only if the focus hypersurface Fy, of each plane generator
L of the corresponding variety X is pure imaginary. This is possible only if
the Gauss defect 6, = [ of the variety X is odd.

If ¢ < 0, then VY is the hyperbolic space HY, and the proper domain of its
realization lies inside the absolute of this space. Thus a complete [-parabolic
variety X of the space H” is regular if and only if the real part Re Fy, of the
focus hypersurface Fy, of each plane generator L of the corresponding variety
X lies outside of or on the absolute of this space.

Parabolic surfaces of a three-dimensional space V2 of constant curvature
allow an especially simple description. In P3, with each parabolic surface V2
there is associated a corresponding torse, each rectilinear generator of which
possesses a focus point. The locus of these focus points constitutes an edge
of regression of the surface V2. If ¢ = 0, then this edge of regression must
belong to the improper plane E,, i.e., the edge of regression is a plane curve.
But this is possible if and only if the edge of regression degenerates into a
point. Therefore, a projective realization of a hyperbolic surface V2 of a three-
dimensional Euclidean space E3 is a cone with its vertex in the improper plane
Eo. Thus the surface V? itself is a cylinder. Hence in the space E? there are
no other regular parabolic surfaces except the cylinders.
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If ¢ > 0, i.e., if we have the elliptic space S3, then there are no regular
parabolic surfaces, because the edge of regression of the torse V2 is always
real. Finally, if ¢ < 0, i.e., if we have the hyperbolic space H?, then there are
regular parabolic surfaces, because the real edge of regression of the torse V?2
can be located outside of the absolute.

Thus we have proved the following result.

Theorem 3.11. In the Euclidean space E3, only cylinders are reqular parabolic
surfaces. In the space S3, there are no regqular parabolic surfaces at all, and
in the space H3, regular parabolic surfaces exist and depend on two arbitrary
functions of one variable.

The last statement follows from the fact that a torse in P? is completely
defined by its edge of regression, i.e., by an arbitrary space curve, but these
curves are defined in P? by two arbitrary functions of one variable, as indicated
in the theorem. Of course, the functions of one variable mentioned in Theorem
3.11 are not completely arbitrary: they must satisfy some inequalities guar-
anteeing that the variety Sing X does not belong to the proper domain of the
space H? located inside of the absolute.

3.5.2 Examples. In order to construct examples of parabolic varieties
without singularities in a simply connected space VY of constant curvature c,
we first find such examples in the real projective space RPY .

In the real projective space RPY, we have already considered in Section 3.4
an example of such varieties—the Sacksteder-Bourgain hypersurfaces in A%.
Note that this kind of variety will be considered again in Section 5.2

Now we construct another example of a three-dimensional variety with a
degenerate Gauss map of rank two in the real space RPN , N > 4, which does
not have real singular points.

Example 3.12. We consider in RPY, N > 4, a three-dimensional variety

X = V3 of rank two with imaginary focus hypersurface Fr. Equations (2.5),
(3.3), (3.4), and (3.11) defining this variety in RP" take the form

wy =wi=0, a=4,...,N, (3.71)

wy = chwg, wy =bo.wh, pq=2,3, (3.72)

while equation (3.21), defining the foci on the generator Ag A A; of this variety,

is written as
0 1.2 1.2
' +xc xroc
det 2 3 =0.
xlcg 20 + xlcg
Setting f—? = — ), we reduce this equation to the form

N = (65 + )M + (e3¢5 — c3e3) = 0.
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Because the focus hypersurface Fy, is assumed to be imaginary, this equa-
tion has complex-conjugate roots A = co + ic3, where c3 # 0. As a result, a
real transformation converts the matrix C' = (cb) to the form

c= 2 ).
—C3 C2
Substituting these values for the components of the matrix C into equations
(3.9), and taking into account that ¢z # 0, we find that

b3y + bS5

In view of this, the symmetric matrices B can be written in the form

by b3

Then equations (3.72) assume the form

wi= cowd + 3w, (3.73)

W3 = — caw? 3 )
1= 3wWh + Cowg,s

ws = b3wg + b§wg, (3.74)
wg = b3W0 - 62w0

We now find the osculating subspace T2 of our variety X C RPY. Its
tangent subspace T, is spanned by the points Ag, A1, A2, and As. Because by
(3.74),

dAy = (bSwi + b§wd)A,  (mod T,),
dAs = (b§wg — bSw3)A,  (mod T,),
the subspace T2 comprises the linear span of the subspace T, and the points

Bg = bgAa and B3 = bgAa.
Two cases are possible:

(a) The points By and Bjg are linearly independent. Then dim 7T, = 5, and
the dimension of the space N > 5.

(b) The points By and Bj are linearly dependent. Then dim7T, = 4, and
N > 4.



130 3. BAsiC EQUATIONS

We examine these two cases in turn. In case (a), we specialize the moving
frames in RP" in such a fashion that A, = By and As = Bs. Then equations
(3.74) take the form

4 2 5 3 A
wy = Wg, wy =wy, wiy =0,

4 3 5 2 A (3.75)

3 — %o 3 — %0 3 — 0,

where A = 6,..., N. Therefore the variety X in case (a) is determined by the
system of Pfaffian equations (3.71), (3.73), and (3.75).

Next, we investigate the consistency of this system by means of the Cartan
test (see Section 1.2.6). For this purpose we adjoin to Pfaffian equations (3.75)
the exterior quadratic equations obtained as the result of exterior differenti-
ation of these Pfaffian equations. Exterior differentiation of equations (3.71)
leads to identities, by virtue of (3.73), and (3.75). Exterior differentiation of
equations (3.73) yields

(Acz — c3(ws +w3)) Awd + (Acz + c3(wi — w3)) Awd =0, (3.76)
— (Acz — c3(wi —w})) Awi + (Acz + ea(wd — wi)) Awf =0, '
where
Acy = dez + ca(wf — wi) — ot + ((e2)? = (€3)*)wp,
Acg = des + c3(w) — wi) + 2cac3wg-
Exterior differentiation of equations (3.75) gives
(@ + wi + cawp — 203) Aw + (W5 — w3 + w3 + eswp) Awp =0,
(Wi — w? +wi + czwd) Awd — (WS + wi + cowd — 2w3) Awd =0,
(Wi — czwd — 2w3) Awd + (W) — w3 — W + W + cowd) AW =0, (3.77)
(WS — w2 — wd + wd + cowd) Nwd — (W] — cawd — 2wi) AWd =0, .

wp Aw +wd Awd =0,

A A 2 A A3 —
wg ANwj —wi Awy =0,

where A = 6,..., N. System (3.76)—(3.77) contains s; = 2N — 4 independent
equations that include the following independent characteristic forms:

3 2 2 3
Acy, Acz, ws + w3, wy — w3,
Wl + wi + cowp — 203, Wi — w3 + wi + c3wd,

5
Wi — cawd — 2w3 Wl — w2 — w3 + Wi + oW,

A A —
wy, wg, A=6,...,N.
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Their number is ¢ = 2N — 2. The second character of the system is therefore
s = q—s1 = 2, and the Cartan number Q = s; +2s5 = 2N. The number S of
parameters on which the most general integral element depends is computed
from the formula S = 2q — s; = 2N. Because @ = 5, by the Cartan test, the
system of Pfaffian equations (3.71), (3.73), and (3.75) is in involution, and its
general integral manifold depends on two arbitrary functions of two variables.

In case (b), we have by = byb® and b§ = b3b®. Equations (3.74) can
therefore be written in the form

WS = b*(bawd + bsw}),
wg = b (b3wd — baw?).
Consequently,

dAy = (bow? + bswi)B  (mod T,),
dAz = (b3w? — bowd)B  (mod Ty,),

where B = b*A,. We specialize our moving frame assuming A4 = B. Then
equations (3.74) take the form

wy = bawp + bawl, wj = bawi — baw, (3.78)
wy =0, wy=0, (3.79)
where A = 5,..., N. Exterior differentiation of the last two equations gives

the following quadratic equations:
wy Awy =0, wg/\wi‘ =0.

Because by (3.78), 1-forms wj and wj are linearly independent, it follows from
the last equations that
w}=0, A=5,...,N.

This means that the variety X belongs to the four-dimensional space P* spanned
by the points Ag, A1, A2, A3 and A4. In case (b), the variety X is thus a hyper-
surface in the space P4, being defined in this space by the system of equations
(3.71) (with a = 4), (3.73), and (3.78).

We now investigate the consistency of the last system. For this purpose we
apply exterior differentiation to equations (3.78). As a result, we obtain the
following quadratic equations:

(Aby — 2(bow3 + b3w3)) Awg + Abs Awd =0,

3.80
Abs A wg — (Abz — 2(b2w§ — bgwg)) A\ wg’ =0, ( )
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where
Abg = db2 + bg(wg + wi‘) + (Cgbz — Cgbg)(.dé,
Abs = dbg + b3 (w) — w3 — w3 + wi) + ba(wi — w3) + (c2bs + c3ba)wi.

The system of exterior equations (3.76) and (3.80) consists of s; = 4 inde-
pendent equations. They contain g = 6 characteristic forms. As a result, the
character s = ¢ — s; = 2, and the Cartan number ) = s; + 2so = 8. The
number S of parameters, on which the most general integral element depends,
is also equal to 8. Because Q = S, by the Cartan test, the system of Pfaffian
equations (3.71), (3.73), and (3.78) is in involution, and its general integral
manifold depends on two arbitrary functions of two variables.

Thus, three-dimensional varieties X of rank two in RPY that have no real
singularities exist, in both cases (a) and (b), and a general integral manifold,
defining such varieties, depends on two arbitrary functions of two variables.

Next, we show how one can construct parabolic varieties without singular-
ities in a simply connected space VY of constant curvature c.

Example 3.13. Suppose that a simply connected space VY of constant cur-
vature ¢ is realized in a projective space RPY, and let G be its proper domain.
If X is a three-dimensional parabolic variety of rank 2 in RPY that has no
real singularities, then the intersection X N G is a variety having the same
properties in VV. Such varieties consequently also exist in V.V, and a gen-
eral integral manifold of the system, defining such varieties, depends on two
arbitrary functions of two variables.

Note that in Section 3.3, we constructed another example of a variety with
a degenerate Gauss map without singularities in a real projective space RPY
(see Example 3.7).

NOTES

3.1. In the theory of partial differential equations, the Monge—Ampere equation
is the equation of the form

7t — s = ar + 2bs + ct + ¢, (3.81)
where

e e 0

T ox2’ T oxoy’ T Oy?’
the coefficients a,b,c, and ¢ are functions of x,y,z,p = g—;; and q = % and

z = z(z,y) is an unknown function (see, for example, the book Goursat [Go 42],
pp. 47-62).
The case
rt—s> =0 (3.82)
is the most interesting for differential geometry. Equation (3.82) determines develop-
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able surfaces in a three-dimensional Euclidean space E2.
A generalization of equation (3.82) for a multidimensional space has the form

det (u;;) =0, i,57=1,...,n, (3.83)

where u;; = af_zauz_. In the Euclidean space E™*' (as well as in the affine apace
19

A" and the projective space P"*1), a function u(z1,...,x,) satisfying equation

(3.83) determines a hypersurface X with the equation v = u(z1,...,z,) having a

degenerate Gauss map. The rank of X equals the rank of the matrix (ui;).

If the matrix (u;;) has a constant rank r < n, then the hypersurface X carries
plane generators L of dimension n — r along which the tangent hyperplanes to X are
constant. These plane generators L. compose the Monge—Ampere foliation.

In this book we consider the Monge—Ampere foliations not only on hypersurfaces
but also on varieties of codimension higher than one.

See more on connections between the Monge—Ampere equations and the geometry
of manifolds in the papers [De 89] by Delanoé and [Mo 79] by Morimoto.

Ishikawa and Morimoto found the connection between varieties with degenerate
Gauss maps and solutions of Monge-Ampeére equations. In [IM 01], the authors
proved that the rank r of a compact C*°-hypersurface X C RPY with a degenerate
Gauss map is an even integer r satisfying the inequality @ >N, r#0. In
particular, if 7 < 2, then X is necessarily a projective hyperplane of RPY, and if
N =3 or N =5, then a compact C°°-hypersurface with a degenerate Gauss map is
a projective hyperplane.

In our exposition of basic equations we follow the recently published paper by
Akivis and Goldberg [AG 0la].

Theorem 3.1 is fundamental in the theory of varieties with degenerate Gauss
maps. In some investigations, the authors take this property as the definition of
such varieties—see, for example, the Akivis paper [A 57]. However, such varieties are
usually defined in terms of reduced rank of the Gauss map. Then this property is
proved—see, for example, Theorem 2.10 in the Griffiths and Harris paper [GH 79];
Theorem 4.1 in the book [AG 93] by Akivis and Goldberg (see also Theorem 1 in
their recently published paper [AG 0lal]); Landsberg’s book [L 99] (§5); and the
Linearity Theorem in Section 2.3 of the recently published book [FP 01] by Fischer
and Piontkowski.

The proof of this theorem in the paper [HN 59] by Hartman and Nirenberg is
based on the lemma on the constancy of a certain unique (n — 1)-plane. This lemma
was proved in the paper [CL 57] by Chern and Lashof. Sternberg [Ste 64] called this
lemma the lemma of Chern—Lashof-Hartman—Nirenberg. A projective analogue of
this lemma is our Theorem 3.1 (see also Theorem 4.1 in the book [AG 93] by Akivis
and Goldberg and Theorem 1 in their paper [AG 0la]).

Theorem 3.2 proved at the end of Section 3.1 generalizes for varieties with degen-
erate Gauss maps Theorem 3.5 of the paper [GH 79] proved by Griffiths and Harris
for tangentially nondegenerate varieties.

In Section 3.1 we assume that every plane generator L of a variety X with a
degenerate Gauss map has at least one regular point. Otherwise, the Monge—Ampére
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foliation is degenerate, and we will not consider this case in the book.

3.2. Most of the results of this section are due to Akivis (see [A 57, 62]).

Note that a rather rough classification of two-dimensional and three-dimensional
varieties with degenerate Gauss maps is given in the paper [GH 79] by Griffiths and
Harris. On a classification of three-dimensional varieties with degenerate Gauss maps
see the papers [Rog 97] by Rogora and [MT 02a] by Mezzetti and Tommasi.

Mezzetti and Tommasi [MT 02b] constructed an example of an irreducible two-
dimensional algebraic variety (F) in the space P* that generates a hypersurface X
with a degenerate Gauss map of rank two. From the differential geometry point
of view, the surface (F') in their example is separated into two parts (two separate
surfaces) (F1) and (F2) by a curve I' (see Figure 2.5). The hypersurface X is formed
by the straight lines joining the points of (F1) and (F2) connected by the Laplace
transform. On the curve I" the Laplace transform is undetermined. In our opinion,
the hypersurface X has two focal surfaces. But both focal surfaces are described by
the same algebraic equation. Hence, while from the algebraic geometry point of view,
the example constructed in [MT 02b] belongs to class b) indicated in the text, from
the differential geometry point of view, this example belongs to class a).

3.3. Example 3.6 is new. The hypercubic in Example 3.7 is from the recent
paper [WZ 02] by Wu and F. Zheng.

3.4. Sacksteder’s hypersurface was considered by Sacksteder in [S 60]. It was
the first example of a hypersurface with degenerate Gauss map of rank two without
singularities in a Euclidean space E*. In 1995, Wu [Wu 95] published an example of
a noncylindrical tangentially degenerate algebraic hypersurface in a Euclidean space
E* that has a degenerate Gauss map but does not have singularities. This example
was constructed (but not published) by Bourgain (see also the papers [I 98, 99a, 99b]
of Ishikawa). Theorem 3.9 was proved in the paper [AG 02a] by Akivis and Goldberg.

Note that Mori in his paper [M 94] claimed that he constructed an example of
a noncylindrical hypersurface with degenerate Gauss map without singularities in
a Euclidean space E* (see also Ishikawa’s papers [I 98, 99b] in which this result
was mentioned). However, the authors of this book proved that the hypersurface in
Mori’s example is cylindrical. This was communicated to Mori, who recognized that
his claim was wrong.

3.5. As we remarked in the Notes to Section 2.3, the notion of the index of
relative nullity was introduced by Chern and Kuiper in [CK 52] (see also Kobayashi
and Nomizu [KN 63], vol. 2, p. 348). This number is also called the Gauss defect of
the system of second fundamental forms ®* of the variety X (see, for example, the
book [FP 01], p. 89, by Fischer and Piontkowski).

Complete parabolic varieties in a Euclidean space E" were studied by Borisenko
in [Bor 82, 85]. In [Bor 92], he used the notion of parabolicity to formulate and prove
a theorem on the unique determination of V'™ C E" from its Grassmann image.

Akivis [A 8T7a] recognized that the problem of finding singularities on complete
parabolic varieties in a Riemannian space V,* of constant curvature and distinguishing
those varieties that have no singularities is related not so much to the metric as to the
projective structure of the spaces V.*. In this section we follow Akivis’s paper [A 87a].



Chapter 4

Main Structure Theorems

In this chapter, in the projective space PN, we consider the basic types of varieties with
degenerate Gauss maps: torsal varieties, hypersurfaces, and cones. For each of these types
of varieties, we consider the structure of their focal images and find sufficient conditions for
a variety with a degenerate Gauss map to belong to one of these types (for torsal varieties
our condition is also necessary). In Theorems 4.3, 4.4, 4.5, 4.15, and 4.16, we establish
connections between the types and the structure of focal images of varieties with degenerate
Gauss maps of rank r. In Section 4.3, we consider varieties with degenerate Gauss maps in the
affine space AN and find a new affine analogue of the Hartman-Nirenberg cylinder theorem.
In Section 4.4, we define and study new types of varieties with degenerate Gauss maps:
varieties with multiple foci and their particular case, the so-called twisted cones. We also
prove here existence theorems for some varieties with degenerate Gauss maps, for example,
for twisted cones in P4 and A% (Theorems 4.12 and 4.14) and establish a structure of twisted
cones in P* (Theorems 4.13). This structure allows us to find a procedure for construction
of twisted cylinders in A%. In Section 4.5, we prove that varieties with degenerate Gauss
maps that do not belong to one of the basic types considered in Sections 4.1-4.2 are foliated
into varieties of basic types (Theorem 4.16). A classification of varieties X with degenerate
Gauss maps presented in this chapter is based on the structure of the focal images F, and
P of X. In Section 4.6, we prove an embedding theorem for varieties with degenerate Gauss
maps and find sufficient conditions for such a variety to be a cone (Theorems 4.18 and 4.19
in Section 4.6).

4.1 Torsal Varieties

As we saw earlier, in the projective space PV, there exist several types of
varieties X of dimension n < N with degenerate Gauss maps of rank r < n:
torsal varieties (see Example 2.5), hypersurfaces with degenerate Gauss maps
(see Example 2.7), cones (see Example 2.4), and twisted cones (see Section
3.4).

In this chapter, we establish a connection between the structure of focal
images of a variety with a degenerate Gauss map and the structure of the

135
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variety itself.
First, we prove two lemmas.

Lemma 4.1. Suppose that 1 > 1, and the focus hypersurface Fy, C L does not
have multiple components. Then all matrices B can be simultaneously diag-
onalized, B = diag (bg‘p),1 and the focus hypercone @1, decomposes into r bun-
dles of hyperplanes ®, in PN whose centers are the (n + 1)-planes
T N By, where B, = by, A, are points located outside of the tangent sub-
space Tr,. The dimension n + m of the osculating subspace T? of the variety
X along a generator L does not exceed n + r.

Proof. Because the hypersurface F, C L does not have multiple components,
a general straight line A lying in L intersects Ff, at r distinct points. We place
the vertices Ap and A; of our moving frame onto the line A\. By (3.21), the
coordinates of the common points of A and F, are defined by the equation

det(022° + ¢ z') = 0.

Because the straight line A intersects the hypersurface F, at r distinct points,
the preceding equation has r distinct roots. This implies that the matrix C
can be diagonalized, C; = diag (c},) (no summation over p), and ¢f, # cf,

for p # q.
Next we write equations (3.9) for a = 1:

(o4 —_ Ko 9
bqpcfp - bpqclq'

Because ¢, # c{, and b3, = by, , it follows that by, = 0 for p # ¢. As a
result, all matrices BY can be simultaneously diagonalized, B* = diag (by,)-

Equation (3.24) takes the form

[Tat;,) =0,

P

and the focus hypercone ®; decomposes into r bundles of hyperplanes ®, in
PN whose axes are the (n + 1)-planes T, A B,, where B, = by, Aa are points
located outside of the tangent subspace Tp,. The osculating subspace T7 of
the variety X along a generator L is the span of the tangent subspace T, and
the points Bj41, ..., B,. Thus, the dimension of this subspace does not exceed

n+r. ]

IHere and in what follows, we use a shorter notation for diagonal matrices: diag (bp)
+

instead of diag (bf%, 1 ;y¢,---,b%y) and diag (chp) instead of diag (cla,lljtl’ Lo,
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Lemma 4.2. Suppose that m > 2 and the focus hypercones @1, of a variety X
do not have multiple components. Then all matrices C, can be simultaneously
diagonalized, C, = diag (ch,), and the focus hypersurfaces Fy, decompose into r
plane components defined in L by the equations x° +chzt =0 (no summation
over p). The dimension k =1 —m™* of the characteristic subspace Ky, is greater
than or equal to I —r, where m™ is the number of linearly independent matrices
C,.

Proof. Let &,4+1 and £,12 be two hyperplanes in general position that are
tangent to a variety X along its generator L. They determine a pencil of
tangent hyperplanes & = £,41 + A,+2. By (3.24), the intersection of this
pencil with the focus hypercone @, is defined by the equation

det (bpF' + AbpF?) = 0; (4.1)

this equation is the A-equation of the matrices B"*! and B"*2 (see Bocher
[B6 07], Chapter XIII, no. 57). Because the focus hypercone @, does not have
multiple components and the pencil € is in general position with respect to this
hypercone, equation (4.1) has r distinct roots. This implies that the matrices
(bprt) and (bjF?) can be simultaneously diagonalized (see, for example, Bécher
[B6 07], Chapter XIII, no. 58, Theorem 2),

B = diag(bpt'), B"T? = diag(bp?)

and

b, Yo

piF1 7 2 for p #q. (4.2)
Consider further equations (3.9) for « = n + 1,n + 2. These equations and
inequalities (4.2) imply that

Cog =0 for p#gq,
i.e., all matrices C, are simultaneously diagonalized,
C, = diag (ch,) (no summation over p).

As a result, equation (3.21) of the focus hypersurface F;, becomes

n

I @ +cta®) =0 (4.3)
p=Il+1

Thus, the hypersurface F, decomposes into r plane components F}, defined in
L by the equation

2% + ¢k, 2" =0 (no summation over p). (4.4)
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The characteristic subspace K (see Section 3.2.3) is the intersection of
these plane components, and its dimension is £ = [ — m*, where m* is the
number of linearly independent equations (4.4). Because m* < r, we have
k>1—r. O

We recall that a variety X with a degenerate Gauss map of rank r is torsal
if it foliates into r families of simple (i.e., not multiple) torses.

Theorem 4.3. A variety X with a degenerate Gauss map of rank r > 1 is
torsal if and only if all its focus hypersurfaces Fr, decompose into r simple
(I — 1)-planes F,, p = 1+ 1,...,n, belonging to its plane generators L, and
all its focus hypercones ®, decompose into r simple bundles ®, of hyperplanes
with (n + 1)-dimensional vertices that contain the tangent subspaces T, of the
variety X .

Proof. Necessity: Suppose that a variety X is torsal of rank r > 1. Let 7; be
one of the families of torses into which X foliates. This family is defined on X
by the system of equations
W= =w" =0, (4.5)

and the form w!*? is a basis form on torses of this family. A plane generator L
of X is defined by the points Ag, A1, ..., A; of a moving frame associated with
X. By (3.5), (3.11), and (4.5), on 71, the differentials of these points have the
form

dAg = ngo 4+ waAg + wl+1Al+1,

dAq = woAo + Wh Ay + ¢ W T A,

However, because on a torse, dim(L+dL) = I+1 (see Example 2.4), the tangent
subspaces to a torse must be determined by the points Ag, A1,..., A, Ai41.
As a result, we have ¢, ;| =0forp=1+2,...,n.

Because by the theorem hypotheses, the variety X is torsal, i.e, it foliates
into r families 7, of torses, in a similar manner, we prove that in the matrices
Co = (ch,), all nondiagonal entries vanish. Thus, all these matrices can be
simultaneously diagonalized:

C, = diag (cf,). (4.6)

By means of (4.6), equation (3.21) determining a focus hypersurface Fy, in a
plane generator L takes the form

1—[(96O +ch,x") = 0.
P
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This proves that F;, decomposes into r hyperplanes defined in L by the equa-

tions
20 + ch,x = 0. (4.7)

These hyperplanes are tangent to the torses 7, into which the variety X foliates.
Because all these torses are simple, equations (4.7) for different values of p are
not proportional. As a result, the rows of the matrix

+1 I+1
1 g1 - G
1+2 1+2
C = 1 Clite - CLike (4,8)
s n
1 Cl,n Clm

composed from eigenvalues of the matrices C, are not pairwise proportional.
By (4.6), conditions (3.9) take the form

a P _ pa g
bpqcap - bqpcaq'

Because the matrices BY = (b)) are symmetric, it follows that

bpg(ch, —ci,) =0. (4.9)

aq

Because the rows of the matrix C in (4.8) are not proportional, for any pair of
indices p, q,p # q, there exists a value of a such that

e, el
As a result, equation (4.9) implies that
bpg =0 for p#gq.
Thus the matrices B“ are also simultaneously diagonalized:
B = diag (bj,,)- (4.10)

It follows from (4.10) that equation (3.24) of the focus hypercone @, takes the

form
[1&ats,) =0,
p

and this hypercone decomposes into r bundles of hyperplanes defined by the

equations
fab;“p =0.
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The centers of these bundles are the (n+1)-planes Ty, A By, where B, = by A,
are points not belonging to the subspace Ty,. It is not difficult to prove that
these (n + 1)-planes are tangent to the torses 7, described by the subspace T,
when it moves along the torses 7, C X. Because the torses 7, are simple, the
torses 7, are also simple. Thus all the points B, are distinct, and as a result,
the columns of matrix (4.10) composed from eigenvalues of the matrix B, are
not proportional.

Sufficiency. Suppose that all focus hypersurfaces F, of a variety X decom-
pose into r simple hyperplanes F,, C L, and all its hypercones ®; decompose
into r simple bundles ®,, with the centers 77, A B, where B, ¢ T7,. Then by
Lemmas 4.1 and 4.2, all matrices C, and B% can be simultaneously diagonal-
ized,

C, = diag (ch,), B* = diag (b,,)-

This implies that equations (3.11) and (3.4) take the form

P — P P
wh =ch WP, w

PP, Wl = b2, (4.11)

p

where there is no summation over the index p.
Consider [-planes L defined by the points Ag, Ay, ..., A; of the moving
frame associated with a variety X. By (2.67) and (3.7), we have

dAy = wiAo + wiA, +wPA,,
Qs = Ao + by + 3 P A,, (1.12)

p

It follows that for
w?=0, q#np, (4.13)

there is no summation over p on the right-hand side of equations (4.12). Thus,
the tangent subspace to the one-parameter family of rectilinear generators L
defined on X by equations (4.13) is the plane L A A, of dimension [ + 1.
Therefore, this family of planes is a torse 7,.

Thus, we have proved that the variety X foliates into r families of torses
defined on X by the systems of equations (4.13). These families of torses are
mutually simple because the (I + 1)-planes L A A, tangent to torses of these
families passing through their common rectilinear generator L are simple. O

It is not difficult to prove that the families of the tangent subspaces T7,
defined on X by the system of equations (4.13) also form torses 7, of dimension
n+ 1.

An example of a torsal variety was considered in Section 2.4 (see Example
2.7); for n = 3, r = 2, this is a hypersurface X = V33 C P* (see Figure 2.5).
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4.2 Hypersurfaces with Degenerate Gauss Maps

4.2.1 Sufficient Condition for a Variety with a Degenerate Gauss
Map to be a Hypersurface in a Subspace of PYN. First we consider the
structure of the focal images of hypersurfaces with degenerate Gauss maps.

Theorem 4.4. If a variety X with a degenerate Gauss map of dimension n and
rank r is a hypersurface in a subspace P"t1 C PN, then all its focus hypercones
O are r-fold bundles of hyperplanes of the space PN with the center P+,

Proof. Suppose that X C P**! c PV, and the subspace P"*! is defined by
the tangent subspace 71, of X and a point B = b*A,, 0 = n+1,...,N,
i.e., P"*! = Tr A B. Then the variety X has only one independent second
fundamental form

¢ =bpwPw?, pg=1l+1,...,n,

where det (byq) # 0.
But, with respect to an arbitrary tangent hyperplane £,x%* = 0 of the
variety X, its second fundamental form can be written in the form

D = fabg‘qw”wq

(see (2.21)), where b} is the second fundamental tensor of the variety X. Thus,

It follows that
Eabpg = A(€)bpq-
This implies that A(§) = £,0* and

bpg = 0% Dpq-
As a result, equation (3.24) of the focus hypercones ®, of X takes the form
(€ab®)" - det (bpg) = 0.
Hence the focus hypercones @, is an r-fold bundle of hyperplanes
b%a =0,
passing through the subspace P"*! = Ty, A B, where B = b* A, O

The next theorem gives a sufficient condition for a variety X c PV with a
degenerate Gauss map to be a hypersurface in a subspace P** c PV,
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Theorem 4.5. Suppose that a variety X with a degenerate Gauss map of rank
r > 2 and dimension n satisfies the conditions:

(i) On X, the conditions of Lemma 4.1 are satisfied, i.e., | > 1 and all focus
hypersurfaces Fy, C L do not have multiple components.

(ii) All focus hypercones @y, are r-fold bundles of hyperplanes with (n + 1)-
dimenstonal centers PEH containing the tangent subspace TT,.

Then the variety X is a hypersurface in a subspace P+ C PN,

Proof. By Lemma 4.1 and condition (i) of the theorem, all matrices B, = (b5, )
of the variety X can be simultaneously diagonalized,

B* = diag (by,,),

and the focus hypercones ®;, defined by equation (3.24) decompose into bun-
dles of hyperplanes whose axes are the subspaces Tp, A By, where B, = b;, A.

But from condition (ii) it follows that the axes of these bundles coincide,
and this implies that the eigenvalues by, of the tensors by, are proportional.
As a result, the tensors bf themselves are proportional. The last condition
can be expressed by the formula

b2, = b%byq, (4.14)

where det (b,y) # 0, because the rank of the system of tensors b5, is equal to
rand p,q=1+1,...,n,ie., the indices p and ¢ take r values.
Because condition (4.14) means that the variety X has only one independent

second fundamental form
¢ = bywlw?

and r > 2, then the Segre theorem (see Theorem 2.1 in Section 2.2.5) implies
that the variety X is a hypersurface in a subspace P**1 c PV, O

The last result can be proved directly. In fact, it follows from (4.14) that

wp = bbpw. (4.15)

Taking exterior derivatives of equations (4.15), we obtain the following exterior
quadratic equations:

(bpg VB + b*Vbyg) A w? = 0, (4.16)

where
V% = db™ + bﬁwg,
Vbpg = dbpg — bsqwy, — bpsby,
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and

P _ P _ §P,0 _ P 0
0F = wh — dhwy — ch W

The 1-forms w?, ¢ = [+1,...,n, are basis forms on the variety X. However,
they might not compose a complete basis of all 1-forms defined on this variety.
We supplement the forms w? by 1-forms w" in such a way that the forms w?
and w" compose a basis of the system of 1-forms occurring in equation (4.16).
Then the decompositions of the forms Vb* and Vb, occurring in (4.16) can
be written as

Vb = bowP + o
{ p Tl (4.17)

Vbpg = bpgsw® + tpquw™.
If we substitute (4.17) into (4.16) and equal to 0 the coefficients in the
product of the independent forms w*® and w*, we find that
bpgbs — bpsby + 6% (bpgs — bpsg) =0 (4.18)
and
DpgtS + bt pgu = 0. (4.19)
It follows from (4.19) that

10 = t,b%, tpgu = —tubpg, (4.20)

where t,, are parameters. Note that equations (4.20) imply equations (4.19).
Contracting equations (4.18) with the tensor bP?, which is the inverse tensor
of byq, we find that

g
(r = 1)b5 4+ b*(bpgs — bpsq)bP? = 0.
Because by theorem hypotheses r > 2, it follows that

b = bb,, (4.21)

S

where 1
bs = m(bms - bpsq)bpq-

As a result, the first equation of system (4.17) takes the form
Vb = b%sw?. (4.22)

Next, we consider the subspace P! = T; A B, where B = b*A,. Differ-
entiating the points A, € T, and applying formulas (3.5) and (4.14), we find
that

dA, = bp,w?B (mod T7p). (4.23)



144 4. MAIN STRUCTURE THEOREMS

Differentiating point B and applying formulas (4.22), we obtain
dB = b,w!B  (mod Tp,). (4.24)

Equations (4.23) and (4.24) mean that the subspace P"*! = T}, A B is fixed
when we move along a generator L C X. Thus, Pf“ = Pt c PV, and
therefore, X is a hypersurface in P+ c PV,

4.2.2 Focal Images of a Hypersurface with a Degenerate Gauss
Map. Let us study the focal images of a hypersurface with a degenerate Gauss
map of rank r in the space P"*1. On such a hypersurface, formulas (3.4) and
(3.11) become

n+1l _ q p_ P 4
wp T = bpgw?, Wi =W, (4.25)

where by, = by, and det (b,q) # 0. Conditions (3.9) now take the form
bpsCag = bgsCayp-
By (4.25), equation (3.24) of the focus hypercone @1, takes the form

det (bpq€n+1) =0.

It follows that &,+1 = 0, and the last equation defines the tangent subspace
Ty, of X. Thus, the focus hypercone ®;, is reduced to its vertex T7,.
As in the general case (cf. (3.21)), the equation of the focus hypersurface
F;, C L has the form
det (5fz’m0 + chgz?) =0,

and F7, is an algebraic hypersurface of degree r in a generator L. For [ > 2, in
the general case this hypersurface is indecomposable. For example, as we saw
earlier, for the cubic symmetroid considered in Section 2.5.2, this hypersurface
is a nondegenerate conic belonging to the two-dimensional generator L.

If all focus hypersurfaces F, of a hypersurface X decompose into hyper-
surfaces F} and F} of orders ' and r” (' > 2,7 > 2, and ' + 1" = 1),
then the hypersurface X decomposes into two families of varieties X’ and X"’
of dimension n’ = [+ 7' and n” = [ + ", respectively, and by Theorem 4.5,
each of these varieties is a hypersurface in a subspace of dimension n’ + 1 and
n'’ + 1, respectively.

If all focus hypersurfaces F, of a hypersurface X C P**! decompose into
r simple planes of dimension [ — 1, then by Theorem 4.3, the hypersurface X
is torsal, i.e., X foliates into r families of simple torses.

In Chapter 5, we will study in more detail the case when n-dimensional
varieties with degenerate Gauss maps foliate into similar varieties of smaller
dimensions.
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4.2.3 Examples of Hypersurfaces with Degenerate Gauss Maps.
As we noted in Section 2.5.1, a variety dual to a tangentially nondegenerate
variety of dimension r in a projective space PV is a tangentially degenerate
hypersurface of rank r and dimension n = N — 1.

Another example of a hypersurface with a degenerate Gauss map is the cu-
bic symmetroid considered in Section 2.5.2, where N = 5 n = A4,
r=2,1=2.

Now we give a new example of a hypersurface with a degenerate Gauss
map. This example generalizes the cubic symmetroid.

Example 4.6. Consider a hyperquadric @ in the space P™ defined by the
equation
Uy’ =0, Gyp = Qpu, uw,v=0,1,...,n. (4.26)

For each hyperquadric @, there is a corresponding point in the space PV, where
N = 2(n+1)(n+2) — 1. The coordinates of this point are the coefficients
ayy of equation (4.26). The degenerate hyperquadrics—the hypercones—are
defined by the condition

det (ayy) =0, (4.27)

which determines a hypersurface V=1 C PV. Because the degree of degener-
acy of a hyperquadric can vary, in the space PV we can consider the sequence
of varieties defined by the equations

rank (ayy) = p, (4.28)

where 2 < p < n. Each term of this sequence defines a variety of hypercones
with (n— p-+1)-dimensional plane generators and an (n— p)-dimensional vertex
in PV,
If p = 1, the variety (4.28) is a Veronese variety (see Section 1.5.2). In this
case
Qyy = AyuQy, w,v=0,1,...,n (429)

(cf. (1.171)), and the hyperquadric (4.26) defined by the tensor a,, becomes
a double hyperplane a,xz" = 0.

Let us study the structure of the determinant variety (4.28) in the general
case p = n — 1. Such a variety is a hypersurface VV=1 in PV. To the points
of VN=L there correspond the hypercones Qo with O-dimensional vertex (a
point) in PV.

We consider a family of moving frames { A%V} in PV, such that A%’ = a%a?,
where o is a basis hyperplane of the space (P™)*. Because the equations of
infinitesimal displacement of a tangential moving frame in the space (P™)* have
the form (1.79),

do = —wya®, (4.30)
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for the moving frames in the space PV we get
dAY = —wi AYY — wp A (4.31)

Consider a family of hypercones ) with the common vertex Ay in the space
P™. The equation of this family has the form

aijr'z! =0, i,5=1,...,n. (4.32)

In the space PV, to this family of hypercones, there corresponds the sub-
space defined by the equations agy = 0,ag; = 0. This subspace is a plane
generator L of the hypersurface VV=1. The dimension [ of this generator is

equal to [ = @ —-1= %, and the set of all these generators depends

on n parameters. So, the rank r of the hypercones @ is r = rank Q = n.

In the space PV, the points A% of our moving frame lie on a generator L of
the hypersurface VN ~1. Applying formulas (4.31), we calculate the differentials
of the points A%:

dAY = —wf ART — T AR 8 A% — ] A% (4.33)
Let © = x;; AY be a point of the generator L. Then
dz = (dz;; — xikwf — xkjwf)Aij — ZzijwéAOj. (4.34)
This equation shows that at all points of the generator L for which
det(z;;) # 0, (4.35)

the tangent subspace T}, to the hypersurface V! is determined by the points
A% and A%. Hence this subspace is of dimension N — 1 and is constant for
all points € L for which inequality (4.35) holds. Therefore, VN~! is a
hypersurface with a degenerate Gauss map of rank n.

At the points of the generator Ly for which

the dimension of the tangent subspace T, (V1) is reduced. Thus these points
are foci of the generator, and singular points of the hypersurface VN1,

4.3 Cones and Affine Analogue of the
Hartman—Nirenberg Cylinder Theorem

4.3.1 Structure of Focus Hypersurfaces of Cones. As we saw earlier, in
the space PV, cones with (I — 1)-dimensional vertices and with I-dimensional
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plane generators have degenerate Gauss maps (see Example 2.4 in Section
2.4). We now prove the following theorem describing the structure of focus
hypersurfaces of such cones.

Theorem 4.7. If a variety X with a degenerate Gauss map of dimension
n and rank r > 1 is a cone with vertex of dimension | — 1, then all its focus
hypersurfaces Fy, are r-fold (1—1)-dimensional planes belonging to its generator
L.

Proof. Suppose that X is a cone with an (I — 1)-dimensional vertex .S, where
Il =n—r, and [-dimensional plane generators L. We associate with X a family
of moving frames such that the points A;,..., A; € S and Ay € L. Because
the vertex of the cone X is fixed, then on X, equations (3.5) take the form

dAo = wi Ao+ wiAg + wP A,
dAa = ngb,
where a,b=1,....; p=1+1,...,n. It follows that w? = 0, and all matri-

ces C, are zero matrices, ¢, = 0. As a result, equation (3.21) of the focus
hypersurface F;, C L becomes

det (2°07) =0,

i.e., ()" = 0, and the focus hypersurface Fy, is an r-fold hyperplane 2° = 0,
which coincides with the vertex S of the cone X. O

The next theorem gives a sufficient condition for a variety X C PV with a
degenerate Gauss map to be a cone.

Theorem 4.8. Suppose that X is a variety with a degenerate Gauss map of
dimension n and rank r > 2 in the projective space PN, and X satisfies the
following conditions:

(1) All focus hypersurfaces Fr, are r-fold hyperplanes belonging to its plane
generators L.

(i) On X, the conditions of Lemma 4.2 are satisfied, i.e., m > 2, and all
focus hypercones ®1, do not have multiple components.

Then the variety X is a cone with an (I — 1)-dimensional vertex and l-dimen-
sional plane generators.
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Proof. By Lemma 4.2, all matrices C, = (cf,) of the variety X can be si-

multaneously diagonalized, C, = diag(ch,), and its focus hypersurfaces Fr,
decompose into r hyperplanes defined by the equations

z0 + Copr® = 0.

But by condition (i) of the theorem, all these hyperplanes belonging to a
generator L coincide. This implies that

P4 .
Cop = Caq = Ca-

Thus, the entries of all matrices C, = (c},) take the form

ch = cqoP.

aq q

The equations of the r-fold focus hyperplanes of the variety X can be written
in the form
20 + c,z® = 0.

If we locate the points A, of our moving frame of X in this hyperplane, then
we obtain ¢, = 0, and as a result, we have

Chq=0, a=1,...,]
for all p,g =1+ 1,...,n. Therefore, by (3.11), we obtain
wh =0. (4.37)

Taking exterior derivatives of equation (4.37), we arrive at the exterior
quadratic equation
Wl AWE =0.

But because r > 2, and the forms w} are linearly independent, it follows from
the above quadratic equations that

wl =0. (4.38)

a

Now from equations (3.5) and (4.38) it follows that
dAa = ngb,

and the (I — 1)-plane S = Ay A As A ... A A; is fixed. Thus, the variety X is
an n-dimensional cone with the vertex S and [-dimensional plane generators
L=AgNAIN...NA,. ]



4.8 Affine Analogue of the Hartman—Nirenberg Cylinder Theorem 149

4.3.2 Affine Analogue of the Hartman—Nirenberg Cylinder
Theorem. The Hartman—Nirenberg cylinder theorem in an (n+1)-dimensional
Euclidean space E"*! was first proved by Hartman and Nirenberg in their joint
paper [HN 59]. This theorem states the following.

Theorem 4.9 (The Hartman—Nirenberg Cylinder Theorem). Let
X C E™*! be a connected, complete, C?, orientable hypersurface in an (n+1)-
dimensional space E" 1. If X is of constant zero curvature, then it is an
(n—1)-cylinder (i.e., an n-dimensional cylinder with (n — 1)-dimensional gen-
erators erected over a curve) in the sense that X has a parameterization (in
the large) of the form

n—1
v=v(x)= Z a;x' + b(z") for all & = (2!,...,2"), (4.39)

i=1
where ay, ..., a, 1 are constant vectors in E"T1; b(z™) is a vector-valued func-
tion of a variable x™ of class C? in E"*L; and a4,...,a,_1, Ob/0z™ is a set

of orthonormal vectors.

In the proof of this theorem, Hartman and Nirenberg first proved that the
vanishing of the Gaussian curvature implies that the rank r(z) of the Gauss
map of X does not exceed one, r(z) < 1. If r(z) =0, then X is a hyperplane.
In the case r(z) = 1, X is an (n — 1)-cylinder that can be parameterized as
indicated in equation (4.39).

The proof of this theorem in the paper [HN 59] by Hartman and Nirenberg
is based on the lemma on the constancy of a certain unique (n — 1)-plane.
This lemma was proved in the paper [CL 57] by Chern and Lashof. Sternberg
[Ste 64] called this lemma the lemma of Chern-Lashof-Hartman-Nirenberg. A
projective analogue of this lemma is our Theorem 3.1 (see also Theorem 1 in
the paper [A 87a] by Akivis, Theorem 4.1 in the book [AG 93] by Akivis and
Goldberg, and Theorem 1 in their paper [AG 01a]).

Note that in [HN 59] and [Ste 64], the authors obtain an (n — 1)-cylinder,
i.e., a cylinder in E"*! with (n — 1)-dimensional plane generators erected over
a curve. The reason they did not get an (n —r)-cylinder, i.e., an n-dimensional
cylinder in E"*! with (n — r)-dimensional plane generators erected over an
r-dimensional manifold, where » = 1,...,n — 1, is that the vanishing of the
Gaussian curvature implies that the rank r(z) of the Gauss map of X does not
exceed one.

The Hartman—Nirenberg cylinder theorem is of affine nature. In fact, the
notion of a cylinder appearing in the theorem conclusion is an affine notion.
As to the theorem hypotheses, although the notion of the Gaussian curvature
is not affine, the notion of the rank of the Gauss map, which is fundamental
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in the proof of this theorem and whose boundedness, r(z) < 1, is implied by
the vanishing of the Gaussian curvature, is even of projective nature. This is
why it is interesting to consider an affine analogue of the Hartman—Nirenberg
cylinder theorem.

We recall that in an affine space AV, an I-cylinder X over the field of
complex or real numbers is defined as a smooth n-dimensional submanifold
bearing [-dimensional plane generators, I < n, which are parallel to each other.
An [-cylinder is a variety with a degenerate Gauss map of rank r = n—1[. In an
affine space AV, N > n, an [-cylinder can be defined by a parametric equation

l
v=wv(®) =Y aix' +b", .. 2" forall @ =(z',...,2"),  (4.40)
i=1

where a; are constant vectorsin AN, b(z!*1, ... 2")is a vector-valued function

of 7 = n — [ variables defining in AN a director manifold Y of the cylinder X,
and the vectors a; and b, = 8‘9; are linearly independent.
In this section we prove the following affine analogue of the Hartman—

Nirenberg cylinder theorem.

Theorem 4.10 (An Affine Analogue of the Hartman—Nirenberg Cylin-
der Theorem). Let X™ be a smooth, projectively complete, connected variety
with a degenerate Gauss map of constant rank r, 2 < r < n — 1, without sin-
gularities in a real or complex affine space AN, N —n > 2. Suppose that in
the pencil of the second fundamental forms of X, there are two forms defin-
ing a reqular pencil, all eigenvalues of which are distinct. Then the variety
X is a cylinder with l-dimensional plane generators, l = n —r > 2, and an
r-dimensional tangentially nondegenerate director variety Y. In AN such a
cylinder can be defined by parametric equation (4.40).

Proof. We enlarge the space AN to a projective space PV by attaching a hy-
perplane at infinity PY 1. So we have

PY = AN UPY L

Consider the submanifold X described in the theorem in the space PV. This
submanifold X C PY satisfies all conditions of Theorem 4.8 Thus, X is a
cone with an (I — 1)-dimensional vertex in PY¥. But because X is projectively
complete in the space AV, all its singular points are located at a hyperplane
at infinity PY~1. Thus, X is a cylinder in AV, O
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4.4 Varieties with Degenerate Gauss Maps with
Multiple Foci and Twisted Cones

4.4.1 Basic Equations of a Hypersurface of Rank r with r-Multiple
Focus Hyperplanes. In Section 4.3, in a projective space PV, we considered
varieties X with degenerate Gauss maps of dimension n and rank r with the
following two properties:

(i) Their focus hypersurfaces Fj, degenerate into r-fold hyperplanes.

(ii) Their system of second fundamental forms possesses at least two forms
whose A-equation has r distinct roots.

We have proved that such varieties X are cones in the space PV with a vertex
of dimension [ — 1, where [ =n — r.

In this section we also consider varieties X with degenerate Gauss maps
of dimension n and rank r > 2 with r-fold focus hyperplanes but we assume
that all their second fundamental forms are proportional, i.e., for each pair of
second fundamental forms of X, their A-equation has an r-multiple eigenvalue.

Because we assume r > 2, the generalized Segre theorem (see Theorem 2.1
in Section 2.2.5) implies that such varieties are hypersurfaces in a subspace
P!, We shall prove that such hypersurfaces can differ from cones.

Consider a hypersurface X with a degenerate Gauss map of dimension n
and rank r whose focus hypersurfaces F, are r-fold hyperplanes of dimension
Il — 1, where | = n — r is the dimension of the Monge-Ampere foliation on
X. We associate a family of moving frames with X in such a way that the
point Ay = x is a regular point of a generator L, the points A,, a =1,...,1,
belong to the r-fold focus hyperplane Fi,, the points A,, p =1+1,...,n, liein
the tangent hyperplane T7,(X), and the point A, is situated outside of this
hyperplane. As a result of such frame specialization, basic equations (3.4) and
(3.11) of the variety X take the form

w;f“ =bpw?, wh=ch Wi pag=l+1,...,n, (4.41)
where B = (b,,) is a nondegenerate symmetric (r X r)-matrix. Because the
points A,, a = 1,...,1, belong to the r-fold focus (I—1)-plane FJ,, the equation
of Fy, is

(9" = 0.

However, in the general case the focus hypersurface Fp, of the generator L is
determined by the equation

det (55&:0 +ch,z") =0
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(see (3.21)). Hence, we have
det(5f]’z0 +ch,?) = ()"

It follows that each of the matrices C;, has an r-multiple eigenvalue 0, and
as a result, each of these matrices is nilpotent. We assume that each of the
matrices C, has the form

Ca = (ch,), where ch, =0forp>gq. (4.42)

Thus, rank C, < r — 1. It follows that all matrices C, are nilpotent. Denote
by r1 the maximal rank of matrices from the bundle C = x%C,, r1 < r — 1.

It is obvious that this form is sufficient for all F, to be r-fold hyperplanes.
Wu and F. Zheng [WZ 02] (see also Piontkowski [Pio 01, 02b]) proved that
this form is also necessary for the ranks r = 2,3,4 and different values of the
maximum rank r; of matrices of the bundle *C,,. For r < 4, condition (4.42)
is also necessary for F, C L to be an r-fold hyperplane. However, Wu and
F. Zheng in [WZ 02] gave also a counterexample which proves that for r > 5,
the form (4.42) is not necessary for all F, to be r-fold hyperplanes.

A single second fundamental form of X at its regular point x = Ay can be
written as

Dy = bpwPwi.
This form is of rank . At singular points A, belonging to an r-multiple focus
hyperplane Fp, the second fundamental form of the hypersurface X has the
form
, = bpscywhwl, (4.43)
where (bpsc;,) is a symmetric matrix. The maximal rank of matrices from the
bundle ® = x*®,, is also equal to r; < r — 1.

4.4.2 Hypersurfaces with Degenerate Gauss Maps of Rank r with
a One-Dimensional Monge—-Ampeére Foliation and r-Multiple Foci.
Let AgA; be a leaf of the Monge-Ampére foliation, let Ay be a regular point
of this leaf, and let A; be its r-multiple focus. Then in equations (4.41), we

have a,b=1; p,q = 2,...,n, and these equations become
w;”rl = bpgw?, Wi = chw. (4.44)

By our assumption (4.42), the matrix C' = (cb) has the form

C= . 4.45
0 0 ... ( )
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We will assume that rank C = r — 1 = n — 2. Then in the matrix C, the
coefficients ¢, ; # 0. As to the matrix B = (b,q), by the relation

BC =CB (4.46)

(cf. (3.12), p. 94), this matrix has the form

0 0 b2.n
0 ... b3n-1 O
B = 3,n—1 3.n 7 (447)
bn 2 bn,nfl bnn

and rank B =n — 1. In addition, by (4.46), the entries of the matrices B and
C' are connected by certain bilinear relations implied by (4.46).
By (4.44), (4.45), and (4.47), on the hypersurface X, we have the equation

Wi = 0. (4.48)

Because on the hypersurface X equations (2.5) and (3.3) also hold, the differ-
entials of the points Ag and A; take the form

dAO = WSAO —+ wéAl —+ W(Q)AQ + ...+ wg_lAn_l =+ ngn,

4.49

dAl :w‘fAO—i—w%Al +w%A2+...+w?71An,1. ( )

In equations (4.49), the forms w?,w$, ..., W " are linearly independent, and
by (4.44) and (4.45), they are expressed in terms of the basis forms w?,...,w"

only. The following cases can occur:

1) The 1-form w{ is independent of the forms w?, ..., w™, and hence also of

the forms w?, ... ,w?_l. In this case, the r-multiple focus Ay of the rectilinear
generator L describes a focus variety G of dimension r = n—1. The variety G is
of codimension two in the space P"*! in which the hypersurface X is embedded.
The tangent subspace T4, (G) is defined by the points Ay, Ag, A2, ..., Ap_1.
At the point Ay, the variety G has two independent second fundamental forms.
We can find these two forms by finding the second differential of the point A;:

d*A; = Wi Ay + wWiwit Ay (mod Ty, (G)).

Thus, we have

n_ b ,n ntl _ p n+l
Q7 =wiw,, P =wijwy

The second of these forms coincides with the second fundamental form ®; of
the hypersurface X at the point A;. By (4.45), if w3 = ... = w™ = 0, the
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I-forms w} = 0. Hence the quadratic forms ®} and ®}' vanish on the focal
variety G. Therefore, the direction Ay A Ap is an asymptotic direction on the
variety G.

2) The 1-form w{ is a linear combination of the forms w?,... ,w?il, and
hence also of the forms w3, ...,w™. In this case, the focus A; of the rectilinear

generator L describes a focus variety G of dimension n — 2, and its tangent
subspace T4, (G) is a hyperplane in the space Ag A A1 AAs A...NA,_1. For
Ww=...= w?71 =0, the point A; is fixed, and the straight line L = A; A Ay
describes a two-dimensional cone with vertex A;. This cone is called the fiber
cone. The hypersurface X foliates into an (n — 2)-parameter family of such
fiber cones. It is called a twisted cone with rectilinear generators.

In Section 4.4.3, for n = 3 we will prove that a fiber cone is a pencil of
straight lines. Most likely this is true for any n.

3) Suppose that an (n — 2)-dimensional focus variety G of the hypersurface
X belongs to a hyperplane P” of the space P"*!'. We can take this hyperplane
as the hyperplane at infinity P? of the space P"*1. As a result, the space
P+ becomes an affine space A"+, In this case, the hypersurface X becomes a
twisted cylinder in A"+, which foliates into an (n—2)-parameter family of two-
dimensional cylinders with rectilinear generators. The hypersurface X with a
degenerate Gauss map is not a cylinder in A”*! and does not have singularities
in this space. Thus, this hypersurface is an affinely complete hypersurface in
A" which is not a cylinder. An example of such a hypersurface in the
space A* was considered by Sacksteder and Bourgain (see Sacksteder [S 60],
Wu [Wu 95], Ishikawa [I 98, 99a, 99b], Akivis and Goldberg [AG 02a], and
Section 3.4).

Note also that hypersurfaces with degenerate Gauss maps in the space
P+ considered in this section are lightlike hypersurfaces which were studied
in detail in the papers [AG 98b; 98c|) by Akivis and Goldberg. We will consider
them in Section 5.1.

4.4.3 Hypersurfaces with Degenerate Gauss Maps with Double
Foci on Their Rectilinear Generators in the Space P%. As an example,
we consider hypersurfaces X with degenerate Gauss maps of rank r = 2 in
the space P* that have a single double focus F' on each rectilinear generator
L = Ag AN A1. With respect to a first-order frame, the basic equations of X are

wy =0, wi=0. (4.50)
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The basis forms of X are w3 and w3. By (4.44), (4.45), and (4.47), with respect
to a second-order frame, we have the following equations

4 _ 3 2 _ 2.3
{ wy = baswy, wi = cjwg,

4 2 3 3 (4.51)
W3 == b32u}0+ b33wO, wl == 07

where bz = b3y # 0 and 3 # 0. As a result, matrices B and C' take the forms

_ 0 b23 _ 0 Cg
B_(523 b33>,0—<0 0o /)
The differentials of the points Ay and A; are

dAg = ngo + w(l)Al + w%Ag + ngg,
dA1 = w(on + w%Al + wag
(cf. (4.39)). The point A; = F, is a single focus of a rectilinear generator L.
Exterior differentiation of equations (4.51) gives the following exterior quad-

ratic equations:
—25230)2 N wg + Abog A wg =0,

Abgsz A Wi + Absz Aws =0,
— (W4 Bwd) Awd + Aci Aws =0,
(W — c3wi) Awg =0,
where
Abaz = dbaz + bas(
Abzz = dbsz + bz

Ac3 = dci + A (w) — wi + wi —w3).

2 3 4 3
Wy — wi —wj + wi) — bazws,

oo oo

wd — 2w + wj) + bzac3w — bzaw?,

From equations (4.52) and (4.55), it follows that the forms w3 and w) are linear
combinations of the basis forms w3 and wj. Three cases are possible:

1) w9 Awd # 0. Because by (4.51), this implies that w) Aw? # 0, it follows
that the focus A; describes a two-dimensional focal surface G2. The tangent
plane to G2 at the point A; is Ta,(G) = A; A Ag A Az, and the straight line
L = Ag A A; is tangent to G? at A;.

2)
W AW =0. (4.56)

In this case, the point A; describes a focal line G', and the straight line
L = Ay A A; intersects this line G' at the point A;. The hypersurface X



156 4. MAIN STRUCTURE THEOREMS

foliates into a one-parameter family of two-dimensional cones and is a twisted
cone.

3) The osculating hyperplane of the curve G! is fixed.
We consider these three cases in detail.

1) We prove an existence theorem for this case applying the Cartan test
(see Section 1.2.6).

Theorem 4.11. Hypersurfaces X of rank two in the space P*, for which the
single focus of a rectilinear generator L describes a two-dimensional surface,
exist, and the general solution of the system defining such hypersurfaces de-
pends on one function of two variables. The direction Ay Ag is an asymptotic
direction on the surfaces G2, and the hypersurface X is formed by asymptotic
tangents to the surfaces G2.

Proof. On a hypersurface in question, the inequality w) Awj # 0 holds as well
as the exterior quadratic equations (4.52)—(4.55). The latter equations contain
five forms w3, Abgs, Absz, w?, and Ac? that are different from the basis forms
wi and wj. So, we have ¢ = 5.

The character s; of the system under investigation is equal to the number of
independent exterior quadratic equations (4.52)—(4.55). Thus, we have s; = 4.
As a result, the second character of the system is s = ¢ — s; = 1. Therefore,
the Cartan number Q = s1 + 2s5 = 6.

We now calculate the number of parameters on which the most general
integral element of the system under investigation depends. Applying Cartan’s
lemma to equations (4.52) and (4.53), we find that

3 _ 2 3
—2ba3ws = baoow® + bagzw?,

Abag = bazaw? + bazzw?, (4.57)
Absz = bzzow? + bazawp.
Because the coefficients of the basis forms on the right-hand sides of (4.57)
are symmetric with respect to the lower indices, the number of independent

coefficients on the right-hand sides of (4.57) is S; = 4.
Equation (4.55) implies that

W) = cAwd + Awd. (4.58)
We substitute this expression into equation (4.54). As a result, we obtain

—2(c3ws + Awi) Awi + Aci Aws = 0. (4.59)
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It follows from (4.59) that the 1-form Ac3 is a linear combination of the basis
forms. We write its expression in the form

Aci = pwi +vws. (4.60)

Because bo3 # 0, we can find the form wj from the first equation of system
(4.57). Substituting this expression and (4.60) into equation (4.59), we find
that

2
<c3bl)22323 — A)wg Awi + pwi Awd =0.
This implies that
3baa3
p=——"—\
bas

Thus, there are only two independent coefficients in decompositions (4.58) and
(4.60), Sy = 2.

As a result, we have S = S; + S5 = 6, and S = Q). Applying the Cartan
test, we conclude that the system under investigation is in involution, and its
general solution depends on one function of two variables. O

Next, we find the second fundamental forms of the two-dimensional focal
surface G2 of the hypersurface X with a degenerate Gauss map. To this end,
we compute

d?A; = (Wwd + wiwd) Az + wiws Ay (mod Ta, (G?)).

Thus, the second fundamental forms of G2 are

3_.03 2 3 g4 _ 2 4
7 = wjwy +wiwy, O] = wiws.

The direction A;Ag is defined on G5 by the equation wf = 0. By (4.51), this
equation is equivalent to the equation wi = 0. Thus, in this direction the
second fundamental forms ®3 and ®} vanish:

P2 =0 (modwy), ®] =0 (mod wd),
and the direction A; Ag is an asymptotic direction on the focal surface G2.

2) We prove the following existence theorem for the twisted cones.

Theorem 4.12. If condition (4.56) is satisfied, then the double focus Ay of
the generator Ag A\ Ay of the variety X describes the focal curve, and X is a
twisted cone. In the space P4, the twisted cones exist, and the general solution
of the system defining such cones depends on five functions of one variable.



158 4. MAIN STRUCTURE THEOREMS

Proof. In this case, the point A; describes the focal line G'. By (4.56), we
must enlarge the system of equations (4.51) by the equation

W =aws. (4.61)

Equation (4.61) is equivalent to equation (4.56). The 1-form wg is a basis form

on the focal line G*. By (4.61), equation (4.55) takes the form
wi Aws = 0.
This equation is equivalent to (4.56). It follows that
wi =bwp. (4.62)
Now equations (4.52) and (4.54) become
(Abgs + 2baz bwi) Awi = 0, (4.63)

(Acg + (a+ bcg) wz) A wg’ =0. (4.64)

Equation (4.53) remains the same.
Taking exterior derivatives of equations (4.61) and (4.62), we obtain the
exterior quadratic equations

(da + a(2w) — wi —w3) + Ewd +abw?) Awi =0, (4.65)

(db + b(wg — w3) + bagwi +bwd) Aws = 0. (4.66)

Now the system of exterior quadratic equations consists of equations (4.53),
(4.63)—(4.66). Thus, we have s; = 5. In addition to the basis forms w? and
w3, these exterior equations contain the forms Abag, Abss,

Ac3, Aa, and Ab, where

Aa = da + a(2w) — wi — wd) + cAwd (4.67)

and
Ab = db + b(w) — w3) + bazws.

The number of these forms is ¢ = 5. Thus, s = ¢ — s; = 0, and the Cartan
number @ = s; = 5. If we find the forms Abaz, Absz, AcZ, Aa, and Ab from
the system of equations (4.53), (4.63)—(4.66), we see that the most general
integral element of the system under investigation (i.e., the dimension S of the
space of integral elements over a point) depends on S = 5 parameters. Thus,
S = @, the system under investigation is in involution, and its general solution
depends on five functions of one variable. O
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Consider the focal curve G of the twisted cone X3 C P* described by the
point A;. We have

dAl = W%Al + (CgAQ + aAo) (-L)g.

The point Ay = ¢ A3 + aAg along with the point A; define a tangent line to
G'. Because 3 # 0, we can specialize our moving frame by locating its vertex
Ay at Ay and by normalizing the frame by means of the condition c3 =1 (see
Section 1.4). Then we obtain

dAl = W%Al + (US)AQ.

In addition, the conditions
a=0, c3=1

are satisfied. These conditions and equations (4.51), (4.61), (4.64), and (4.67)
imply that

wi=wy, W) =0, (4.68)
Ack = wd — wl 4+ w2 — Wl (4.69)
Aa = uS. (4.70)

After this specialization, the straight line A; A A5 becomes the tangent to
the focal line G*.
Now equations (4.64) and (4.65) take the form

(W —wi +w? —wd +bwd) Awd =0,
wI Awd =0.
It follows from the last equation that
wd = cuwd. (4.71)

Note also that equation (4.66) shows that because bas # 0, the quantity b
can be reduced to 0 by means of the form w3 (see Section 1.4). As a result,
equation (4.62) takes the form

ws =0, (4.72)
and because bag # 0, equation (4.66) becomes
winws =0. (4.73)

It follows from (4.73) that
wi = fuwd. (4.74)
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Differentiating the point A and applying (4.51), (4.71), and (4.72), we
obtain
dAy; = w%Ag + w%Al + (CAO + b23A4)w3.

The 2-plane o = Aj A Ay A (cAg + bazAy) is the osculating plane of the line G*
at the point A;.

We place the point A4 of our moving frame into the plane o and make a
normalization bs3 = 1. As a result, we have ¢ = 0 and

Wy =0, wy=uwd. (4.75)

Now, the plane « is defined as @ = A1 A As A Ay, and the differential of Ao
becomes
dA2 = UJ%AQ + w% A1 + wg’ A4.

Taking the exterior derivative of the first of two equations (4.75), we obtain
wi AWl =0,

and this implies that

wl =gwp. (4.76)

By means of equations (4.72) and (4.76), we find that
dAy = w§A4 + wiAl + wiAg + (fAs + gAop) wg. (4.77)
Equation (4.77) means that the 3-plane
B=A1ANAs N Ay A (fAs + gAo)

is the osculating hyperplane of the focal line G*.
Taking exterior derivatives of equations (4.74) and (4.76), we find the fol-
lowing exterior quadratic equations:

(df + f(wh —wi) Aw =0, (4.78)
and
(dg + g(2w) — wd —w}) — fwd) Awd = 0. (4.79)

Applying the analytic method of specialization of moving frames (see Section
1.4), we can prove that by means of the secondary forms wd — wj and w9, we

can reduce the quantities f and g to the following values:

lev gZO,
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As a result, equations (4.74) and (4.76) become

wi=wd wi=0, (4.80)

and the osculating hyperplane 3 of G becomes
B=A1 NAs N Ag N As.

Substituting the values f = 1 and g = 0 into equations (4.78) and (4.79),
we obtain
(W) —wh) Aws =0 (4.81)
and
wI AW =0. (4.82)
Note that equations (4.81) and (4.82) could also be obtained by exterior dif-
ferentiation of equations (4.80).

After this specialization, we obtain the following system of equations defin-
ing the twisted cones X in the space P4:

— 3 — 2
Wy =Wp, W3 =W,
2 3 3
Wy =wp, Wi =Y,
w) =0, wi=0, (4.83)
0 _ 4 _ 3
wy =0, w;=w"
wi =wd, wl=0.

Note that in addition to all specializations made earlier, in equations (4.83),
we also made a specialization bgz3 = 0 that can be achieved by means of the
secondary form wj — w3 (see the third equation in system (4.57), and the
expression for Absz on p. 155, where ¢2 = 1 and by3 = 1 as a result of the
specializations made on pp. 158 and 159).

Taking exterior derivatives of equations (4.83), we find the following exte-

rior quadratic equations:

(o - — i + ) A =0,

() — = + ) A + (w0 — ) A =0,

(W —wi +wi —wd) Awd =0, (4.84)
3

The exterior differentiation of the remaining five equations of system (4.83)
leads to identities.
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The system of equations (4.84) is equivalent to the system of equations
(4.53), (4.63)—(4.66) from which it is obtained as a result of specializations. For
the system of equations (4.84), as it was for the original system of equations
(4.53), (4.63)—(4.66), we have

q=>5, s1=5, s9=0 and Q@ =5=5.

The system is in involution, and its solution exists and depends on five func-
tions of one variable.
Formulas (4.83) and (4.84) allow us to prove the following theorem:

Theorem 4.13. A twisted cone X in the space P* foliates into a one-parameter
family of pencils of straight lines whose centers are located on its focal line G*
and whose planes are tangent to G*.

Proof. We consider the structure of the fiber cones of a twisted cone X C P%.
The fiber cones C' on X are defined by the system

wi =o. (4.85)
By (4.85) and (4.83), we have
dAg = ngo + wéAl + ngQ. (486)

It follows that the plane Ay A A1 A As is tangent to the fiber cone C' along its
generator L = Ag A A;. By (4.85) and (4.83), the differential of the point As
is

dA2 = W%Al + W%AQ, (487)

and by (4.85), we also have
dA; = wiA;. (4.88)

Equations (4.86), (4.87), and (4.88) prove that the tangent plane v = Ag A
Ay A As to the fiber cone C is fixed when the generator L = Ag A A; moves
along C. It follows that a fiber cone C' is simply a pencil of straight lines with
center at A; located at the plane ~. O

Note that in the example of Sacksteder—Bourgain hypersurface (see Section
3.4), we have seen the same situation as in Theorem 4.13. However, in Theorem
4.13 we proved this fact for the general case.

Now we prove the converse statement: A general smooth one-parameter
family of two-dimensional planes (t) in the space P* forms a three-dimensional
twisted cone X. In fact, such a family envelopes a curve G', whose point A is
the common point of the planes v(t) and (¢t + dt), i.e.,

A(t) = ~v(t) Nv(t + dt).
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The point A(t) and the plane ~y(t) define a pencil (A, v)(t) of straight lines with
center A(t) and plane «(¢). The set of these pencils forms a three-dimensional
ruled surface X with rectilinear generators L belonging to the pencils (A, y)(t).
Moreover, the tangent space T'(X) is constant along a rectilinear generator L.
Hence the rank of the variety X equals two.

Because the dimension of the Grassmannian G(2,4) of two-dimensional
planes in the space P* is equal to six (see Section 1.4, p. 42), one-parameter
family of such planes depends on five functions of one variable. This number
coincides with the arbitrariness of existence of twisted cones in P4 that we com-
puted earlier by investigating a system defining a twisted cone (see Theorem
4.12, p. 157).

3) Next we find under what condition a twisted cone becomes a twisted
cylinder. This condition is equivalent to a condition under which the osculating
hyperplane 3 of the focal curve G! is fixed, when the point A; moves along
G'. Because 5= A; A Ay A As A Ay and

dAs = ngo + wéAl + ngQ + w§A3 + w§A4,
the condition in question has the form
w§ =0. (4.89)

If we take the fixed osculating hyperplane 3 of G! as the hyperplane at infinity
H of the space P*, then P* becomes an affine space A%, Then the hypersur-
face X becomes a twisted cylinder X, which by Theorem 4.13, foliates into a
one-parameter family of planar pencils of parallel straight lines. The hypersur-
face X does not have singularities in the space A* and is a complete smooth
noncylindrical hypersurface of rank two.

It is easy to prove the existence of twisted cylinders in the space A%.

Theorem 4.14. Twisted cylinders in the space A* exist, and the general so-
lution of the system defining such cylinders depends on four functions of one
variable.

Proof. In fact, a twisted cylinder in A% is defined by the system of equations
(4.83) and (4.89). By (4.89), the last equation of system (4.84) becomes an
identity. Exterior differentiation of (4.89) leads to an identity too. Thus,
in the system of exterior quadratic equations (4.84), only four equations are
independent. Thus, s; = 4, and equations (4.84) contain only four 1-forms
that are different from the basis forms. Hence g = 4. Therefore,

So=q—581 =0, Q=351+ 28, =4.
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Equations (4.84) imply that S = 4. Because @) = S, the system is in involution,
and its general solution depends on four functions of one variable. O

In conclusion, we indicate a construction defining the general twisted cylin-
ders in the space A*. Let P? be an arbitrary hyperplane in the projective space
P*, and let G! be an arbitrary curve in P?. Consider a family of planes ~(t)
that are tangent to the curve G! but do not belong to P3, such that two in-
finitesimally close planes «(¢) and (¢t 4 dt) of this family do not belong to a
three-dimensional subspace of the space P4. Then these two planes have only
one common point A(t) = ~(t) N v(t + dt) belonging to G, and the planes
~(t) form a twisted cone in the space P4. If we take the hyperplane P? as the
hyperplane at infinity of P*, then the space P* becomes an affine space A%,
and a twisted cone formed by the planes v(t) becomes a twisted cylinder in
A*. Such a construction was considered by Akivis in his paper [A 87a].

4.4.4 The Case n = 3 (Continuation). In Section 3.2.5 we gave a
complete classification of three-dimensional varieties X of rank two with de-
generate Gauss maps in the case when each rectilinear generator L of X has
two different foci Fy and F,. We indicated there five classes a), b), c), d), and
e) of such varieties.

In this section we present a complete classification of three-dimensional
varieties X of rank two with degenerate Gauss maps in the case when each
rectilinear generator L of X has a double focus F} = F» = F.

If F, = F5 = F, then the following three cases are possible:

f) If a double focus F' describes a two-dimensional surface V2 = (F), then
V2 has a four-dimensional osculating subspace and bears one family of
asymptotic lines, and a variety X is a union of tangents to a family of
asymptotic lines of V2 (cf. Theorem 4.11, p. 155).

g) If a double focus G describes a space curve v = (F), then a variety X
is a twisted cone formed by plane pencils of straight lines whose centers
belong to the curve v and whose planes 7 are tangent to v (cf. Theorem
4.13, p. 161).

One can also say that in this case a variety X is a band, i.e., is the union
of planes 7 that are tangent (not osculating) planes to the curve v (the
support curve of the band). For definition of a band see the books [Bl 21]
(833) or [Bl 50] (§21) by Blaschke or the book [AG 93] (Section 7.6) by
Akivis and Goldberg.

h) If a double focus F' is fixed, then X is a cone with vertex F.
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4.5 Reducible Varieties with Degenerate
Gauss Maps

4.5.1 Some Definitions. We saw in Section 3.1.2 that the system of ma-
trices C, and B® are associated with a variety X with a degenerate Gauss
map of rank r. This system is said to be reducible if these matrices can be
simultaneously reduced to a block diagonal form:

C, = diag (Ca1, ..., C4s), B =diag (B*',..., B*), (4.90)

where Cyy and B*, ¢ = 1,..., s, are square matrices of orders r;, and 71 +79 +
...+ rs =r. If such a decomposition of matrices is not possible, the system of
matrices C, and B® is called irreducible. If 1y = ro = ... = r, = 1, then the
system of matrices C, and B? is called completely reducible.

A variety X with a degenerate Gauss map of rank r is said to be reducible,
irreducible, or completely reducible if for any values of parameters u € M,
the matrices C, and B® are reducible, irreducible, or completely reducible,
respectively.

4.5.2 The Structure of the Focal Images of Reducible Varieties
with Degenerate Gauss Maps. Equations (3.21) and (3.24) of focal images
of a variety X with a degenerate Gauss map of rank r imply the following
proposition describing the structure of the focus hypersurfaces F; and the
focus hypercones @, of a reducible variety X.

Proposition 4.15. Suppose that a variety X with a degenerate Gauss map of
rank r is reducible. Then each of its focus hypersurfaces Fr, C L decomposes
into s components Fy of dimension | — 1 each and degrees r1,73,...,7s, and
each of its focus hypercones ®, decomposes into s hypercones ®; of the same
degrees r1,79,...,7s; 11 + T2 + ...+ 15 = 1, and with the same vertex T. In
particular, if X is completely reducible, then a focus hypersurface Fy, decom-
poses into r hyperplanes, and a focus hypercone @, decomposes into r bundles
of hyperplanes with (n + 1)-dimensional azes.

Proof. We assume that the index ¢ takes only two values, t = 1,2, r = ry + 79,
and the indices p and ¢ have the following values:

plaq1:l+]—7"‘,l+rla P2;Q2:l+7”1+1,~~~ano

Then equations (3.11) and (3.4) become

p1 Priq1

P2 — P2 (42 a _ po q2
Wa canw ’ wpz bpzqzw !

WP = P T & = byl
{ ° aq (4.91)
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and the matrices C, and B® are reduced to the form

. Bal
co=( S " ), po= ")
0 Cuo 0 B2

C(al - (Cpl ) Bal = (ba )7

aqi P1q1

Caz = (22 ) B = (b, )

aqz P2q2

where

are irreducible matrices. As a result, the equation of the focus hypersurface
Fp, of a generator L takes the form

0Prxg + cPL 0
det a aa =0,

P2 -0 P2 02
0 oR2a’ 4 ch2

and the equation of the focus hypercone ®; with vertex Ty, takes the form

Sabpigy 0
0 gO‘bgzqz

det =0.

Thus the focus hypersurface F, decomposes into two (I — 1)-dimensional com-
ponents F; and F5 defined by the equations

Fy : det(68120 4 ¢by 1) = 0,
. 0 2 a2\ —
Fy : det(oh22” + cb7 x?2) = 0

of degrees r1 and 5.
The focus hypercone @, also decomposes into two components ¢, and ®,
defined by the equations

@y : det(£,02,,,)
@y : det(Eab

0,
0

SZQQ)

of degrees r; and 5.
The proof of Proposition 4.15 for any number of components is similar to
the above proof. O

4.5.3 The Structure Theorems for Reducible Varieties with
Degenerate Gauss Maps. In this subsection we prove the main theorems
of this section.
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Theorem 4.16. Suppose that a variety X is reducible and its matrices B
and Cy defined in (4.90) are of order ry, t =1,...,s. Then X is foliated into
s families of (I + r¢)-dimensional varieties of rank ry with I-dimensional plane
generators. For ry = 1, these varieties are torses, and for ry > 2, they are
irreducible varieties described in Theorem 4.4 and 4.5.

Proof. We again assume that the index ¢ takes only two values, ¢ = 1,2,
r =11 + 79, and the indices p and ¢ have the following values:

plaq1:l+]—7"',l+rla P2a(J2:l+7”1+17~~~777~

Then equations (3.11) and (3.4) become (4.91).
Exterior differentiation of equations (4.91) gives

Ve, Nw™ 4 (cia,wly — iy, 05) Aw™ =0, (4.92)
VO g AW — (b§2q2w;f + bz‘lslf)gé) Aw® =0, (4.93)
Vb2 Aw® + (coh wh? — c2,0:2) Aw? =0, (4.94)
Vb, 00 AW? — (b5 wph + b5, 052) Aw?t =0, (4.95)
where
Ve = defy, — cha,wa + Ca Wb — i, 04
nglth = dbzéuh + bzﬁnth w(ﬁl - b?ﬂh w;i - b10;1819;11’
vcg?h = dcg?h’ - Ci};z WZ + ngawgg - 02?92 03;’
Vb, g, = dby,q, + b§2q2wg — b wps — 05,6,053;

as earlier, we use the notation

P _ 4P _ 8P ,0 _ P o0
0) = wh — 6wy — b w”.

Consider the system of equations
wh =0 (4.96)
on the variety X. Its exterior differentiation gives
wP Agh =0, (4.97)

where 041 = wil — 681wy — cdt w®. Tt follows from (4.97) that the conditions
of complete integrability of equations (4.96) have the form

q1 _ 91 S2
QQQ - lquzw ’

(4.98)
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q1 = |11
where [}, =111, .

By (4.96), the system of equations (4.92) takes the form

(€32 WPt — P 951 ) A w? =0, (4.99)

iqa " S2 1517 g2

where ¢ = {0,a} and c‘gq = 0}. Suppose that the component Fy of the focus
hypersurface Fr, does not have multiple components. Assuming that [ > 1, we
write equations (4.99) for two different values of the index 4, for example, for
i = 0,1. Because the matrices (cf} ) and (ch2,) are not proportional, then it
follows from (4.99) that two terms occurring in (4.99) vanish separately. In
particular, this means that

o5 Aw® = 0. (4.100)

151 Q2

Because the number of linearly independent forms among the 1-forms w?*
connected with the basis forms by relations (4.91) is equal to the number of
linearly independent forms w? (i.e., it is equal to ry), then it follows from
(4.100) that

05 ANw® =0.

But the last equations coincide with equations (4.97) and are conditions of com-
plete integrability of (4.96). Thus, the variety X foliates into an r;-parameter
family of varieties of dimension [+ 79 and of rank r5, and these varieties belong
to the types described in Theorems 4.4 and 4.5.

In a similar way, one can prove the complete integrability of equations
w? = 0 on the variety X. Thus the variety X foliates also into an ro-parameter
family of varieties of dimension [ + r; and of rank r;.

By induction over s, we can prove the result, which we have proved for
s = 2 components, for the case of any number s of components. O

Note that the torsal varieties described in Theorem 4.3 are completely
reducible, and the varieties X described in Theorems 4.4 and 4.5 are irreducible
varieties.

The following theorem follows from Theorem 4.8 and the theorems proved
in Sections 4.1-4.2 and 4.4.

Theorem 4.17. Suppose that X is a variety with a degenerate Gauss map in
the space PV, dim X = n, rank X = r < n, for which all focus hypersurfaces
F1, have components F; of degree r* < r. Then X foliates into (r — r*)-
parameter family of varieties X* of dimension n* = r* 4+ 1, where l =n —r is
the dimension of plane generators of the variety X. Moreover,

a) If each of the focus hypersurfaces F¥ of a variety X* decomposes into r*
Y L Y
simple hyperplanes, then all varieties X* are torses.
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(b) Ifr* > 2 and the focus hypersurfaces F; of a variety X* do not decom-
pose, then all varieties X* are hypersurfaces in the space P™ 1, where
n*=r*4+1

(¢) Ifr* > 2 and the focus hypercones ®; of a variety X* do not decompose,
then all varieties X* are cones with (I — 1)-dimensional vertices.

(d) If Il =1, r* = 2, and each rectilinear generator of the variety X bears a
double focus F} describing an r-dimensional variety G in the space PV,
then G foliates into two-dimensional surfaces G*, and each G? bears a
one-parameter family of asymptotic lines. The variety X itself foliates
into three-dimensional varieties X* with degenerate Gauss maps of rank
two formed by the tangents to the asymptotic lines of the surfaces G2.

(e) If I = 1, r* = 2, and the rectilinear generators of the variety X bears
a double focus Ff describing an (r — 1)-dimensional variety G in the
space PV, then the variety X foliates into an (r — 2)-parameter family of
twisted cones of rank two formed by pencils of straight lines in the planes
tangent to the curves C C G.

Most likely, statements (d) and (e) can be generalized for the cases when
r* > 2.

Thus, Theorems 4.16 and 4.17 describe the structure of general varieties
with degenerate Gauss maps. As a result, these theorems are structure theo-
rems for such varieties.

Note that Theorem 4.17 does not cover varieties with degenerate Gauss
maps with multiple nonlinear components of their focal images.

This gives rise to the following problem (see Akivis and Goldberg [AG 01a)):

Problem. Construct an example of a variety X C PV (C) with a degenerate
Gauss map whose focal images have multiple nonlinear components or prove
that such varieties do not exist. It is assumed that the variety X itself does
not have multiple components.

4.6 Embedding Theorems for Varieties with
Degenerate Gauss Maps

4.6.1 The Embedding Theorem. In this section we prove the theorem for
varieties X with degenerate Gauss maps giving sufficient conditions for X to
be embedded into a subspace PM of the space PV, M < N. The dual theorem
gives sufficient conditions for X to be a cone.
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Theorem 4.18. Let X C PV be a variety with a degenerate Gauss map of
dimension n and rank r < n. Suppose that all matrices B* can be simul-
taneously diagonalized, B® = diag (By,). Suppose also that the rectangular
(rx (N —n))-matriz B = (by;,) composed from the eigenvalues of the matrices
B% has a rank vy < r — 1, and this rank is not reduced when we delete any
column of this matriz. Then the variety X belongs to a subspace P"t™ of the
space PN .

Proof. Under the conditions of Theorem 4.18, equations (3.4) takes the form

wy =bpwf, p=Il+1,....,n,a=n+1,...,N. (4.101)

The matrix B has only r; linearly independent rows. Thus by means of trans-
formations of the moving frame vertices located outside of the tangent subspace
Tr,, equations (4.101) can be reduced to the form

wz),‘ = b;‘pwp, wp =0, (4.102)

where A\ =n—+1,...,n4+7r, c =n+ry+1,...,N. The third of equations
(3.5) takes the form
dA, = ngo +wpds +wiAg + w;‘A,\,

and the points Ay together with the points Ao, A,, and A, define the osculating
subspace T# of the variety X for all points z € L. The dimension of T? is
n+ry, dim Tz =n-+r.

Differentiation of the points Ay gives

dAy =wSA, (mod T}), (4.103)

where \,p =n+1,...,n+7r;; o =n+r+1,...,N. If wP = 0, then the
osculating subspace T7 of X remains fixed. It follows from equations (4.103)
that the 1-forms w§ are expressed in terms of the basis forms w? of X, that is,

wg = I§,w". (4.104)

Taking exterior derivatives of the second group of equations (4.102), we
find that
wy Awl =0. (4.105)

Substituting the values of the 1-forms w;‘ and w{ from equations (4.102) and
(4.104) into equation (4.105), we find that

b;‘pw” AN IZw? = 0.
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In this equation the summation is carried over the indices A and ¢, but there
is no summation over the index p. It follows from these equations that

b3, =0, p#q. (4.106)

System (4.106) is a system of linear homogeneous equations with respect to
the unknown variables [§ . For each pair of the values o and g, system (4.106)
has the rank » — 1 and r; unknowns. Because ;1 < r — 1, under the conditions
of Theorem 4.18, the rank of the matrix of coefficients of this system is equal
to r1. As a result, the system has only the trivial solution I3, = 0. Thus,
equations (4.104) take the form

w) =0. (4.107)
It follows from (4.103) and (4.107) that the osculating subspace T? of X re-
mains fixed when L moves in X. Thus X C P"*1, O

Remark. If r; =7 and N > n + r, then the osculating subspace T? of X
can move in PV when L moves in X. In this case the variety X is torsal.

Theorem 4.18 generalizes Theorem 2.1 proved in Section 2.2. The latter is
similar to Theorem 3.10 from the book [AG 93] by Akivis and Goldberg and
was proved in [AG 93] for varieties of a space PV bearing a net of conjugate
lines. As we noted in Chapter 2, this theorem generalizes a similar theorem
of C. Segre (see [SegC 07], p. 571) proved for varieties X of dimension n of
the space PV, which has at each point € X the osculating subspace T? of
dimension n 4+ 1. By this theorem, a variety X either belongs to a subspace
P+ or is a torse.

4.6.2 A Sufficient Condition for a Variety with a Degenerate
Gauss Map to be a Cone. The theorem dual to Theorem 4.18 is also
valid and gives a sufficient condition for a variety with a degenerate Gauss
map to be a cone.

Theorem 4.19. Let X C PN be an n-dimensional variety with a degenerate
Gauss map of rank r < n. Suppose that all matrices C, can be simultane-
ously diagonalized, C, = diag (ch,). Suppose also that the rectangular (r x 1)-
matriz C = (ch,) composed from the eigenvalues of the matrices C, has a rank
ro < r —1, and this rank is not reduced when we delete any column of this
matriz. Then the variety X is a cone with an (I — ro)-dimensional vertex K, .

Proof. The proof of this theorem is similar to the proof of Theorem 4.18. [



172 4. THE MAIN STRUCTURE THEOREMS

NOTES

4.1-4.2. The basic types of varieties with degenerate Gauss maps (torsal va-
rieties, hypersurfaces, and cones) were considered in the recent paper [AG 0la] by
Akivis and Goldberg. Note that the hypersurfaces with degenerate Gauss maps as a
basic type were omitted in the paper [GH 79] by Griffiths and Harris.

The results presented in Example 4.6 are due to Safaryan [Saf 70] (see also Section
4.6 of the book [AG 93] by Akivis and Goldberg).

4.3. Hartman and Nirenberg indicated in [HN 59]: “A similar result under
weaker differentiability hypotheses has been stated for n = 2 by Pogorelov” (see
[P 56a, 56b]). For E*, the results of [HN 59] were developed further by Stocker (see
[Sto 61, 69]).

In recent papers (see, for example, Ishikawa’s papers [I 99a, 99b]) the authors
state the Hartman—Nirenberg cylinder theorem by saying that “a properly embedded
developable hypersurface in BT of rank (v) < 1 is necessarily a cylinder.” A similar
result is known for a complex Euclidean space C"*! (see the paper by Abe [Ab 72];
see also the survey [Bor 97] by Borisenko).

Note that an affine cylinder theorem in other formulations was presented in the
paper [NP 87] by Nomizu and Pinkall (see also the book [NS 94] by Nomizu and
Sasaki) and in the papers [O 95, 96, 98] by Opozda. Their affine cylinder theorems
give sufficient conditions for a hypersurface (i.e., a variety of codimension one) X in
A™"! to be a cylinder erected over a curve with (n — 1)-dimensional plane generators.
Our affine cylinder theorem (Theorem 4.10) gives sufficient conditions for a variety X
of any codimension and any rank r, 2 <r <n—1,in AY, N—n > 2, to be a cylinder
erected over a submanifold of dimension r and rank r with (n —r)-dimensional plane
generators. In the recent papers [Pio 01, 02a, 02b], Piontkowski considered in Py
complete varieties with degenerate Gauss maps with rank equal to two, three, and
four and with all singularities located at a hyperplane at infinity. In particular, as an
extreme case, he obtained an affine cylinder theorem for varieties of rank one and any
codimension. So our affine cylinder theorem for varieties of codimension greater than
two and rank r > 2 complements substantially all previously known affine cylinder
theorems that were for hypersurfaces of rank one.

4.4. In subsections 4.4.1-4.4.3 we follow the paper [AG 03b] by Akivis and
Goldberg.

Recently Wu and F. Zheng [WZ 02] considered a variety X of dimension n with a
degenerate Gauss map in the complex Euclidean space CY and proved that if r < 4
or r = n — 1, then X is a twisted cylinder, i.e., it is foliated by cylinders (which
reduce to (n — 1)-planes when r = 2) whose generators are level sets of the Gauss
map. This was conjectured by Vitter [V 79] for any value of r (and proved by him
for » = 2), but the authors give counterexamples showing that it fails to be true for
r=25.

As we indicated in the Notes to Chapter 3, a classification of three-dimensional
varieties with degenerate Gauss maps was presented in the papers [Rog 97] by Rogora
and [MT 02a] by Mezzetti and Tommasi. In particular, in these papers, the varieties
of the class g) were described as bands (although Rogora did not use this term). The
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description of a variety of this class as a twisted cone appeared in this book for the
first time.
4.5—4.6. In these sections we follow the paper [AG 0la] by Akivis and Goldberg.
The problem at the end of Section 4.5 was posed by Akivis and Goldberg in their
paper [AG 0la]. In the recent preprint [MT 02c], Mezzetti and Tommasi constructed
a series of examples of varieties that solve the problem.
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Chapter 5

Further Examples and
Applications of the Theory
of Varieties with
Degenerate Gauss Maps

In Section 5.1, we define the de Sitter space, prove that lightlike hypersurfaces in such a space
have degenerate Gauss maps, that their rank » < n — 1, and that there are singular points
and singular submanifolds on them. We classify singular points and describe the structure
of lightlike hypersurfaces carrying singular points of different types. Moreover, we establish
the connection of this classification with that of canal hypersurfaces of the conformal space.
The cases of maximal rank » = n—1 and of reduced rank » < n—1 are considered separately.
In Section 5.2, we establish a relation of the theory of varieties with degenerate Gauss maps
in projective spaces with the theory of congruences and pseudocongruences of subspaces and
show how these two theories can be applied to the construction of induced connections on
submanifolds of projective spaces and other spaces endowed with a projective structure. In
Section 5.3, we consider smooth lines on projective planes over the complete matrix algebra
M of order two, the algebra C of complex numbers, the algebra C! of double numbers, and
the algebra C° of dual numbers. For the algebras C,C!, and C°, in the space RP%, to these
smooth lines there correspond families of straight lines describing three-dimensional point
varieties X3 with degenerate Gauss maps of rank 7 < 2. We prove that they represent
examples of different types of varieties X3 with degenerate Gauss maps. Namely, the variety
X3, corresponding in RP® to a smooth line I' C CP2, does not have real singular points, the
variety X3, corresponding in RP® to a smooth line I' C C'P2, bears two plane singular lines,
and finally the variety X3, corresponding in RP® to a smooth line I' C COP2, bears one double
singular line. In the last case, the variety X3 is a generalization of Sacksteder-Bourgain’s
hypersurfaces with degenerate Gauss maps without singularities in the Euclidean space E%.
We define the notion of the curvature of a smooth line in the plane AP?, A = C,C!, C°, and
we prove that in all three cases, the rank of X3 equals the rank of the curvature of the line T

175
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5.1 Lightlike Hypersurfaces in the de Sitter
Space and Their Focal Properties

5.1.1 Lightlike Hypersurfaces and Physics. It is well known that the
pseudo-Riemannian manifolds (M, g) of Lorentzian signature play a special
role in geometry and physics and that they are models of spacetime of general
relativity. At the tangent space T, of an arbitrary point x of such a manifold,
one can invariantly define a real isotropic cone C,. From the point of view of
physics, this cone is the light cone: trajectories of light impulses emanating
from the point z are tangent to this cone.

An (n + 1)-dimensional Riemannian manifold(M, g) is called Lorentzian if
its metric tensor g has the signature (n,1). Hypersurfaces of a Lorentzian
manifold (M, g) can be of three types: spacelike, timelike, and lightlike (see,
for example, the books [ON 83] by O’Neill or [AG 96] by Akivis and Goldberg).

The tangent hyperplane to a spacelike hypersurface X,dim X = n, of a
Lorentzian manifold (M, g) at any point does not have real common points
with the light cone C,. This implies that on X a proper Riemannian metric
is induced. The tangent hyperplane to a timelike hypersurface X at any point
intersects the light cone C, along an (n — 1)-dimensional cone. This implies
that on X a pseudo-Riemannian metric of Lorentzian signature (n — 1,1) is
induced. Finally, the tangent hyperplane to a lightlike hypersurface X at any
point is tangent to the light cones C,. This implies that on X a degenerate
Riemannian metric signature (n — 1,0) is induced.

A Lorentzian manifold of constant positive curvature is called the de Sitter
space. The de Sitter space S’f“ admits a realization on the exterior of an
n-dimensional oval hyperquadric Q™ of a projective space P"*!. Thus the de
Sitter space is isometric to a pseudoelliptic space, S’f“ ~ ext Q. Because
the interior of the hyperquadric Q™ is isometric to the hyperbolic geometry of
the Lobachevsky space H**!, H"t! ~ int Q™ and the geometry of Q" itself
is equivalent to that of an n-dimensional conformal space C™, C" ~ @Q", the
groups of motions of these three spaces are isomorphic to each other and are
isomorphic to the group SO(n + 2, 1) of rotations of a pseudo-Euclidean space
E’f” of Lorentzian signature. This allows us to apply the apparatus developed
in the book [AG 96] by Akivis and Goldberg for the conformal space C™ to
the study of the de Sitter space.

As we will show in this section, lightlike varieties in the de Sitter space are
varieties with degenerate Gauss maps. For this reason we study them in this
book. From the point of view of physics, lightlike hypersurfaces are of great
importance because they are models of different types of horizons studied in
general relativity: event horizons, Cauchy’s horizons, Kruskal’s horizons (see
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the books [Ch 83] by Chandrasekhar and [MTW 73] by Misner, Thorpe, and
Wheeler). This is why the study of geometric structure of lightlike hypersur-
faces is of interest.

5.1.2 The de Sitter Space. In a projective space P"*! of dimension
n + 1, we consider an oval hyperquadric Q™. Let x be a point of the space
P *! with projective coordinates (z°,z!,...,2""1). The hyperquadric Q™ is
determined by the equations

(z,x) := ggnxéx":Q E&En=0,...,n+1, (5.1)

whose left-hand side is a quadratic form (z,z) of signature (n + 1,1). The
hyperquadric Q™ divides the space P**! into two parts, external and internal.
We normalize the quadratic form (z, z) in such a way that for the points of the
external part the inequality (z,z) > 0 holds. This external domain is a model
of the de Sitter space i+ (see, for example, Y. Zheng [Z 96]). We identify
the external domain of Q™ with the space S?H. The hyperquadric Q™ is the
absolute of the space ST

On the hyperquadric Q™ of the space P"*!, the geometry of a conformal
space C™ is realized. The bijective mapping C" < Q" is called the Darbouz
mapping, and the hyperquadric Q™ itself is called the Darboux hyperquadric.

Figure 5.1

The Darboux mapping sends hyperspheres of the space C™ to cross sections
of the hyperquadric Q™ by hyperplanes . It also sends a hyperplane £ to a
point x that is polar-conjugate to & with respect to Q™ and lies outside of Q™,
that is, a point of the space 1! (see Figure 5.1). Thus, points of the space
S?H correspond to hyperspheres of the space C™.

Let x be an arbitrary point of the space S?H. The tangent lines from the
point x to the hyperquadric Q™ form a second-order cone C, with vertex at
the point . This cone is called the isotropic cone. For spacetime, whose model
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is the space ST“, this cone is the light cone, and its generators are lines of
propagation of light impulses whose source coincides with point z.

The cone C, divides all straight lines passing through the point z into
spacelike (not having common points with the hyperquadric Q™), timelike (in-
tersecting Q™ in two different points), and lightlike (tangent to Q™) straight
lines. The lightlike straight lines are generators of the cone C,.

A spacelike straight line I C S?“ corresponds to an elliptic pencil of hy-
perspheres in the conformal space C™. All hyperspheres of this pencil pass
through a common (n — 2)-sphere S"~2 (the center of this pencil). The sphere
S™=2 is the intersection of the hyperquadric Q™ and the (n — 1)-dimensional
subspace of the space P*t! that is polar-conjugate to the line ! with respect
to the hyperquadric Q".

A timelike straight line [ C S?H corresponds to a hyperbolic pencil of
hyperspheres in the space C™. Two arbitrary hyperspheres of this pencil do
not have common points, and the pencil contains two hyperspheres of zero
radius that correspond to the points of intersection of the straight line [ and
the hyperquadric Q™.

Finally, a lightlike straight line [ C S?H corresponds to a parabolic pencil
of hyperspheres in the space C" consisting of hyperspheres tangent to each
other at a point that is a unique hypersphere of zero radius belonging to this
pencil.

Hyperplanes of the space are also divided into three types. Spacelike
hyperplanes do not have common points with the hyperquadric Q™; a timelike
hyperplane intersects Q™ along a real hypersphere; and lightlike hyperplanes
are tangent to Q™. Subspaces of any dimension r, 2 < r < n — 1, can be
classified in a similar manner.

Let us apply the method of moving frames to study some questions of dif-
ferential geometry of the space S?H. With a point x € S?H we associate
a family of projective frames {Ag, A1,..., Ap41}. In order to apply formulas
derived in the book [AG 96] by Akivis and Goldberg, we will use the nota-
tions used in that book. Namely, we denote by A, the vertex of the moving
frame that coincides with the point x, A,, = z; we locate the vertices Ag, 4;
i=1,...,n—1,, and A, at the hyperplane £ that is polar-conjugate to the
point x with respect to the hyperquadric Q™, and we assume that the points
Ag and A, ;1 lie on the hypersphere S"~1 = Q" N ¢, and the points A; are
polar-conjugate to the straight line Ag A A,, 1 with respect to S”~!. Because
(xz,z) > 0, we can normalize the point A,, by the condition (4,, A,) = 1. The
points Ag and A, 11 are not polar-conjugate with respect to the hyperquadric
Q". Hence we can normalize them by the condition (4g, Ap+1) = —1. As a
result, the matrix of scalar products of the frame elements has the form

n+1
S1
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0 0 0 -1
(Ag, A,) = gg%? 87 ij=1,..n-1, (52
1 00 0
and the quadratic form (z,x) takes the form
(z,2) = gijr'e? + (2™)? — 2202" (5.3)

The quadratic form g;;z°2? occurring in (5.3) is positive definite.
The equations of infinitesimal displacement of the conformal frame {A¢},
£=0,1,...,n+ 1, we have constructed, have the form

dAgzngn, &En=0,1,...,n+1, (5.4)

where by (5.2), the 1-forms wg satisfy the following Pfaffian equations:

witt =Wl | =0, w +wlitl =0,

W?H = gingv wp = 9ijwi+1v

wntt —n =0, wl —wl =0, (5.5)
gijwi; +wi =0, wl =0,

dgij = gjew} + gikwf~

These formulas are precisely the formulas derived in the book [AG 96] (see p.
32) by Akivis and Goldberg for the conformal space C™.
It follows from (5.4) that

dA, = Wl Ag + Wi A; + Wi AL (5.6)

The differential dA,, belongs to the tangent space T, (S7'), and the 1-forms
WY Wi and wt! form a coframe of this space. The total number of these forms
is n4 1, and this number coincides with the dimension of T, (S7""). The scalar
square of the differential dA,, is the metric quadratic form g on the manifold

ST By (5.2), this quadratic form § can be written as
g = (dA,,dA,) = gijwiw! — 2wl tt,

Because the first term of this expression is a positive definite quadratic form,
the form g is of Lorentzian signature (n,1). The coefficients of the form g
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produce the metric tensor of the space S?H whose matrix is obtained from
the matrix (5.2) by deleting the nth row and the nth column.

The quadratic form g defines on S?H a pseudo-Riemannian metric of signa-
ture (n,1). The isotropic cone defined in the space T, (S} 1) by the equation
g = 0 coincides with the cone C, that we defined earlier in the space ST
geometrically.

The 1-forms wg occurring in equations (5.4) satisfy the structure equations
of the space C™:

dwf = wg Awl, (5.7)
which are obtained by taking exterior derivatives of equations (5.4) and which
are conditions of complete integrability of (5.4). The forms w, are invariant
forms of the fundamental group PO(n + 2,1) of transformations of the spaces
H*+ C™, and S7H which is locally isomorphic to the group SO(n + 2, 1).

Let us write equations (5.7) for the 1-forms w?, w?, and W™ making up a
coframe of the space T;(S7™!) in more detail:

0 _— 0 A 00 i 0

dw, = w, Awy+ w;, Aw;,

dwi, = wp Awh+ W Awh +wptt AW, (5.8)
n+l _ ) n+1 n+1 n+1

dwl ™t = wy Aw " Fwp T Awp T

The last equations can be written in the matrix form as follows:
df = —-w A0, (5.9)

where 6 = (w¥),u = 0,4, n+1, is the column matrix with its values in the vector
space TJE(S?H)7 and w = (W¥),u,v = 0,i,n + 1, is a square matrix of order
n+ 1 with values in the Lie algebra of the group of admissible transformations
of coframes of the space T, (S7*!). The form w is the connection form of the

space ST, In detail this form can be written as

wd Wl 0
— i J i
w=\| wy w whit |- (5.10)
n+1 n+1
0w Wnt1

By (5.5), in this matrix, only the forms in the upper-left corner, which form
an n X nm-matrix, are linearly independent.

Next we find the curvature form and the curvature tensor of the space ST+
To this end, we take exterior derivative of the connection form w, more pre-
cisely, of its independent part. Applying equations (5.7), we find the following
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components of the curvature form:

Q) = dwd — Wi Awd =W AWY,

Qb = dw — wo/\wofwo/\w *wZJrl/\wa, (5.11)
Q) = dw) — W) AW — ! /\w = —gijwl Aw?,

Q) = dw} — w9 A wh —wj Awt — ;LH AW = —gjrwh Awi.
But the general expression of the curvature form of an (n + 1)-dimensional

pseudo-Riemannian space with a coframe w?, w?, and wn*! is

QA =dw? — Wi Aw] = Rr wh A w, (5.12)

suv TL n?

where 7, s,t,u,v =0,1,...,n—1,n+1 (see, for example, Wolf [W 77]). Com-
paring equations (5.11) and (5.12), we find that

Qg = w:l A gsvw:)y (513)
It follows from (5.13) that
R;uv = 5;9871 - 5ngua (514)

where (gs,) is the matrix of coefficients of the quadratic form (5.3). But this
means that the space S’f“ is a pseudo-Riemannian space of constant positive
curvature K = 1. The Ricci tensor of this space has the form

Ry, = RS, = Ngsy. (5.15)

This confirms that the space S?H, as any pseudo-Riemannian space of constant
curvature, is the Einstein space.

Thus by means of the method of moving frame we proved the following
well-known theorem (see, for example, Wolf [W 77]).

Theorem 5.1. The de Sitter space, whose model is the domain of a projective
space P" L lying outside of an oval hyperquadric Q™, is a pseudo-Riemannian
space of Lorentzian signature (n,1) and of constant positive curvature K = 1.
This space is homogeneous, and its fundamental group PO(n + 2,1) is locally
isomorphic to the special orthogonal group SO(n + 2,1).

5.1.3 Lightlike Hypersurfaces in the de Sitter Space. A hypersurface
X, dim X = n, in the de Sitter space S?H is said to be lightlike if all its tangent
hyperplanes are lightlike, that is, they are tangent to the hyperquadric Q",
which is the absolute of the space S}+.
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Denote by x an arbitrary point of the hypersurface X, by 1 the tangent
hyperplane to X at the point z,7 = T,(X), and by y the point of tangency
of the hyperplane n with the hyperquadric Q™ (see Figure 5.2). Next, as
in Section 5.1.1, denote by & the hyperplane that is polar-conjugate to the
point x with respect to the hyperquadric @™, and associate with a point
z a family of projective frames such that x = A,, y = Ay, the points A;,
i = 1,...,n — 1, belong to the intersection of the hyperplanes £ and 7,
A;eénm, and the point A,,41, as well as the point Ag, belong to the straight
line that is polar-conjugate to the (n — 2)-dimensional subspace spanned by
the points A;. In addition, we normalize the frame vertices in the same way as
this was done in Section 5.1.2. Then the matrix of scalar products of the frame
elements has the form (5.2), and the components of infinitesimal displacements
of the moving frame satisfy the Pfaffian equations (5.5).

Figure 5.2

Because the hyperplane 7 is tangent to the hypersurface X at the point

x = A, and does not contain the point A, i, the differential of the point
x = A,, has the form

dA, = wd Ay + Wi A;, (5.16)

the following equation holds:
Wit =, (5.17)

and the forms w and w!, are basis forms of the hypersurface X.
By relations (5.5), it follows from equation (5.17) that

Wi =0 (5.18)

and .
dAg = w)Ag + Wi A;. (5.19)

Taking the exterior derivative of equation (5.17), we obtain

wy, /\w"‘H =0.
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Because the forms w! are linearly independent, by Cartan’s lemma, we find
from the last equation that

n+1l __ j _
w; = Vingu Vij = Vjj- (520)

Applying an appropriate formula from (5.5), we find that
wh = gijw;‘+1 = g™l (5.21)
where (%) is the inverse matrix of the matrix (g;;).

Note that if w! = 0, then by (5.20), w?“ = 0, and by (5.5), wi = 0.
Now formulas (5.16) and (5.19) show that for w?, = 0, the isotropic straight
line A,Ag is fixed, and hence X is a ruled hypersurface. In what follows, we
assume that the entire straight line A,, A Ag belongs to the hypersurface X.

Thus the following theorem holds.

Theorem 5.2. A lightlike hypersurface X of the de Sitter space S’f+1 bears
an (n — 1)-parameter family of rectilinear generators | = A, A Ag C ST that
are tangent to the absolute QQ of this space at the points Ag.

The rectilinear generators | = A, A Ag forms on the hypersurface X a
foliation (not a fibration), because, as we will show, each of them carries
r < n— 1 singular points (if each is counted as many times as its multiplicity),
and this foliation is not locally trivial.

Next, we prove the following theorem.

Theorem 5.3. A lightlike hypersurface X of the de Sitter space S’f“ s a
ruled hypersurface with a degenerate Gauss map v : X — G(n,n + 1) whose
rank is equal to the dimension of the variety Y described by the point Ay on
the hyperquadric Q™.

Proof. Formulas (5.16) and (5.19) show that at any point of a generator of
the hypersurface X, its tangent hyperplane is fixed and coincides with the
hyperplane 7. Thus X is a hypersurface with a degenerate Gauss map.

From relations (5.16) and (5.19) it follows that the tangent hyperplane 7 of
the hypersurface X along its generator A, Ag is determined by this generator
and the points A;,

n:An/\AO/\Al/\~-~/\An71-

The displacement of this hyperplane is determined by the differentials (5.16),
(5.19), and '
dA; = w) Ag + wlA;j+wl'A, + w?+1An+1.

+1

But by (5.5), w' = —g;;w}, and the forms w]"" are expressed according to

formulas (5.50). From formulas (5.20) and (5.21) it follows that the rank of
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the hypersurface X is determined by the rank of the matrix (v;;) in terms of
which the 1-forms w™! and wj are expressed. But by (5.19) and (5.21), the
dimension of the variety Y described by the point Ay on the hyperquadric Q™
is also equal to the rank of the matrix (1;;). O

Denote the rank of the tensor v;;, which is equal to the rank of the hyper-
surface X, by r. In this and following sections we will assume that r =n — 1,
and the case r < n — 1 will be considered in Section 5.1.4.

For r = n — 1, the hypersurface X carries an (n — 1)-parameter family of
isotropic rectilinear generators L = A,,A Ay along which the tangent hyperplane
T,.(X) is fixed. From the point of view of physics, the isotropic rectilinear
generators of a lightlike hypersurface X are trajectories of light impulses, and
the hypersurface X itself represents a light fluz in spacetime.

Because rank (v;;) = n — 1, the variety ¥ described by the point Ay on
the hyperquadric @™ has dimension n — 1, that is, Y is a hypersurface in
Q", dimY = n — 1. The tangent subspace T4,(Y) to Y is determined by the
points Ag, A1, ..., A,—1. Because (4, A;) = 0, this tangent subspace is polar-
conjugate to the rectilinear generator A, A Ag of the lightlike hypersurface
X.

The variety Y of the hyperquadric Q™ is the image of a hypersurface of the
conformal space C™ under the Darboux mapping. We will denote this hyper-
surface also by Y. In the space C", the hypersurface Y is defined by equation
(5.18) which by (5.5) is equivalent to equation (5.17) defining a lightlike hy-
persurface X in the space S?H. To the rectilinear generator A, A Ag of the
hypersurface X, there corresponds a parabolic pencil of hyperspheres A,, +sAg
tangent to the hypersurface Y (see the book [AG 96] by Akivis and Goldberg,
p. 40). Thus the following theorem is valid.

Theorem 5.4. There exists a one-to-one correspondence between the set of
hypersurfaces of the conformal space C™ and the set of lightlike hypersurfaces
of the mazximal rank r = n — 1 of the de Sitter space S’f+1. To the pencils
of tangent hyperspheres of the hypersurface Y there correspond the isotropic
rectilinear generators of the lightlike hypersurface X .

Note that for lightlike hypersurfaces of the four-dimensional Minkowski
space M* the result similar to the result of Theorem 5.4 was obtained by
Kossowski in [Kos 89].

5.1.4 Singular Points of Lightlike Hypersurfaces in the de Sitter
Space. Suppose that the hypersurface X has the maximal rank r = n — 1.
This implies that X bears rectilinear generators L = A, A Ag. Taking exterior
derivative of equations (5.18) defining the hypersurface Y in the conformal
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space C™, we obtain 4
wh Awl =0,
from which by linear independence of the 1-forms w§ on Y and Cartan’s lemma
we find that 4
w? = bing), bij = bji. (5.22)
It is not difficult to find relations between the coefficients v;; in formulas
(5.20) and b;; in formulas (5.22). Substituting the values of the forms w] and
w} from (5.5) into (5.22), we find that

i ik, n+1
—gijwn, = bijg’ Wi
Solving these equations for wzﬂ, we obtain
n+1 kl j
w; = —gib" gijwy,,

where (b*!) is the inverse matrix of the matrix (b;;). Comparing these equations
with equations (5.20), we obtain

Vij = —gikbklglj. (523)

Of course, in this computation we assumed that the matrix (b;;) is nondegen-
erate.
Consider the point
z= A, + s (5.24)

on the rectilinear generator L = A,, A Ay of the hypersurface X. Differentiating
this point and applying formulas (5.16) and (5.19), we obtain

dz = (ds + sw) + w2) Ag + (Wi + swh) A;. (5.25)
By (5.5) and (5.22), we have
wh, = g% wf = =gy
As a result, formula (5.25) becomes
dz = (ds + swy + w2)Ag — g™ (br; — sgij)wh As. (5.26)

The differential dz is the differential of the Gauss map v : X — G(n,n+1)
that was considered in Theorem 5.2. The linearly independent forms wf are
basis forms on the parametric manifold M™~1, and the form § = ds + sw§ +w?
is a basis form on the line I. Thus the matrix

0 b
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where IA); = g'* (byj — sgk;), is the Jacobi matrix of this mapping.

By (5.26), the tangent subspace T,(X) to the hypersurface X at the point
z is determined by the points z, Ag, and B;AZ Thus the point z is a reqular
point of the hypersurface X if and only if

det(bij - Sgij) 7é 0.

In particular, the condition det(b;;) # 0 is necessary and sufficient for the point
A, € L =A, A Ag to be regular.
The equation
det(bij - Sgij) =0 (527)

defines singular points on the rectilinear generator L of the hypersurface X.
This equation is the characteristic equation of the matrix (b;;) with respect
to the matrix (g;;). Because the matrices (b;;) and (g;;) are both symmetric,
and (g;;) defines the positive definite quadratic form g and is of rank n — 1,
equation (5.27) has n — 1 real roots if each is counted as many times as its
multiplicity. Thus each rectilinear generator A, A Ag of a lightlike hypersurface
X carries n — 1 real singular points.

From the point of view of geometric optics, the singular points are the
points of condensation of light rays on a lightlike hypersurface X, i.e., they are
foci, and the varieties defined by them in the space S’f“ are the focal varieties,
or the caustics, on X (cf. Example 3.5 on p. 103).

Denote the roots of the characteristic equation (5.27) by sp,h = 1,2,...,
n — 1. Then the foci on the rectilinear generator A, A Ay corresponding to
these roots can be written in the form

F, = A, + s,Ap. (528)

It is clear from (5.28) that the point Ay is not a focus of the rectilinear
generator A, A Ag. This is explained by the fact that by our assumption
rank (v;;) = n — 1, and by (5.21), on the hyperquadric @™ the point Ay
describes a hypersurface Y that is transversal to the straight lines A,, A Ap.

In the conformal theory of hypersurfaces, to the singular points Fj,, there
correspond the tangent hyperspheres defining the principal directions at a point
Ap of the hypersurface Y of the conformal space C™ (see p. 55 in the book
[AG 96] by Akivis and Goldberg).

We now construct a classification of singular points of a lightlike hyper-
surface X of the space S?H. We will use some computations made in the paper
Akivis and Goldberg [AG 98a] in which a classification of canal hypersurfaces
was constructed.
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Suppose first that F; = A,, + s1Ag is a singular point defined by a simple
root s; of characteristic equation (5.27), s; # sp,h = 2,...,n — 1. For this
singular point we have

dFy = (d51 + slwg + wg)Ao - I;;wg)AZ, (529)

where

i); = gik(bkj — Slgkj) (530)
is a degenerate symmetric affinor having a single null eigenvalue. The matrix
of this affinor can be reduced to a quasidiagonal form

(000
(bj)<0 Bg)’ (5.31)

where p,qg=2,...,n— 1, and (Bg) is a nondegenerate symmetric affinor. The
matrices (g;;) and (b;; — s1g;;) are reduced to the forms

1 0 0 0
and . ,
0 9pq 0 bpq

where (bpg) = (bpg — S10p¢) is a nondegenerate symmetric matrix.
Because the point F} is defined invariantly on the generator A, A Ay, it is
fixed if wi = 0. Thus it follows from (5.29) that

dsy + sjwg + W = s, (5.32)

here and in what follows w® = wi. By (5.31) and (5.32), relation (5.29) takes
the form R
dF; = suwle + (SlpAo - bf,Aq)wp. (533)

Here the points C), = s1,40 — l;gAq are linearly independent and belong to the
tangent subspace T, (X).

Consider the variety F; described by the singular point F; in the space
S?‘H. This variety is called the focal variety of the hypersurface X. Relation
(5.33) shows that two cases are possible:

1) s11 # 0. In this case the variety F is of dimension n— 1, and its tangent
subspace at the point F} is determined by the points Fy, Ag, and C,. This
subspace contains the straight line A, A Ay and intersects the hyperquadric
Q". Thus this subspace, as well as the variety F; itself, is timelike. For w? = 0,
the point Fj describes a curve y on the variety F7, which is tangent to the
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straight line F; A Ag coinciding with the generator A, A A of the hypersurface
X. The curve « is an isotropic curve on the variety F;. Thus on F; there
arises a fiber bundle of focal lines. The hypersurface X foliates into an (n —2)-
parameter family of torses for which these lines are edges of regressions. The
points Fi are singular points of a kind called a fold.

If the characteristic equation (5.27) has distinct roots, then an isotropic
rectilinear generator [ of a lightlike hypersurface X carries n — 1 distinct foci
Frn,h=1,...,n—1. If for each of these foci the condition of type s11 # 0 holds,
then each of them describes a focal variety Fj, of dimension n — 1 carrying a
conjugate net. Curves of one family of this net are tangent to the straight lines
[, and this family is isotropic. On the hypersurface Y of the space C"™ = Q"
described by the point Ag, the net of curvature lines corresponds to these
conjugate nets.

2) s11 = 0. In this case, relation (5.33) takes the form
dFy = (s1pAg — b1A,)wP, (5.34)

and the focal variety Fi is of dimension n — 2. Its tangent subspace at the
point Fy is determined by the points 7 and Cp. An arbitrary point z of this
subspace can be written in the form

z=2"F1 + 2°Cp = 2" (A, + s140) + 2P (s1p40 — BZAQ).
Substituting the coordinates of this point into relation (5.3), we find that
(2,2) = grsl;;?)flzpzq +(z")?% > 0.

It follows that the tangent subspace Tr, (F1) does not have common points
with the hyperquadric Q™, that is, it is spacelike. Because this takes place for
any point F; € Fi, the focal variety F is spacelike.

For wP = 0, the point F7 is fixed. The subspace T, (F7) is fixed too. On the
hyperquadric Q", the point A describes a curve ¢ that is polar-conjugate to
Tp, (F1). Because dim T, (F1) = n— 2, the curve ¢ is a conic, along which the
two-dimensional plane polar-conjugate to the subspace T, (F1) with respect to
the hyperquadric @™ intersects @". Thus for w? = 0, the rectilinear generator
A, A Ag of the hypersurface X describes a two-dimensional second-order cone
with vertex at the point Fj; and the directrix q. Hence in the case under
consideration a lightlike hypersurface X foliates into an (n — 2)-parameter
family of second-order cones whose vertices describe the (n — 2)-dimensional
focal variety F7, and the points F; are conic singular points of the hypersurface
X.



5.1  Lightlike Hypersurfaces in the de Sitter Space 189

The hypersurface Y of the conformal space C™ corresponding to such a
lightlike hypersurface X is a canal hypersurface that envelops an (n — 2)-
parameter family of hyperspheres. Such a hypersurface carries a family of
cyclic generators that depends on the same number of parameters. Such hyper-
surfaces were investigated in detail in the paper Akivis and Goldberg [AG 98a].

Further let F; be a singular point of multiplicity m, where m > 2, of a
rectilinear generator A, A Ag of a lightlike hypersurface X of the space S’f“
defined by an m-multiple root of characteristic equation (5.27). We assume
that

§1 =82 =...= Sy = S0, S0 # Sp, (5.35)

and that a,b,c=1,...,m and p,q,r = m+ 1,...,n — 1. Then the matrices
(9i5) and (b;;) can be simultaneously reduced to quasidiagonal forms

gab 0 and [ 509ab 0 (5.36)
0 9pq 0 bpg

We also construct the matrix (IA)U) = (bij — s09i;). Then

- 0 0
(bij) = ( 0 b, ) ; (5.37)

where l;pq = bpq — S09pq is a nondegenerate matrix of order n —m — 1.
By (5.37) and formulas (5.5) and (5.22) we have

Wl — sewt T =0, (5.38)

n_

" =Wl (5.39)

Note that using (5.5), (5.22), (5.36), and (5.37), we find that

n
w Sowy,

n __ c n __ n+l _ b
Wy = S0GbeW, wp - bpqwqa We = GabW",

n+l _ q n+l _ .0 n_ ,n+l _ 7 q
wp T = gpew?, wpi1 = —wp, wy — Wyt = bpgwt.

Taking the exterior derivative of equation (5.38) and applying the above rela-
tions, we find that

bpgw? A w? + gapw® A (dso 4 sowd + w®) = 0. (5.40)

It follows that the 1-form dsg + sow) + w! can be expressed in terms of the
basis forms. We write these expressions in the form

dso + sowg + w?l = Spcw” + Spqw?. (5.41)
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Substituting decomposition (5.41) into equation (5.40), we find that
(quwg + gabsoqwb) Aw? + gapsoew’ A w® = 0. (5.42)

The left-hand side of (5.42) does not have similar terms. Hence both terms
are equal to 0. Equating to 0 the coefficients of the summands of the second
term, we find that

9abS0c = GacS0b- (543)

ab) which is the inverse matrix of

Contracting this equation with the matrix (g
the matrix (gqp), we obtain

mMSoc = Soc-

Because m > 2, it follows that
S0c = 07

and relation (5.41) takes the form
dsg + sowl) + w2 = sepw”. (5.44)

For the singular point F; of multiplicity m of the generator A, A Ag in
question, equation (5.29) can be written in the form

dFy = (dso + sow) + w?)Ag — I;Iq”ngp.
Substituting decomposition (5.44) in the last equation, we find that
dF1 = (SopAo — l;gAq)wg (545)

This relation is similar to equation (5.34) with the only difference being that in
(5.34) we had p,q =2,...,n—1, and in (5.45) we have p,¢g =m+1,...,n—1.
Thus the point F; describes a spacelike focal variety F; of dimension n—m—1.
For wf = 0, the point F} is fixed, and the point Ay describes an m-dimensional
variety on the hyperquadric @", which is a cross section of Q™ by an (m + 1)-
dimensional subspace that is polar-conjugate to the (n — m — 1)-dimensional
subspace tangent to the variety Fj.

The point Fj is a conic singular point of multiplicity m of a lightlike hyper-
surface X, and this hypersurface foliates into an (n—m—1)-parameter family of
(m+1)-dimensional second-order cones circumscribed about the hyperquadric
Q". The hypersurface Y of the conformal space C™ that corresponds to such a
hypersurface X is an m-canal hypersurface (i.e., the envelope of an (n—m—1)-
parameter family of hyperspheres), and it carries an m-dimensional spherical
generators.
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Note also the extreme case when the rectilinear generator L = A,, A Ay of
a lightlike hypersurface X carries a single singular point of multiplicity n — 1.
It follows from our consideration of the cases m > 2 that this singular point is
fixed, and the hypersurface X becomes a second-order hypercone with vertex
at this singular point which is circumscribed about the hyperquadric @™. This
hypercone is the isotropic cone of the space S?H. The hypersurface Y of the
conformal space C" that corresponds to such a hypersurface X is a hypersphere
of the space C™.

The following theorem combines the results of this section.

Theorem 5.5. A lightlike hypersurface X of maximal rankr = n—1 of the de
Sitter space S’f“ possesses n — 1 real singular points on each of its rectilinear
generators L = A, NAyg if each of these singular points is counted as many times
as its multiplicity. The simple singular points can be of two kinds: a fold and
conic. In the first case, the hypersurface X foliates into an (n — 2)-parameter
family of torses, and in the second case, it foliates into an (n — 2)-parameter
family of second-order cones. The vertices of these cones describe the (n — 2)-
dimensional spacelike variety in the space S?H. All multiple singular points
of a hypersurface X are conic. If a rectilinear generator of a hypersurface X
carries a singular point of multiplicity m, 2 < m < n—1, then the hypersurface
X foliates into an (n—m—1)-parameter family of (m+1)-dimensional second-
order cones. The vertices of these cones describe the (n —m — 1)-dimensional
spacelike variety in the space S?H, The hypersurface Y of the conformal space
C™ corresponding to a lightlike hypersurface X with singular points of multi-
plicity m is a canal hypersurface that envelops an (n—m—1)-parameter family
of hyperspheres and has m-dimensional spherical generators.

Because lightlike hypersurfaces X of the de Sitter space S?H represent
a light flux (see Section 5.1.2), its focal varieties have the following physical
meaning. If one of them is a lighting variety, then others are varieties of con-
centration of the light flux. Intensity of concentration depends on multiplicity
of a focus describing this variety. Each of these focal varieties is a caustic, i.e.,
a locus of concentration of light rays.

In the extreme case, when an isotropic rectilinear generator L = A,, A Ag
of a hypersurface X carries one (n — 1)-multiple focus, the hypersurfaces X
degenerates into the light cone generated by a point source of light. This cone
represents a radiating light flux.

If each isotropic generator L C X carries two foci F} and F, of multiplic-
ities m1 and mo, my +mo =n — 1, m; > 1, my > 1, then these foci describe
spacelike varieties F; and F5 of dimension n —mj — 1 and n — mo — 1, respec-
tively. If one of these varieties is a lighting variety, then on the second one a
light flux is concentrated.
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5.1.5 Lightlike Hypersurfaces of Reduced Rank in the de Sitter
Space. As we proved in Section 5.1.2, lightlike hypersurfaces of the de Sitter
space S?‘H are ruled hypersurfaces with degenerate Gauss maps. However, in
Section 5.1.4, we assumed that the rank of these hypersurfaces is maximal,
that is, it is equal to n — 1. In this section we consider lightlike hypersurfaces
of reduced rank r < n — 1.

We proved in Section 5.1.3 that the rank of a lightlike hypersurface X
coincides with the rank of the matrix (v;;) defined by equation (5.20) as well as
with the dimension of the variety V' described by the point Ag on the Darboux
hyperquadric @™. As a result, to a lightlike hypersurface X of rank r there
corresponds an r-dimensional variety Y, dimY = r, in the conformal space C™.

The symmetric matrices (g;;) and (v;;), the first of which is nondegenerate
and positive definite and the second of which is of rank r, can be simultaneously
reduced to quasidiagonal forms

= Jab 0 and (v;;) = 00
(gij) - ( 0 ra ) d ( ’Lj) ( 0 Vog > ) (546)

where a,b = 1,...,n —7r —=1;p,qg,s = n—r,....,n =1, vpqg = Vg, and
det(vpqg) # 0. This implies that formulas (5.21) take the form

wi =0, w)=g"rswl. (5.47)

The second equation in system (5.47) shows that the 1-forms wf, are linearly
independent: they are basis forms on the variety Y, dim Y = r, described by
the point Ag on the hyperquadric @™, on the lightlike hypersurface X of rank
r, and also on a frame bundle associated with this hypersurface. The 1-forms
occurring in equations (5.4) as linear combinations of the basis forms w! are
principal forms, and the 1-forms that are not expressed in terms of the basis
forms are fiber forms on the above mentioned frame bundle.

By (5.5), the second group of equations (5.47) is equivalent to the system
of equations

wy = by Wi, (5.48)
st

where b = —gps*'giq, (V*') is the inverse matrix of the matrix (),
by = by, and det(by,) # 0. Note that we can also obtain equations (5.48) by
differentiation of equation (5.18) which holds on the hypersurface X.
Taking exterior derivatives of the first group of equations (5.47), we find
that
wh Awy = 0.
Applying Cartan’s lemma to this system, we find that

W= bo Wl b = be . (5.49)



5.1  Lightlike Hypersurfaces in the de Sitter Space 193

Note also that equations (5.5) and (5.46) imply that
pqwl + gabwg =0.
By (5.49), it follows from the last equation that
WP = — gL w5, (5.50)

Note also that the quantities b;, and by, are determined in a second-order
neighborhood of a rectilinear generator L = A, A Ag of the hypersurface X.
Let us prove that in our frame an (m + 1)-dimensional span L of the points
Ag, A,, and A, is a plane generator of the hypersurface X. In fact, it follows
from equations (5.4), (5.46), and (5.49) that in the case in question we have

dAg = ngo +ngp,
dA, = wlAg + wlAp +wPA, + WA, (5.51)
dA, = wlAg+wlA, +wPA,.

If we fix the principal parameters in equations (5.51) (i.e., if we assume that
wh = 0), we obtain

(SAO = 7T8A0,
§A, = 0Ag + w2 Ay + 7 Ay, (5.52)
0A, =m0 Ay + TP A,.

In the last equations ¢ is the symbol of differentiation with respect to the fiber
parameters (i.e., for wf = 0), and & = w%((?).

Equations (5.52) show that for wf = 0, the point A,, of the hypersur-
face X moves in an (m + 1)-dimensional domain belonging to the subspace
L=AyNA1 A...NA,, N A, of the same dimension. Let us assume that the
entire subspace L belongs to the hypersurface X, and that the point A, € L
moves freely in L. The subspace L is tangent to the hyperquadric Q™ at the
point Ag € Y, and thus L is lightlike. Because the point Ay describes an
r-dimensional variety, the family of subspaces L depends on r parameters.

Equations (5.51) and (5.52) show that the basis 1-forms of the lightlike
hypersurface X are divided into two classes: w? and wg. The forms w? are
connected with the displacement of the lightlike (m 4+ 1)-plane L in the space
S?H, and the forms w? are connected with the displacement of the straight
line A, A Ap in this (m + 1)-plane. Because (5.51) implies that for w2 = 0
the point A remains fixed, the rectilinear generator A, A Ay describes an m-
dimensional bundle of straight lines with its center at the point Ay, and this
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bundle belongs to the fixed (m + 1)-dimensional subspace L passing through
this point.
Further consider an arbitrary point

2 =24y + 2%A4, + 2" A, (5.53)

of the generator L of the lightlike hypersurface X. From formulas (5.51) it
follows that the differential of any such point belongs to one and the same n-
dimensional subspace ApA...AA, tangent to the hypersurface X at the original
point A,. The latter means that the tangent subspace to the hypersurface X
is not changed when the point z moves along the lightlike generator L of the
hypersurface X. Thus, the hypersurface X is a hypersurface with a degenerate
Gauss map of rank r.

As a result, we arrive at the following theorem making Theorem 5.3 more
precise.

Theorem 5.6. If the rank of the tensor v;; defined by relation (5.20) is equal to
r, r < n—1, then a lightlike hypersurface X of the de Sitter space S?‘H s a ruled
hypersurface with a degenerate Gauss map of rank r with (m + 1)-dimensional
lightlike generators, m = n—r—1, along which the tangent hyperplanes of X are
constant. The points of tangency of lightlike generators with the hyperquadric
Q" form an r-dimensional variety Y, dimY =r, on Q".

The last fact mentioned in Theorem 5.6 can also be treated in terms of
quadratic hyperbands (see the book [AG 93] by Akivis and Goldberg, p. 256).
By Theorem 5.6, the hypersurface X is the envelope of an r-parameter family of
hyperplanes 77 tangent to the hyperquadric Q™ at the points of an r-dimensional
smooth submanifold Y belonging to this hyperquadric. But this coincides
precisely with the definition of the quadratic hyperband. Thus Theorem 5.6
can be complemented as follows.

Theorem 5.7. A lightlike hypersurface X of rank r in the de Sitter space
S?‘H is an r-dimensional quadratic hyperband with the support submanifold
Y, dim Y = r, belonging to the Darboux hyperquadric Q™.

Note also the extreme case when the rank of a lightlike hypersurface X is
equal to 0. Then we have ‘
Vij = O, wé =0.

The point Ag is fixed on the hyperquadric Q™, and the point A,, moves freely in
the hyperplane 7 tangent to the hyperquadric Q™ at the point Ay. The lightlike
hypersurface X degenerates into the hyperplane 7 tangent to the hyperquadric
Q" at the point Ag, and the quadratic hyperband associated with X is reduced
to a degenerate 0-pair consisting of the point Ay and the hyperplane 7.
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Let us also find singular points on a rectilinear generator L of a lightlike
hypersurface X of rank r of the de Sitter space S?H. To this end, we write the
differential of a point z € L defined by equation (5.53). We will be interested
only in the part of this differential that does not belong to the generator L.
By (5.51), we obtain

dz = (2%wh + 2°wP + 2"wP)A, (mod L).
By (5.48), (5.49), and (5.50), we find from the last relation that
dz = NP(2)wiA, (mod L),

where
NE(z) = 5fl’z0 — gabgpsbl;qz“ — g"bg, 2" (5.54)

At singular points of a generator L the dimension of the tangent subspace
T(X) to the hypersurface X is reduced. By (5.54), this is equivalent to the
reduction of the rank of the matrix NP(z). Thus singular points of generator
L can be found from the condition

det N7'(2) =0, (5.55)

which defines an algebraic focus hypersurface F order r in the (m + 1)-dimen-
sional plane generator L. The left-hand side of equation (5.55) is the Jacobian
of the Gauss map v : X — G(n,n + 1), and the focal variety F is the locus
of singular points of this map that are located in the plane generator L of the
hypersurface X indicated in Theorem 5.2 on p. 183.

If the rank of a lightlike hypersurface X is maximal, that is, it is equal to
r = n — 1, then its determinant manifold F is a set of singular points of its
rectilinear generator A, A Ag determined by equation (5.28). On the other
hand, if » < n — 1, then singular points of the straight lines A, A Ag lying
in the generator L are also determined by equation (5.28), and they are the
common points of these straight lines and the variety F.

5.2 Induced Connections on Submanifolds

5.2.1 Congruences and Pseudocongruences in a Projective Space.
The theory of congruences and pseudocongruences of subspaces of a projective
space is closely related to the theory of varieties with degenerate Gauss maps.

In a projective space PV, we consider a family Y of its I-dimensional sub-
spaces L, dim L = [, which depends on r = n — [ parameters. We assume
that not more than a finite number of subspaces L passes through every point
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x € P". If we restrict ourselves by a small neighborhood of a subspace L, then
we can assume that only one subspace L C Y passes through a generic point
x € L. Such families of the space P™ are called the congruences.

In a three-dimensional space P? as well as in three-dimensional spaces en-
dowed with a projective structure (such as an affine, Euclidean, and non-
Euclidean space), the theory of congruences was studied by many geometers.
The extensive monographs on this subject were published (see, for example,
the monograph [Fi 50] by Finikov).

The dual image for a congruence Y of [-dimensional subspaces in P™ is a
pseudocongruence Y* which is an r-parameter family of subspaces of dimen-
sion r — 1. Every hyperplane £ C P™ contains not more than a finite number
of subspaces L* C Y*. However, if we consider an infinitesimally small neigh-
borhood of the subspace L* of the pseudocongruence Y*, then there is only a
single subspace L* in the hyperplane &.

In this section, we shall establish a relation of the theory of varieties with
degenerate Gauss maps in projective spaces with the theory of congruences and
pseudocongruences of subspaces and show how these two theories can be ap-
plied to the construction of induced connections on submanifolds of projective
spaces and other spaces endowed with a projective structure.

So, consider in P" a congruence Y of [-dimensional subspaces L. We asso-
ciate with its element L a family of projective frames {Ag, A1, ..., A} chosen
in such a way that the points Ay, Aq,...,A; are located in L, and the points
A4, ..., A, are located outside of L. The equations of infinitesimal displace-
ment of such frames have the form

{ dA; = Wl Aj + WP Ay,

dAp — UJ;AZ +ngq7 (556)

wherei,j =0,1,...,l; p,q=1+1,...,n,and L = AgAA;...ANA; is a generator
of the congruence Y in question. Because this generator depends on r param-
eters and is fixed, when w! = 0, the forms w! are expressed linearly in terms
of the differentials of these r parameters or in terms of linearly independent
1-forms §P—Ilinear combinations of these differentials:

wy = cp 04, (5.57)

7 (2

Under admissible linear transformations of the basis forms 6P, the matrices
C; = (ch) are transformed according to the tensor law with respect to the
indices p and gq.

A point F' € L C Y is called a focus of a generator L if dF' € L under some
condition on the basis forms #P. In order to find the foci, we represent them
in the form F = 2*A,. Then

dF = 2'wPA, (mod L),
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and as a result, the foci are determined by the system of equations
z'wl = 0.
By (5.57), this system takes the form
z'cd 6% = 0. (5.58)
This system has a nontrivial solution with respect to the forms 69 if and only if
det(z'¢f,) = 0. (5.59)

Equation (5.59) determines on L the focus hypersurface Fy,, which is an alge-
braic hypersurface of degree r.

Suppose that the point Ay of our moving frame does not belong to the
hypersurface Fr. Then the 1-forms wf are linearly independent, and we can
take these forms as basis forms of the congruence Y. As a result, equations
(5.57) become

wh = b wi, (5.60)

wherea =1,...,[, and cgq = 01. Now equations (5.60) coincide with equations
(3.11). As a result, equation (5.59) of the focus hypersurface Fp, takes the form

det(xoég +a% ) =0. (5.61)

Equation (5.61) coincides with equation (3.21) defining the foci on a plane
generator L of a variety X with a degenerate Gauss map of rank r. However,
unlike in Chapter 3, the quantities cf, are not connected by any relations of
type (3.9), because now there is no matrices B* = (by,). Thus, the focus
hypersurfaces F, determined by equation (5.61) are arbitrary determinant
varieties (see Section 1.5.2, pp. 44-46) on generators L of the congruence Y in
question.

In particular, if { =1 and n = r + 1, then Y becomes a rectilinear congru-
ence. Equation (5.61) defining the focus hypersurfaces FJ, of such a congruence
becomes

det(z%6? + z'cf,) = 0. (5.62)

Hence, each of the focus hypersurfaces Fj, of Y decomposes into r real or
complex points if each is counted as many times as its multiplicity. Each of
these points describes a focal variety in P™ tangent to the generators L of the
congruence Y. Recall that we encountered a similar situation in Section 5.1
(see p. 186) when we studied lightlike hypersurfaces in the de Sitter space.
Next, we consider a pseudocongruence Y* in the space P". Its generator
L* is of dimension 7 — 1 and depends on r parameters. We place the points A,,
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p=I1+1,...,n,l =n—r, of our moving frame into the generator L* C Y* and
place the points 4;, i = 0,1,...,[, outside of L*. The equations of infinitesimal
displacement of such frames again have the form (5.56) but now the 1-forms
w;, are linear combinations of the basis forms 6P defining a displacement of the
generator L* = Aj41 A ... A Ay, So now we have

wh = b, 07 (5.63)

and

dA, = wiA, + b, 07A;. (5.64)

Consider a hyperplane £ passing through the generator L* C Y*. Relative

to our moving frame, the equation of £ is & = 0, where &; are tangential

coordinates of the hyperplane £&. The hyperplane £, which in addition to the

generator L* contains also a near generator 'L* determined by the points A4,

and dA,, is called the focus hyperplane. By (5.64), the conditions defining the
focus hyperplane are

&iby,,07 = 0. (5.65)

The system of equations (5.65) defines a displacement of the generator L* if
and only if this system has a nontrivial solution with respect to the forms
04. The necessary and sufficient condition for existence of such a nontrivial
solution is the vanishing of the determinant of system (5.65):

det(&by,y) = 0. (5.66)

Equation (5.66) defines the family of focus hyperplanes passing through the
generator L* C Y*. This family is an algebraic hypercone of degree r whose
vertex is the generator L*. Note that equation (5.66) is similar to equation
(3.24) of the focus hypercone @, of a variety with a degenerate Gauss map.

5.2.2 Normalized Varieties in a Multidimensional Projective
Space. Consider a smooth r-dimensional variety X in a projective space
P™ r < n. The differential geometry on such a variety is rather poor. It is less
rich than the differential geometry on varieties of the Euclidean space E™ or
the spaces of constant curvature S™ and H™. With a first-order neighborhood
of a point z € X C P, only the tangent subspace T, (X) is associated. As
we saw in Section 1.4, where we studied a curve in the projective plane P2,
in order to enrich the differential geometry, it is necessary to use differential
prolongations of rather higher orders of the curve equations.

However, we can enrich the differential geometry of X C P" if we endow X
with an additional construction consisting of a subspace N, (X) of dimension
n — r such that T,(X) N N,(X) = z, and an (r — 1)-dimensional subspace
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Ky (X), Kz(X) C Ty (X), © ¢ K (X). We shall denote these subspaces simply
by N, and K, and call the normals of the first and second kind (or simply
the first and second normals) of the variety X, respectively (see the book by
Norden [N 76], p. 198). The family of first normals forms a congruence N,
and the family of second normals forms a pseudocongruence K in the space
P, If at any point of x € X, there are assigned a single first normal N, and a
single second normal K, then the variety X is called normalizated (cf. Norden
[N 76], p. 198, and Akivis and Goldberg [AG 93], Chapter 6).

As we will see below, on varieties of the Euclidean space E™ and the non-
Euclidean spaces S™ and H"”, the first and second normals are determined by
the geometry of these spaces while on varieties of the affine space A™ and
the projective space P”, these normals should be assigned artificially, or to
find them, one should use higher order neighborhoods of a point x € X. In
this section, we shall apply the first method. Note that the second method is
connected with great computational difficulties. One can find more details on
this method and a related bibliography in the books [AG 93] by Akivis and
Goldberg, Chapters 6, 7, and Norden [N 76], Chapter 5.

Thus, we consider now a normalized variety X of dimension r, r = dim X,
in the projective space P™. We associate with X a family of projective frames
{Ag,A1,...,Ap} in such a way that 4g = 2,4, € Nz, a = 1,...,1, where
l=n-—r,and 4, € K;,p =1+ 1,...,n. The equations of infinitesimal
displacement of these frames have the form

dAg = ngo +prp,
dA, = wlAg + wl A, +wPA,, (5.67)
dA, = whAg + wiA, +wiA,,

Equations (5.67) show that for the family of moving frames in question,
the system of differential equations

W' =0 (5.68)

is satisfied, and the 1-forms wP are basis forms, because they determine a
displacement of the point Ay = x along the variety X. Exterior differentiation
of equations (5.68) and application of Cartan’s lemma lead to the following
equations:

wy = bp.w?, by, = by, (5.69)
(cf. equations (2.11) in Section 2.1). As we saw in Section 2.1, the quantities
by, form a tensor and are coefficients of the second fundamental forms of the
variety X at the point z:

P = b wPwi. (5.70)
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The points A, belong to the tangent subspace T,(X). We assume that
these points belong to the second normal K, C T,(X), K, = Ajy1 A ... A Ay,

Then, for w? = 0, the 1-forms wg must also vanish, and as a result, we have

wg = [pqw?. (5.71)

Next, we place the points A, of our moving frame into the first normal N,
of X, Ny, = Ao AN A1 A ... N A;. Then, for wP = 0, we obtain that w? = 0, and
hence

wh = b wl. (5.72)

Consider a point y € N, on the first normal. For this point, we have
y =1y°Ag + y*A,. Differentiating this point by means of (5.67), we find that

dy = (dy° + y°wl + y'wd) Ao + (y°wP + y WD) Ap + (dy” + y'wi) Aa.  (5.73)

A point y is a focus of the first normal N, if dy € N,. By (5.73), this
condition implies that
yOw? + WP = 0.

Applying relations (5.72), we find that
(082 + y*cb Jw? = 0.

This system has a nontrivial solution with respect to the forms w? if and only if
det(y°68 +y“cb,) = 0. (5.74)

Equation (5.74) differs from equation (5.61) only in notation, and it defines the
focus hypersurface F,, in the generator N, of the congruence of first normals
associated with the variety X. It follows from equation (5.74) that the point
x € X, whose coordinates are 4° = 1, y* = 0, does not belong to the focus
hypersurface F.

Let us find the focus hypercones @, of the pseudocongruence K of second
normals of X. The hypercones ®, are formed by the hyperplanes £ of the
space P™ containing the second normal K, = A; 11 A...A A, C T,(X) and its
neighboring normal K, + dK,, which contains not only the points A, but also
the points

dA, = ngO +wpA,  (mod N).

As a result, tangential coordinates £ and £, of such a hyperplane satisfy the
equations
§0wg + &awy = 0.
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By (5.71) and (5.72), it follows from this equation that

(olpg + &abpy) W = 0.

This system has a nontrivial solution with respect to the forms w? if and only
if its determinant vanishes,

det(€olpq + Eablly) = 0. (5.75)

Equation (5.75) determines an algebraic hypercone of order r whose vertex
is the generator K, of the pseudocongruence K of the second normals. This
hypercone is called the focus hypercone of the pseudocongruence K.

Next, we consider the tangent and normal bundles associated with a nor-
malized variety X. The base of both bundles is the variety X itself, the fibers of
the tangent bundle are the tangent subspaces T, and the fibers of the normal
bundle are the second normals N,,.

Suppose that 'z = z + 2P A, is an arbitrary point in the tangent subspace
Ty, and * = 'z — x = 2PA, is a vector in the tangent bundle TX. The
differential of this vector has the form

da = (dzP + zIWE) A, + 2 (Lyg Ao + b2 Ag ). (5.76)

The first term on the right-hand side of (5.76) belongs to the tangent subspace
Ty, and the second term belongs to N,. The 1-form Da? = da? + 29! is
called the covariant differential of the vector field & = («P). The vector field
x is called parallel on the tangent bundle T'(X) if the form DzP vanishes, i.e.,
if
Da? = dz® + z%wl = 0. (5.77)
The 1-forms w! are the components of the connection form w = {wh} of the
affine connection on the variety X.
We find the exterior differentials of the components w? of the connection
form w. By (5.69), (5.71), and (5.72), these exterior differentials have the form
dw? = wi AW? + (Lgs07 + blochy)w® Awt. (5.78)
The 2-form
O = dwl —wy ANl

is said to be the curvature form of the affine connection on the variety X.
From equation (5.78) it follows that

1
Qf = FRGuw” AW (5.79)
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where
Rp o = lqsép + 02 P, — lged? — bgtcgs (5.80)

gs*-at

(cf. formula (6.25) on p. 179 of the book [AG 93] by Akivis and Goldberg) is
the curvature tensor of the affine connection on X. Equations (5.80) allow us
to compute the curvature tensor for different normalizations of the variety X.

If Ry, = 0 on the variety X, then the affine connection on X is flat, and a
parallel translation of a vector & does not depend on the path of integration
(see, for example, Norden [N 76], p. 118, or Kobayashi and Nomizu [KN 76],
p. 70).

Further, we consider a vector field y in the normal bundle N(X). This
vector is determined by the point = and a point y = y®Ag + y*A, of the fiber
N, C N(X). The differential of the point y is defined by equation (5.73).

The 1-form

Dy® = dy® + ywf (5.81)

is called the covariant differential of the vector field y in the normal bundle
N(X), and the forms w? are the components of the connection form of the
normal connection on a normalized variety X (see, for example, Cartan [C
01], p. 242; see more on the normal connection in the paper [AG 95] and
Section 6.3 of the book [AG 93] by Akivis and Goldberg). The 2-form

a c a
= dwy — wy Awy

is called the curvature form of the normal connection. Note that Cartan in
[C 01] called this form the Gaussian torsion of an embedded variety X.

Differentiating the forms wy and applying formulas (5.69) and (5.72), we
find the expression of the curvature form 2j:

1
b= iRgsth Awh, (5.82)

where
Ry, = cbébpt cftbgs (5.83)

The tensor Rf,, is called the tensor of normal curvature of the variety X.

The second normals K, associated with the variety X allow us to find a
distribution A, of r-dimensional subspaces associated with X. The elements
of the distribution A, are linear spans of the points y € N, and the second
normals K, A, = y A K,. By (5.73), the distribution A, is determined by
the system of equations

dy® + yPwi = 0. (5.84)
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In the general case, the system of equations (5.84) is not completely integrable,
and when a point x moves along a closed contour | C X, the corresponding
point y does not describe a closed contour.

But the point y describes a closed contour I’ if system (5.84) is completely
integrable. The condition of complete integrability of (5.84) is the vanishing
of the tensor of normal curvature (5.83) of the variety X. In this case, the
distribution A, defined by system (5.84) is completely integrable, and the
closed contours I’ lie on integral varieties of this distribution. These integral
varieties form an (n — r)-parameter family of r-dimensional subvarieties X (y)
which are “parallel” to the variety X in the sense that the subspaces T, (X)
and T, (X (y)) pass through the same second normal K.

Now suppose that a normalized variety X C P™ has a flat normal connec-
tion, i.e., R}, = 0. By (5.83), these conditions lead to the relation

be,ch =l (5.85)

pt=bs ps-bt”

Relations (5.85) differ from relations (3.9) (p. 94) in Chapter 3 only in notation.
If we introduce the matrix notations

B = (bye), Cp = (cp,)
(cf. Section 3.1, p. 94), then relations (5.85) take the form
(B*Cy) = (B*Cy)T (5.86)

(cf. (3.12), p. 94).

We proved in Chapters 3 and 4 that these relations imply that the matrices
B® and (Y can be simultaneously reduced to a diagonal form or a block diagonal
form. Therefore, the focus hypersurfaces F, C N, of the variety X decompose
into the plane generators of different dimensions (see Chapters 3 and 4). This
property of the varieties X with a flat normal connection allows us to construct
a classification of such varieties in the same way as this was done for the
varieties with degenerate Gauss maps in a projective space. For varieties in
an affine space and a Euclidean space, such a classification was outlined in the
papers [ACh 75, 76, 01] by Akivis and Chakmazyan.

5.2.3 Normalization of Varieties of Affine and Euclidean Spaces.
An affine space A™ differs from a projective space P™ by the fact that in A™
a hyperplane at infinity P, is fixed. If we place the points A;, i = 1,...,n,
of our moving projective frame into this hyperplane, then the equations of
infinitesimal displacement of the moving frame take the form (1.81),

{ dAO = w8A0+ wéAi, (5 87)

dA; = WA i j=1,...,n
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(see p. 25), and the structure equations of the affine space A™ take the form
dw) =0, dwp = w) A wh, dwl = wf A wh. (5.88)

Consider a variety X of dimension r in the affine space A™. The tangent
space T, (X) intersects the hyperplane at infinity P, in a subspace K, of
dimension r — 1, K, = T, N P,. Thus, for a normalization of X, it is suffi-
cient to assign only a family of first normals N,. If we place the points A,,
a=1,...,1, of our moving frame into the subspace N, NP, and the points
Ay, p=1+1,...,n, into the subspace K, then equations (5.87) take the form

dAg = w4y +wh A,,
dA, = Wb Ay +wPA,, (5.89)
dA, = nga +ngq

(cf. equations (5.67)).
As was in the projective space, we have the equations (5.69),

a __ 1a q a_a
wp —bpqw, b bqp7

(5.90)

where by, is the second fundamental tensor of the variety X. Equations (5.72)
also preserve their form:
wh = b Wi, (5.91)

but equations (5.71) become

wp = 0. (5.92)

Thus l,, = 0, and the equation of the focus hypersurface F,, C N, preserves

its form (5.74):
det(yoég +yeh,) =0. (5.93)
As to equation (5.75) of the focus hypercone @, by (5.92), this equation takes

the form
det(fab;q) =0. (5.94)

Expressions (5.80) for the components of the curvature tensor of the affine
connection induced on the normalized variety X C A" take now the form

= bl — b%c? (5.95)

qst gs*~at qt>as>

and the expression (5.83) for the components of the tensor of normal curvature
of the variety X preserves its form:

R, = boch, — b2l (5.96)

ps—bt*
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As was the case in the projective space, the vanishing of tensor of normal
curvature R}, is equivalent to the complete integrability of the system defining
the distribution A, = y A K, where y € N,. But in the affine space, the
elements A, of this distribution are parallel to the subspace T,(X). As a
result, a variety X C A™ has a flat normal connection if and only if this
variety admits an l-parameter family of parallel varieties X (y), where y € N,.

Further consider a variety X of dimension 7 in the Euclidean space E™. On
X, both the second normal K, = T, NP, and the first normal N, orthogonal
to the tangent subspace T, (X) are naturally defined.

In the Euclidean space E™, there is defined a scalar product of vectors, and
a scalar product of points in the hyperplane at infinity P, is induced by the
scalar product in E™. Because in our moving frame, we have A, € N, N Py;
Ay eTy, NP =Kz, a=1,...,5;p=1+1,...,n; and T, L N, we find that

(Aa, Ap) =0, (5.97)

where, as usually, the parentheses denote the scalar product of points in the
hyperplane at infinity P. In addition, we set

(AayAb) = Gab, (ApaAq) = 9pq> (5'98)

where g4, and gp, are nondegenerate symmetric tensors.
Differentiating equations (5.97) and using formulas (5.89), (5.97) and (5.98),
we find that
Jab Wzb; + Gpq wd =0.

It follows that
wl = —gP1gq wg. (5.99)

Equations (5.99) and (5.90) imply that
wh = —g" gac bsw*. (5.100)
Comparing (5.100) and (5.91), we obtain
Chs = —9" gac bgs- (5.101)

Now we find the equation of the focus hypersurface F, of the variety
X € E". By (5.93) and (5.101), we have the following equation for F:

det(yO(Sg = Y97 gacbs,) = 0.
The last equation is equivalent to the equation

det(y°gpg — yablpy) =0, (5.102)
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where Yo = gary®.

In our moving frame, the hyperplane at infinity P, is determined by the
equation y° = 0. Hence by (5.102), the intersection F, N P, of the focus
hypersurface F, with the hyperplane at infinity P, is defined by the equation

det(yabp,) = 0. (5.103)

But this equation differs only in notation from equation (5.94) of the focus
hypercone ®, of the variety X. Equations (5.94) and (5.103) coincide if
€4 = Yo = gapy®. This means that the focus hypercone ®, of the variety
X C E™ is formed by the hyperplanes & containing the tangent subspace T,
and orthogonal at the points y of the hyperplane at infinity Py lying in the
intersection Fp NPy

This result clarifies the geometric meaning of the focus hypercone &, for
the variety X C E™ and its relation with the focus hypersurface F, of X.

We also find the curvature tensor of the affine connection induced on the
variety X C E". Substituting the values of b, from (5.101) into formula
(5.95), we find that

Rist = 9" gac(b3:bis — bgebiy)- (5.104)
Contracting equation (5.104) with the tensor g,, and changing the summation
indices (if necessary), we find that
qust = gac(bgsbgt - bgtb;s)v (5105)
where Ryqst = gpultys,- Formulas (5.104) and (5.105) give the usual expressions
for the curvature tensor of the affine connection induced on a normalized variety
X CE™

But in addition to the curvature tensor of the affine connection induced
on a normalized variety X C E", we considered also the tensor Rjf,, of nor-
mal curvature defined by equation (5.96). Substituting the values of cf, from
(5.101) into formula (5.96), we find that

R = 67 gne (Bably — bE,1C). (5.106)

qt“ps gs“pt
As we noted earlier, in the book [C 01] by E. Cartan, the exterior 2-form
a a c a 1 a s t
b:dwawb /\WC :instw N w

is called the Gaussian torsion of a variety X C E™.
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5.3 Varieties with Degenerate Gauss Maps
Associated with Smooth Lines on
Projective Planes over Two-Dimensional
Algebras

5.3.1 Two-Dimensional Algebras and Their Representations. There
are three known two-dimensional algebras: the algebra of complex numbers
2z = x + iy, where i? = —1; the algebra of double (or split complex) numbers
z = x + ey, where e? = 1; and the algebra of dual numbers z = x + £y, where
€2 = 0. Here everywhere z,y € R. Usually these three algebras are denoted by
C,C!, and C°, respectively (see Rosenfeld [Ro 97], §1.1). These algebras are
commutative and associative, and any two-dimensional algebra is isomorphic
to one of them.

Each of these three algebras admits a representation by means of the real
(2 x 2)-matrices:

_ ; Ty
Z—x—|—zy—><y x)’ (5.107)
_ Ty
z—x+ey—>(y ;z:)’ (5.108)
and
z 0
zm+5y%(y x) (5.109)

In what follows, we will identify the algebras C,C', and C° with their matrix
representations.

The algebras C,C!, and C° are subalgebras of the complete matrix algebra
M formed by all real (2 x 2)-matrices

0 0
oo T (5.110)
g i

which is associative but not commutative.

The algebra C does not have zero divisors while the algebras C', C°, and M
have such divisors. In the matrix representation, zero divisors of these algebras
are determined by the condition

0 .0
Ty T
1
det (1) L =
Ty X3
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For the algebra C! the last condition takes the form

22—y =0,
for the algebra C° the form z = 0, and for the algebra M the form
rgr] — gzl = 0. (5.111)

The elements of the algebras C! and C°, as well as the regular complex
numbers (the elements of the algebra C), can be represented by the points on
the plane zOy. In this representation, the zero divisors of the algebra C! are
represented by the points of the straight lines y = +x, and the zero divisors of
the algebra C° by the points of the y-axis.

The elements of the algebra M are represented by the points of a four-
dimensional vector space, and its zero divisors by the points of the cone (5.111)
whose signature is (2,2). Thus, to the algebra M, there corresponds a four-
dimensional pseudo-Euclidean space E3 of signature 2 with the isotropic cone
(5.111). This cone bears two families of plane generators defined by the equa-

tions 0 0 o 1
T T T T
7(1)_%:)\, —0:—0:/,[/, (5.112)
Zg ] T

where A and p are real numbers.

5.3.2 The Projective Planes over the Algebras C,C!, C°, and M.
Denote by A one of the algebras C,C!,C°, or M and consider a projective
plane AP? over the algebra A (see Bourbaki [Bou 70]). A point Y € AP? has
three matrix coordinates Y, Y1, Y2 that have, respectively, the form (5.107),
(5.108), (5.109), or (5.110). Because it is convenient to write point coordinates
as a column-matrix, we write

Y =Y vLvy?T. (5.113)

The matrix Y in (5.113) has six rows and two columns. Of course, the columns
of this matrix must be linearly independent. The coordinates Y*, a = 0,1, 2,
are defined up to a multiplication from the right by an element P of the algebra
A, which is not a zero divisor. So we have Y’ ~ Y P, P € A.

In particular, for Y € CP?, Y € C'P?, and Y € COP?, we have

Yo —Yb vo Y vo O

v v yo Yo us o vo

2 .3 2 .3 2
I B e e R

Yo Yo Yo Yo Yo Yo

Yo —vo ve  vo vs O

5 5 4 5 4

vo Yo Yo Yo Yo Yo
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respectively.

The columns of the matrix Y can be considered as coordinates of the points
yo and y; of a real projective space RPP?, and to the matrix Y there corresponds
the straight line yo A y; in the space RP°. So we can set Y = 5o A y;. The set
of all straight lines of the space RP® forms the Grassmannian RG(1,5), whose
dimension is equal to eight, dim RG(1,5) =2 -4 =38.

Note that RG(1,5) is a differentiable manifold. Thus, AP? is also a differ-
entiable manifold over R.

5.3.3 Equation of a Straight Line. A straight line U in the plane AP?
is defined by the equation

UY + U Y + U Y? =0,

where U, € A, a = 0,1,2. The coordinates U, admit a multiplication from
the left by an element P € A, which is not a zero divisor.

In general, two skewed straight lines in RP® correspond to two points Y, Z €
AP?. These straight lines define a subspace RP? corresponding to the unique
straight line in AP? passing through the points Y and Z.

Two points Y and Z are called adjacent if more than one straight line
passes through them in AP?. To such points, there correspond intersecting
straight lines y° Ay' and 20 A 2! in RP°. Through adjacent points Y, Z € AP?,
there passes a two-parameter family of straight lines in AP?, because through
a plane RP°, there passes a two-parameter family of subspaces RP? ¢ RP°.

If

Y:(YO,Yl,Y2)T ZZ(ZO,Zl,ZZ)T

)

are adjacent points, then the rank of the (6 x 4)-matrix composed of the matrix
coordinates of Y and Z is less than four. If the rank of this matrix is four,
then through the points Y and Z, there passes a unique straight line.

On a plane AP? there are three basis points Ey, E1, E5 with coordinates

EO = (E>O7O)Ta El = (Oaan)Ta E2 = (0107E)T1

10
0 1

point Y € AP? can be represented in the form

where E = < > is the unit matrix, and 0 is the 2 x 2 zero-matrix. A

Y = EYO + E1Y! + EY2. (5.114)

However, as we noted earlier, the coordinates Y, of this point admit a multi-
plication from the right by an element P € A, which is not a zero divisor.

A point Y is in general position with the straight line E,AEg, o, 3 =0,1, 2,
if and only if its coordinate Y7, v # «, (3, is not a zero divisor. Let, for
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example, a point Y be in general position with the straight line E; A E5. Then
its coordinate Y is not a zero divisor, and all its coordinates can be multiplied
from the right by (Y°)~!. Then expression (5.114) of the point Y takes the
form

Y = Ey+ E\)Y' + E,Y2, (5.115)

where Y1 = Y1(Y?)~1 ¥2 = Y2(Y%)~L. Now the (4 x 2)-matrix (Y, V?2)T
is defined uniquely and is called the matriz coordinate of the point Y as well
as of the straight line yy A 31 defined in the space RP® by the point Y (see
Rosenfeld [Ro 97], Section 2.4.1, and also Rosenfeld [Ro 66], Chapter 3, §3).

For the plane MP?, the matrix coordinate has eight real components. Hence
dim MP? = 8. Because dim MP? = dim RG(1,5), the plane MP? can be
bijectively mapped onto the Grassmannian RG(1,5).

For the planes CP?, C'P2, and COP2, the matrix coordinates of points have
four real components. Hence the real dimension of these planes is four,

dim CP? = dim C'P? = dim C°P? = 4.

Therefore, the family of straight lines yo Ay in the space RP® for each of these
planes depends on four parameters, i.e., it forms a congruence in the space
RP°. We denote these congruences by K, K', and K, respectively.

5.3.4 Moving Frames in Projective Planes over Algebras. A moving
frame in a projective plane over an algebra A is a triple of points A,, a = 0,1, 2,
that are mutually not adjacent. Any point Y € AP? can be written as

Y = AY? + A Y 4+ 4,72

where Y* € A are the coordinates of this point with respect to the frame
{Ap, A1, As}. The coordinates of a point Y are defined up to a multiplication
from the right by an element P of the algebra A that is not a zero divisor. If a
point Y is in general position with the straight line A; A A, then its coordinate
Y0 is not a zero divisor. Thus, the point Y can be written as

Y = Ag+ A Y + AY2,

where Y1 = Y1(Y9)~1, V2 = Y2(Y?)~L. The matrix (Y?,V?2)7 is the matrix
coordinate of the point Y with respect to the moving frame {A,}, and this
matrix coordinate is defined uniquely.

The plane AP? admits a representation on the Grassmannian RG(1,5)
formed by the straight lines of the space RP®. Under this representation,
the straight lines

Ay = ag Nai, A =ag A as, Ay = a4y N as (5116)
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in RP® correspond to the vertices of the frame {A,}; here a;, i =0,...,5, are
points of the space RP®.
The equations of infinitesimal displacement of the moving frame {Ag, A1, As}
have the form
dAy = A2, a,5=0,1,2, (5.117)

where QF are 1-forms over the algebra A. In the representation of the algebra
A by (2 x 2)-matrices, these forms are expressed as the transposed matrices
(5.107), (5.108), (5.109), and (5.110). Their entries are not the numbers. They

are real 1-forms:
28 28+1
w w
o= 2 . (5.118)
28 28+1
Woa+1 Woa+1

Thus, for the plane CP?, the entries of the matrix 08 satisfy the equations

28 28+1 28+1 23

Woq = Want1s Waq = —Won+1s (5119)
for the plane C'P? the equations

26 _, 2B+1 28+1 _ 28
Woq = w2a+17 Won - w2a+1a (5120)

and for the plane C°P? the equations

2 26+1 2
wis = wittl Wit =0. (5.121)

If the frame {A,} moves in the plane AP?, then the points a; € RP® also
move. The equations of infinitesimal displacement of the moving frame {a;}
can be written in the form

da; = a;w!, i,5=0,1,...,5, (5.122)
where by (5.116) the forms w! coincide with the corresponding forms (5.118).

The forms w} satisfy the structure equations of the projective space RP®:

dw} = —wj, Aw¥, (5.123)
where d is the symbol of exterior differential, and A denotes the exterior mul-
tiplication of the linear differential forms (see Section 1.2.4).

5.3.5 Focal Properties of the Congruences K,K', and K°. Now
we consider the congruences K, K1, and K° of the space RP®, representing the

planes CP?, C'P2, and C°P?2 in this space, and investigate their focal properties.

Theorem 5.8. The projective planes CP?, C'P?, and C°P? admit a bijective
mapping onto the linear congruences K, K", and K° of the real space RP°.
These congruences are, respectively, elliptic, hyperbolic, and parabolic.
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Proof. To each of these congruences, we associate a family of projective frames
in such a way that the points ayp and a; are located on a moving straight line
of the congruence.

For the congruence K, equations of infinitesimal displacement of the points
ag and aq can be written in the form

dag = wgao + wéal + w%ag + wg’ag + w§a4 + w8a5,

(5.124)
day = 7w?a0 + wgal — wgag =+ wgag — w8a4 + (.«)610,5.
By (5.120), for the congruence K, these two equations take the form
dag = wiag + wiar + wias + wias + wias + was, (5.125)

da, = w(l)ao + wgal + wgag + wgag + w8a4 + wéas.
Finally, by (5.121), for the congruence K°, these two equations take the form

dag = wao+ wjar + whaz +wias +wias +wias, (5.126)

day = wday +wdas eréag).

Let x = a1 + Aag be an arbitrary point of the straight line ag A a;. This
point is a focus of this straight line if for some displacement, its differential dx
also belongs to this straight line.

Let us start from the congruence K!, because the focal images for this
congruence are real and look more visual. By (5.125), for this congruence we
have

dr = (Wi + Mwd)ag + (Wi + Iwd)az + (W) + Awg)ay

(5.127)
+(wg + Awd)as  (mod ag A ay);
as a result, for its focus z, the following equations must be satisfied:
Wi+ =0, wi+wd=0,
0 0 0 0 (5.128)

Mg +wi =0, dwi+wj =0.
The necessary and sufficient condition of consistency of this system is

1 AP
A1

=0.
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It follows that the values A = +1 are double roots of this equation. Thus, each
line ag A a1 of the congruence K' has two double foci

fi=a1+ao, f2=a1—ao.

Equations (5.127) imply that the differentials of the focus f; are expressed
only in terms of the points ag + a1, a2 + az, and a4 + a5. The differentials of
these points are expressed in terms of the same points. As a result, the plane

m = ((10 —|—a1) N (ag —I—a3) A\ (a4 +a5)

remains fixed when the straight line ag A a; describes the congruence K! in
the space RP°. In a similar way, one can prove that the focus fo describes the
plane

Ty = (ao - al) AN (ag - ag) A (a4 - 115).

Thus, the congruence K is a four-parameter family of straight lines of the
space RP® intersecting its two planes 71 and o that are in general position.
Hence K' is a hyperbolic line congruence.

In a similar way, we can prove that each straight line ag A a1 of the con-
gruence K bears two double complex conjugate foci,

f1 = a1 +iag, f2=a1—iao,

and these foci describe two complex conjugate two-dimensional planes 71 and
mo, ™y = 1. Hence K is an elliptic line congruence in the space RP®. The
straight lines of K do not have real singular points in RP°.

Finally, consider the congruence K in the space RP®. We look for the foci
of its straight lines in the same form

T = ay + Aag.
Differentiating this expression by means of (5.126), we find that
dr = Awias + Awp + wd)as + Iwias + Mw) +wi)as  (mod ag A ay).
Thus, the focus x must satisfy the following equations:
Awd =0, g =

(5.129)
wi i =0, wi +Iwf =

0,
0.

This system is consistent if and only if
S
1 x|
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It follows that the value A = 0 is a quadruple root of this equation. Thus, each
line ag A a1 of the congruence K° has a real quadruple singular point f = a;.
Applying equations (5.121), it is easy to prove that when the straight line agAay
describes the congruence K, this focus describes the plane ™ = a; A az A as.
Hence K° is a parabolic line congruence. O

5.3.6 Smooth Lines in Projective Planes. On a projective plane AP?,
where A is one of the algebras C,C!, and C°, consider a smooth point sub-
manifold I of real dimension three. A line T’ of the plane AP? is called an
A-smooth line if at any of its points Y, the tangent space Ty (T') coincides with
a straight line U ¢ AP? corresponding to the projective plane passing through
Y.

With an A-smooth line I', we associate a family of projective frames
{Ap, A1, Ao} in such a way that Ag = Y and A; lies on the tangent U to
the line T" at the point Y. Then on the line T, the first of equations (5.117)
takes the form

dAg = AgQf + A1 Q5. (5.130)

It follows that A-smooth lines on a plane AP? are defined by the equation
Q2 =0. (5.131)

The 1-form Q] in equation (5.130) defines a displacement of the point Ay along
the curve I'. So this form is a basis form on I'.
By equations (5.118), we have

2 3 4 5
1 Wo Wo 2 Wy Wo
QO p— B QO pu— B
2 3 4 5
Wy Wi, Wi Wi

where w! are real 1-forms. For the algebras C,C!, and C°, they are related,

respectively, by equations (5.119), (5.120), and (5.121). As a result, on the
line I' € AP?, the following differential equations will be satisfied:

wy =0, wy=0. (5.132)

These equations are equivalent to equations (5.131).

Because Q) is a basis form on the line I' ¢ AP?, the real forms w3 and
wd are linearly independent. The families of straight lines in the space RP®
corresponding to these lines depend on two parameters and form a real three-
dimensional ruled variety X3 c RP°. The varieties X® belong to the congru-

ences K, K', and K° if I ¢ CP?,T c C'P2, and T’ C COP2, respectively.
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Theorem 5.9. The tangent subspace T,(X3) to the ruled variety X3, cor-
responding in the space RP® to a smooth line in the planes CP? C'P2, and
COP2?, is fized at all points of its rectilinear generator L, and the variety X3 is
a submanifold with a degenerate Gauss map of rank r < 2.

Proof. Consider a rectilinear generator L = ag A a; of the variety X3. By
(5.132), the differentials of the points ap and a; have the form

dag = wiag + wiar + wias + wias,
(5.133)
da; = w§ag + wiar + wias + wias.

It follows that at any point 2 € agAay, the tangent subspace T} (X?) belongs to
a three-dimensional subspace RP? ¢ RP® defined by the points ag, a1, az, and
az. Thus, the subspace T, (X?3) remains fixed along the rectilinear generator
L =ag Aay, and X3 is a variety with a degenerate Gauss map of rank r < 2.

O

5.3.7 Singular Points of Varieties Corresponding to Smooth Lines
in the Projective Spaces over Two-Dimensional Algebras.
We prove the following theorem.

Theorem 5.10. Consider three-dimensional varieties X3 with degenerate
Gauss maps of rank r < 2 in the space RP® corresponding to smooth lines
in the projective planes CP?,C'P?, and C°P? over the algebras of comple,
double, and dual numbers. For the algebra C, such a wvariety does not have
real singular points, for the algebra C', such a variety is a join formed by the
straight lines connecting the points of two plane curves that are in general po-
sition, and for the algebra C°, such a variety is a subfamily of the family of
straight lines intersecting a plane curve. In all these cases, the general solution
of the system defining a variety X3 depends on two functions of one variable.

Proof. A rectilinear generator L = ag A a; of a variety X3 of rank two bears
two foci. Let us find these foci for the varieties X3 corresponding to the lines
I in the planes CP?, C'P2, and CP2. We assume that these foci have the form
r=a; + )\CL().

If a line I' C C'P?, then equations (5.127) and (5.133) are satisfied. They
imply that

dr = (wi 4+ Mwd)ag + (Wi + Mwi)az  (mod ag A ay),
and for the focus x, we have

W+ Adwg =0, Wi+ =0.
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This system is consistent if and only if
1 A

ie, if A = £1. Thus, the foci of the straight line ag A a; are the points
a1 + ag and a1 — ag. These points belong to the focal planes w1 and 75 of the
congruence K' and describe lines I'; and I'y. Such varieties X3 were called
joins (see Example 2.6 in Section 2.4). Because each of the lines I'; and T’y
on the planes m; and 7y is defined by means of one function of one variable, a
variety X2 depends on two functions of one variable. The same result could be
obtained by applying the Cartan test (see the book [BCGGG 90] by Bryant,
Chern, Gardner, Goldsmith, and Griffiths) to the system of equations (5.132).

If aline I € CP?, then we can prove that a rectilinear generator L = agAay
of the ruled variety X3 corresponding to I bears two complex conjugate foci
belonging to complex conjugate focal planes 71 and o = 7, of the congruence
K. Hence in the real space RP®, the variety X3 does not have real singular
points.

In the complex plane 71, the focus f; can describe an arbitrary differentiable
line. But such a line is defined by means of two functions of one real variable.
Therefore, in this case the variety X?® also depends on two functions of one
real variable.

Finally, consider a variety X® C RP® corresponding to a line I' ¢ COP2.
Such a variety is defined in RP® by differential equations (5.121) and (5.132).
Using the same method, we can prove that a rectilinear generator L = ag A aq
of the ruled variety X3 corresponding to I" bears a double real focus f = a;
belonging to the focal plane 7 of the congruence K° and describing in this
plane an arbitrary line.

We prove that in this case a variety X3 is also defined by two functions of
one variable. But now in order to prove this, we apply the Cartan test.

Taking exterior derivatives of equations (5.132) and applying equations
(5.121), we obtain the following exterior quadratic equations:

WiAws =0, wiAws+wiAws=0. (5.134)

It follows from (5.134) that

Wy = pwi, wh = qui + pwi. (5.135)

We apply the Cartan test to the system of equations (5.132), (5.134), and
(5.135). In addition to the basis forms w3 and w3, equations (5.134) contain
two more forms wj and w3. Thus, we have ¢ = 2. The number of independent
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equations in (5.134) is also 2, i.e., s1 = 2. As a result, so = ¢ — s; = 0, and
the Cartan number
Q =51+ 289 =2.

Equations (5.135) show that the number S of parameters on which the general
two-dimensional integral element depends is also 2, S = 2. Because Q = S, the
system of equations (5.132) is in involution, and its general solution depends
on two functions of one variable. O

5.3.8 Curvature of Smooth Lines over Algebras. Differentiating
equation (5.131) defining a smooth line T' in the plane AP? where A =
C,C!, ", and applying Cartan’s lemma, we obtain

02 = RQY, (5.136)

where R € A. The quantity R is called the curvature of the line I' C AP
For a line T in the plane C'P2, in formula (5.136) we have

2 3 4 5

Ql _ Wy Wo QQ o Wy Wy R— b q
0 — 3 9 ) 1 — 5 4 ) - )
Wy Wy Wy Wy q p

and det R = p? — ¢%. If rank R = 2, then the quantity R is not a zero divisor,
and the rank of the ruled variety X that corresponds in RP® to the line T, is
also equal to two. If rank R = 1, then R is a zero divisor, R # 0, and the
rank of the variety X is equal to one. Finally, if R = 0, then a line I' is a
straight line in the plane C'P2, and the variety X corresponding to I' in RP®
is a subspace RP?.

For a line " in the plane CP?, in formula (5.136) we have

2 3 4 5
Wi W, Wy W P q
—Wo 0 —Wy Wy —-q p

Thus, det R = p® + ¢?, and two cases are possible: rank R = 2 and rank R =
0. In the first case, a variety X C RP® of rank two without singularities
corresponds to the line I' C CP?, and in the second case, the line I' is a
straight line in the plane CP?.

For a line ' in the plane C°P2, in formula (5.136) we have

2 3 4 5
1_ [ Wy Wy 2 _ [ Wy W _ (P q
o= () (5 ) (0 5)

and det R = p?. If p # 0, then rank R = 2, and the curvature R is not a
zero divisor. If p = 0, ¢ # 0, then rank R = 1, and the curvature R is a
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nonvanishing zero divisor. If p = ¢ = 0, then R = 0. The rank of a variety X
corresponding in RP® to a line I' € C°P? is equal to the rank of R. If R = 0,
then the line T is a straight line in the plane C°P2.

Thus, we have proved the following result.

Theorem 5.11. The rank of the ruled variety X corresponding in RP® to a
smooth line ' C AP?, where A = C,C',C°, is equal to the rank of the curvature
of this line. For A = C, this rank can be two or zero, and for A = C', C°, the
rank can be two, one, or zero.

NOTES

5.1. The geometry of lightlike hypersurfaces on pseudo-Riemannian manifolds
of different signatures was the subject of many journal papers and even two books:
[DB 96] by Duggal and Bejancu and [Ku 96] by Kupeli.

On applications of the theory of lightlike hypersurfaces to physics see, for example,
[Ch 83] by Chandrasekhar and [MTW 73] by Misner, Thorpe, and Wheeler.

Akivis and Goldberg in [AG 98b, 98¢] studied the geometry of the de Sitter space
S?H using its connection with the geometry of the conformal space. They proved
that the geometry of lightlike hypersurfaces of the space ST is directly connected
with the geometry of hypersurfaces of the conformal space C". The latter was studied
in detail in the papers of Akivis (see, for example, his paper [A 52]) and in the book
[AG 96] by Akivis and Goldberg. This simplifies the study of lightlike hypersurfaces
of the de Sitter space ST and makes possible to apply for their consideration the
apparatus constructed in the conformal theory.

In this section we follow the paper [AG 98c], namely, its parts in which the authors
proved that a lightlike hypersurface has a degenerate Gauss map and where singular
points of such hypersurfaces are investigated.

5.2. See more details on the geometry of normalized submanifolds and on con-
struction of invariant intrinsic normalizations of submanifolds in the projective space
P™ in the book Akivis and Goldberg [AG 93], Chapters 6 and 7.

On the normal connection see the paper [AG 95] and the book [AG 93] (Section
6.3) by Akivis and Goldberg.

On varieties with a flat normal connection in an affine space and a Euclidean
space see the papers [ACh 75, 76, 01] by Akivis and Chakmazyan, where the au-
thors indicated the ways to construct a classification of varieties with a flat normal
connection.

Another relation of the theory of varieties with degenerate Gauss maps and the
theory of normalized varieties was established in Theorem 4 of the paper [Cha 78]
by Chakmazyan (see also p. 39 of his book [Cha 90]).

5.3. The theory of projective planes over algebras is the subject belonging to the
geometry and the algebra, and this subject attracts the attention of both algebraists
and geometers. This theory was considered in Pickert’s book [Pi 75], and in the
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separate chapters of the books of Bourbaki (see [Bou 70]) and Rosenfeld (see [Ro 66,
97)).

However, not so much was known about the differential geometry of such projec-
tive planes. Some questions in this direction were considered in the paper [A 87b] by
Akivis. In that paper the author studied smooth lines in projective planes over the
matrix algebra and some of its subalgebras. In this study he used the mapping of the
projective plane MP? over the algebra M of (n x n)-matrices onto the Grassmannian
G(n —1,3n — 1) of subspaces of dimension n — 1 of a real projective space RP3" 71,

It is proved in [A 87b] by Akivis that in the projective plane MIP? over the algebra
M of (2 x 2)-matrices, there are no smooth lines different from straight lines. A family
of straight lines in RP® corresponding to those straight lines is the Grassmannian
G(1,3) of straight lines lying in a three-dimensional subspace RP? of the space RP®.

See more details on the plane MP? and its mapping onto the Grassmannian
G(n—1,3n—1) of (n—1)-planes of a real projective space P*"~! of dimension 3n — 1
in the paper [Ve 86] by Veselyaeva.

For description of the algebra C of complex numbers, the algebra C* of double
numbers, and the algebra C° of dual numbers, see, for example, Paige [Pa 63], Schafer
[Sc 66], or Rosenfeld [Ro 97].

In our exposition we follow the paper [AG 03a] by Akivis and Goldberg.

The examples we have constructed in this section are of the same nature as
Ishikawa’s examples in [I 99a], but they are much simpler.
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The list below contains many of the symbols whose meaning is usually fixed

throughout the book.

An
(a3)

GL(n)
G(n,N)

"
AP(M)
M, M™
v
Vs

Q(m, n)

PGL(n)

ﬁm—m—l — ]P)TL/PTVL
]P)’n.

()

affine space of dimension n, 25

inverse matrix for a matrix (a}), 3

second fundamental tensor of a variety, 54
cone with vertex at a point x, 58

Segre cone, 44

conformal space of dimension n, 176
n-dimensional complex space, 5

correlation, 23

symbol of differentiation with respect to
secondary parameters, 7

Kronecker symbol, 22, 27

Gauss defect (index of relative nullity) of X, 63, 71
dual defect of X, 71, 72

Euclidean space of dimension n, 26

focus hypersurface, 100

focus hypercone, 101

second fundamental form(s), 55

general linear group, 1

Grassmannian of n-dimensional subspaces in PV, 41
Gauss map of X, 63

hyperbolic space of dimension n, 126
hyperplane at infinity, 118

l-dimensional generator of X, 64

vector space of dimension n, 1

module of p-forms on M, 9

n-dimensional differentiable manifold, 5
reduced normal subspace of X at a point z, 57
differential operator, 4

operator of covariant differentiation relative to
secondary parameters, 7

image of the Grassmannian G(m,n), 42

group of projective transformations, 20
projectivization of P™ with the center P, 24
projective space of dimension n, 19

dual space of P™, 22



sm
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Cartan’s number, 14

frame bundle over M, 6

bundle of frames of order p over M, 17,

the torsion tensor of an affine connection, 19
the curvature tensor of an affine connection, 19
n-dimensional real space, 5

the arbitrariness of general integral element, 15
singular locus, 50

special linear group, 21

Segre variety, 44

elliptic space of dimension n, 126

characters, 14

tangent bundle of M™, 6

dual tangent space of M™ at =, 6

cotangent bundle of M™, 6

tangent space to M" at a point x, 6

tangent subspace to X at a point z, 51
second osculating space to X at a point x, 56
Veronese variety of dimension m, 45
Riemannian manifold of dimension n and
constant curvature c, 126

symbol of exterior multiplication, 9
n-dimensional variety with degenerate

Gauss map of rank r, 64

locus of smooth points, 50
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projectivization, 24, 52, 53
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equation of matrix with respect to
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Chern—Lashof-Hartman—Nirenberg lemma,
133
class of differentiable
manifold, 5
mapping, 7
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104-105, 134, 164, 173
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closed
contour, 203
linear form, 5
p-form, 12
closure, 71
cobasis, 6, 51
coframe, 18, 23
collinear vectors, 19
compact hypersurface, 88
complete
matrix algebra, 207
noncylindrical hypersurface, 163
parabolic variety, 126, 127, 134
regular variety, 118
completely
integrable system, 13, 16, 92, 95,
203, 205
reducible
variety, 165, 168
system of matrices, 165
complex
conjugate
hypercones, 113
points, 113, 115
2-planes, 112
manifold, 6
numbers, field of, 1
projective geometry, 88
component, 165 ff.
conditions for a point to be fixed, 31
cone(s), 64-66, 74, 102-105, 108, 127, 135,
146-148, 154, 156, 164, 169,
171, 172
conformal space, 176, 177, 184, 186, 218
congruence, 103, 196, 199
conic(s), 35, 45, 46, 79, 80, 103, 107-109,
112, 113 118, 120, 123
conjugate net, 105
curve, 188
singular point, 188, 190, 191
conisecant plane, 46
conjugate net, 105, 188
connected
hypersurface, 149
variety, 150
connection form(s), 19
of affine connection, 201
of de Sitter space, 180
of normal connection, 202
constant zero curvature, 149
convex hyperquadric, 126



SUBJECT INDEX 243

developable surface, 64, 87, 133, 172
differentiable

coordinates of tangent vector, 6
correlation, 23, 80, 81

correlative transformation, 80
cotangent
bundle, 6
space, 6, 22
basis of, 22
covariant differential, 201, 202
covector, 3
field, 9
cubic
hypersurface, 77, 85, 88, 119
symmetroid, 46, 77 ff., 103, 144, 145
tangent hyperplane to, 80
curvature
form of
affine connection, 201
de Sitter space, 180-181
normal connection, 202
of line, 217
tensor, 19
of affine connection, 202, 204, 206
of de Sitter space, 181
curve
basis form of, 28
in a projective plane, 28 ff.
with constant projective curvature,
40
with zero projective curvature, 40
cyclic
generator, 189
group, 21
variable, 124
cylinder, 64, 127, 128, 149, 150, 154, 163
theorem, 149-150, 172
cylindrical variety, 88

Darboux
hyperquadric, 177, 192, 194
mapping, 177, 184
degenerate
focus variety, 102
Gauss map, 64
hyperquadric, 145
Riemannian metric, 176
second fundamental form, 97, 99
symmmetric affinor, 187
derivational formulas, 2
de Sitter space, 176 ff., 218
determinant submanifold, 44, 47, 145, 195,
197

coordinates, 50
covector field, 9
function, 2, 5,7, 9
manifold, 5, 21, 46, 49, 51
mapping, 7

class of, 7

differential

equations of
absolute invariant, 5
covector, 3—4
1-form, 9
p-form, 9
relative invariant, 5
relative tensor, 4
subspace, 12
tensor, 4
tensor field, 6
vector, 3
of function, 9
of Gauss map, 185
1-form, 2
operator ¢§, 6-7
operator V, 4
prolongation, 15

differentiation

exterior, 11
of product, 11

relative to secondary parameters,

6-7

dimension of

bundle of

second fundamental forms, 55

tangent hyperplanes, 71
differentiable manifold, 5
dual variety, 71, 72, 96
frame bundle, 6
free module, 9
Grassmannian, 59

leaf of Monge—Ampére foliation, 72

second normal subspace, 57

second osculating subspace, 101
osculating subspace to Grassmannian,

60
projectivization, 24
Segre cone, 44
Segre variety, 44, 75
tangent bundle, 6

tangent subspace to Grassmannian,

60
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director variety of
cone, 65
cylinder, 150
direct product, 44
discriminant of polynomial, 68
distribution, 13, 202, 205
invariant, 19
double
conic, 46
focus, 117, 154, 157, 164, 213
hyperplane, 145
point of cubic, 35-37
straight line, 46
dual
basis, 6
coframe, 23, 97
curve, 67
defect of
dually nondegenerate variety, 90
Segre variety, 71, 76
tangentially nondegenerate vari-
ety, 71
variety with degenerate Gauss map,
72, 89
map, 70, 72, 73
space, 22, 70, 82, 101
tangent space, 6, 72
element of, 6
theorem, 23
variety, 71, 96, 101
of cone, 74
of hypersurface, 74
of smooth curve, 73
of tangentially nondegenerate va-
riety, 71
of variety with degenerate Gauss
map, 71, 72
vector space, 3
duality principle, 22, 70, 89

dually
degenerate variety, 71, 72, 89, 97,
99, 101
nondegenerate variety, 72, 81, 90,
93, 99, 101

edge of regression, 102, 127, 128, 188
eigenvalue, 139, 140, 142, 150-152, 170,
171
Einstein
space, 181
summation convention, 1

SUBJECT INDEX

element of
dual tangent space, 6
tangent bundle, 6
elliptic
congruence, 211, 213
pencil of hyperspheres, 178
space, 126-128
transformation(s), 27
embedding, 44
theorem, 169 ff.
enlarged affine space, 119
envelope, 62-71, 73, 76, 84, 85, 120
equation(s) of
asymptotic
cone, 59-61
lines, 58
cubic, 35
focus hypercone, 101
focus hypersurface, 100
hyperplane, 22
osculating
conic, 33, 34
cubic, 38
pencil of osculating cubics, 36
Segre variety, 44
straight line, 209
tangent
to curve, 34
subspace to Segre variety, 75

equivalence
classes, 24
relation, 19, 24, 53
Euclidean

geometry, 96
space, 26, 27, 47, 53, 58, 64, 87, 88,
118, 126-128, 133, 134, 149,
172, 196, 198, 199, 205, 218
structure equations of, 27
transformations, 27
Euler theorem, 85
event horizon, 176
exact p-form, 12
exterior
algebra, 10
differentiation, 11, 12
of product, 11
multiplication, 9
p-form(s), 9
product, 9
quadratic form, 9, 10
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factorization of P™, 24
family of
hypercones, 146
hyperplanes, 70
moving frames of
Grassmannian, 59
hypercone, 145
variety, 51
parallel varieties, 205
rectilinear generators, 183
second-order cones, 188, 190, 191
torses, 73
fiber
cone, 154, 162
forms, 7
of dual variety, 98
of first-order frame bundle, 17, 52,
97
of second-order frame bundle, 17
parameters, 7
fibration, 6
field of
complex numbers, 1, 150
real numbers, 1, 150
first
integral(s), 16, 92
normal(s), 199
normal subspace, 53
-order frames, 22, 51
flat
affine connection, 202, 205
normal connection, 203, 218
focal
image, 101, 135, 141, 144, 165, 169
line, 155, 159, 162
net, 69
surface, 103, 155
variety, 197
of lightlike hypersurface, 186, 187
focus, 87, 104, 105, 117, 127, 128, 152—
155, 191, 196, 200,
double, 117, 154, 157, 164, 213
hypercone, 101, 136-142, 144, 147,
165, 166, 169, 198
of pseudocongruence, 200, 201, 204,
206
hyperplane, 101, 198
hypersurface, 100, 110, 115, 136-138,
140, 144, 151, 165, 166, 168,
169, 197
of cone, 102, 147-148
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of congruence, 200, 204, 205
of cubic symmetroid, 103
of join, 102
of hypercubic, 110, 115
of hypersurface, 103
of reducible variety, 165—-166
of torse, 102
real part of, 127
of rectilinear generator, 73, 102
point, 127
fold, 188
foliation(s), 8, 96, 183
form(s)
basis (see basis forms)
closed, 5, 12
connection, 19
exact, 12
exterior, 9
fiber, 7, 17, 52, 97
invariant of general linear group, 18
linear differential, 9
Pfaffian, 10
principal, 38, 192, 199
secondary, 7, 30, 37
second fundamental (see second fun-
damental form)
fourth-degree curve, 46, 68, 69
frame(s), 1
bundle, 6
dimension of, 6
of second-order frames, 17
of first order, 18, 22
of second order, 18, 22 56
free module, 9
Frenet formulas, 40
Frobenius theorem, 12, 13, 16, 95
fundamental group of de Sitter space, 180,
181

Gauss
defect, 63, 64, 71, 72, 126, 134
map, 53, 63, 91, 133, 149, 172
Gaussian
curvature, 149, 150
torsion, 202, 206
generalized
Griffiths—Harris theorem, 93, 97, 99
Segre theorem, 63, 86, 151
general linear group, 1, 12, 26
invariant forms of, 2, 7, 18
structure equations of, 12, 18



246

representation space of, 18
general relativity, 176
generator(s) of
cone, 65, 74 147-148
cubic symmetroid, 46
cylinder, 149, 150
free module, 9
hypersurface, 146
light cone, 178
Segre variety, 44, 45
variety with degenerate Gauss map,
72-74, 96
geodesic
completeness, 96
mapping, 126
geometric optic, 186
geometry
algebraic, 87, 88
Euclidean, 96
hyperbolic, 27, 176
projective, 96
Riemannian, 96
Grassmann
coordinates, 41, 42, 47
mapping, 42, 59
Grassmannian, 41-43, 47, 63, 86, 209, 219
Griffiths—Harris theorem, 99
generalized, 93, 97, 99
group
cyclic, 21
general linear, 1, 12, 26
of admissible transformations, 18
of coframes, 180
of affine transformations, 18, 26
of motions, 27, 176
of projective transformations, 20
of rotations, 176
quotient, 21

Halphen’s point, 40, 41
Hartman—Nirenberg cylinder theorem, 149—
150, 172
affine analog of, 150
homogeneous
coordinates of
hyperplane, 22
point, 20, 33, 35, 41, 43, 45, 50,
53, 67, 94, 106, 110, 116, 119,
124
function, 50
parameters, 51

SUBJECT INDEX

space, 25, 47, 90, 181
horizon, 176
Cauchy, 176
event, 176
Kruskal, 176
horizontal
distribution, 18
forms, 97, 98
hyperbolic
congruence, 211, 213
geometry, 27, 176
pencil of hyperspheres, 178
space, 126-128
hypercone(s), 81, 146
complex conjugate, 113
focus, 101
of second order, 108
real, 112, 113
hypercubic, 46, 106, 110, 134
hyperplane(s), 22, 56, 61, 139, 145, 147—
149, 151, 152, 154, 164, 177,
178, 196, 198, 200
at infinity, 25, 118, 119, 126, 150,
154, 163, 164, 172, 203-206
equation of, 22
hyperquadric, 145
convex, 126
imaginary, 126
invariant, 27
nondegenerate, 27
Pliicker, 43
positive definite, 27
hypersphere, 177, 191
hypersurface(s), 8, 61, 149, 169, 172
cubic, 90
focus, 100
level, 8
ruled, 112
tangentially nondegenerate, 64
with degenerate Gauss map, 70-74,
78, 81, 84, 85, 103, 107, 122,
135, 141 ff., 151 ff., 172, 183
algebraic, 90
of rank two, 107, 113, 134, 156
real, 113
singular point of, 117

ideal hyperplane, 25, 26
identity
matrix, 94
transformation, 20
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image of Grassmannian, 42, 43, 51, 59
imaginary
focus hypersurface, 128, 129
hyperquadric, 126
quadric, 26
improper hyperplane, 25, 116, 126
incidence, 23, 70
index of relative nullity, 63, 88, 126, 134
infinitesimal displacement of frame, 2, 98
of affine space, 25, 203
of congruence, 196
of de Sitter space, 179
of normalized variety, 199
of n-plane, 55
of projective
hyperplane, 98
plane, 28, 211
space, 21, 24
of projectivization, 24
of variety with degenerate Gauss map,
93
of vector space, 2
tangential, 23, 97
injective mapping, 8
integral
element, 14
one-dimensional, 14
three-dimensional, 14
two-dimensional, 14
first, 16, 92
manifold, 13
intersecting straight lines, 209
invariance of exterior differential, 12
invariant
absolute, 5
distribution, 19
forms of
general linear group, 2, 7, 18
group GL2(n), 18
projective group, 24
horizontal distribution, 18
hyperquadric, 27
relative, 5
subgroup, 26
inverse
matrix, 3, 16
tensor, 143
invertible
function, 5
transformation, 5
involutive automorphism, 90
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irreducible

system of matrices, 165
variety, 71, 73, 165, 167, 168

isotropic cone, 176, 177

rectilinear generator of, 178

isotropy transformation, 26

Jacobian, 99, 101, 195
Jacobi matrix, 8, 50, 99, 186
join, 69, 102, 105, 107, 113

knot,

36, 38

Kronecker symbol, 27
Kruskal horizon, 176

A-equation, 137, 151
Laplace transform, 134
law of transformation of

covector, 4
relative tensor, 5
tensor, 4

vector, 3

l-cylinder, 149, 150
leaf of

cubic symmetroid, 77

Gauss map, 64, 92

Monge—Ampere foliation, 64, 92, 93,
95-96, 101

left-invariant form(s), 2
level hypersurfaces, 8
Lie algebra, 19

light

cone, 176
of de Sitter space, 178, 191
flux, 184, 191
impulse, 176, 178, 184
ray, 103, 186

lighting variety, 191
lightlike

hyperplane, 176 ff.
hypersurface, 154, 176 ff.
line, 178

line of propagation, 178
linear

differential form, 9
form, 6

mapping, 11, 23
pencil of subspaces, 43

Lobachevsky

geometry, 27
space 176



248

locally trivial foliation, 96, 183
locus of
concentration of light rays, 191
condensation of light rays, 103
singular points, 46, 50, 79
smooth points, 50
Lorentzian
manifold, 176
signature, 176
l-parabolic varieties, 126, 127

manifold
analytic, 5
complex, 5
differentiable, 5, 46
director, 61, 65, 108, 150
integral, 13
of singular points, 46
tangent space to, 6, 22
mapping, 7
bijective, 8
class of, 7
differentiable, 7
Gauss (see Gauss map)
geodesic, 126
Grassmann, 42, 59
injective, 8
linear, 11, 23
Meusnier—Euler, 55
surjective, 8
matrix
algebra, 207, 219
coordinate, 210
inverse, 16
nilpotent, 152
representation of algebra, 211
Maurer—Cartan equations, 12
m-canal hypersurface,
metric
deformation, 87
quadratic form, 180
structure 88, 134
tensor, 176
of de Sitter space, 180
Meusnier—Euler mapping, 55
minimal surface, 88
Minkowski space, 184
mixed tensor, 54
module, 9

Monge-Ampere equation, 88, 132, 133
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Monge-Ampere foliation, 64-67, 72, 73,
84, 85, 88, 91, 92, 95, 101, 118,

121, 133, 151, 152
leaf of, 92, 93, 95-96, 101
moving frame of
A-smooth line, 214
congruence, 196
Grassmannian, 59
normalized variety, 199
projective plane, 28
over algebra, 210
pseudocongruence, 198, 199
Segre variety, 75
variety, 51
multiple

component, 136, 137, 142, 147, 168,

169
eigenvalue, 151
focus, 151-153
focus hyperplane, 151, 152
multiplication
exterior, 9
of exterior forms, 9

natural
basis, 15, 16
extension, 116, 126, 127
projection, 6
net of
conjugate lines, 73, 87, 171
curvature lines, 188
nilpotent matrix, 152
nondegenerate
correlation, 80
hyperquadric, 27
mapping, 8
second fundamental form, 101
symmetric affinor, 187
non-Euclidean space, 27, 196, 199
elliptic, 27
hyperbolic, 126-128
nonhomogeneous
coordinates, 31, 106, 110, 120
parameters, 51
nonsingular
matrix, 1, 2
point, 51
normal
bundle, 201
connection, 202, 218
subspace,
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first, 53
second, 57
normalization condition, 21, 23, 27, 28,
97
normalized variety, 199, 203 ff., 218
n-plane, 55

one-dimensional
integral
element, 14
manifold, 13
Monge—Ampere foliation, 152
subspace, 20
one-parameter family of
cones, 156
hyperplanes, 73
plane generators, 118
plane pencils, 122, 162, 163
2-planes, 121, 162, 163
operator V, 4
operator §, 6-7
orbit, 18
orientable hypersurface, 149
orientation of curve, 30
osculating
conic to curve, 32-35
cubic(s) to curve, 35-38
pencil of, 36, 40
hyperplane of focal line, 156, 160
plane of
curve, 56, 58, 67-69, 105, 160
dual to third-degree curve, 67
focal line, 160
third-degree curve, 67
subspace of
focal surface, 164
Grassmannian, 60
hypersurface, 61
Segre variety, 75

variety with degenerate Gauss map,

86, 101, 102, 129, 136, 164, 170,
171
oval hyperquadric, 177

pair of
coinciding straight lines, 80
intersecting straight lines, 80
parabolic
congruence, 211, 214
pencil of hyperspheres, 178, 184
point, 88, 126
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surface, 127
variety, 88, 126, 134
complete, 126, 127, 134
without singularities, 128, 132, 134
parallel
displacement(s), 26
straight lines, 25
2-planes, 25
vector field, 201
parameter(s)
homogeneous, 51
nonhomogeneous, 51
principal, 7, 29
secondary, 7, 29, 30, 37
parametric
equations of
curve, 6
Veronese variety, 82
variety, 92
p-connected manifold, 12
pencil of
cubics, 40
matrices, 103, 104
osculating cubics to curve, 36, 40
parallel lines, 122
second fundamental forms, 150
straight lines, 118, 121-123, 162, 163,
164, 169
subspaces, 43
tangent hyperplanes, 137
Pfaffian
equations, system of
completely integrable, 13, 17
in involution, 13, 46
form, 10
p-form(s), 10
closed, 12
differential, 9
exact, 12
exterior, 9
value of, 10
planar pencil, 163
plane(s)
component, 137
conisecant, 46
element, 52
field, 43
generator(s) of
cone, 43, 65, 74, 147, 148
cubic symmetroid, 46, 77, 78
cylinder, 149, 150
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dual variety, 72
Grassmannian, 43
hypersurface with degenerate Gauss
map, 70 133
natural extension, 126
Sacksteder—Bourgain hypersurface,
118
Segre variety, 44, 61, 75
variety with degenerate Gauss map,
72-74, 96, 138, 167, 168, 197,
203
pencil of straight lines, 164
projective (see projective plane)
Pliicker
coordinates, 43
hyperquadric, 43
P -equivalent points, 24
Poincaré
lemma, 11
theorem, 12
point(s)
at infinity, 117, 119
axial, 61, 62
complex conjugate, 86
coordinates, 23, 80
homogeneous coordinates of, 20, 33
of condensation, 186
of projective space, 20
regular (see regular point)
singular (see singular point)
smooth (see smooth point)
source of light, 191
positive definite hyperquadric, 27
principal
direction of hypersurface, 186
form(s), 38, 199
parameter(s), 7, 29
product
direct, 44
exterior, 9
scalar, 27, 205
projection of
frame vertices, 83—84
space onto subspace, 82-83
Veronese variety, 84, 85, 90
projective
arc length, 40
coordinates of point, 76, 82, 84
homogeneous, 41, 43
correspondence, 123
curvature, 40
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frame, 20
infinitesimal displacement of, 21,
28
geometry, 96
group, 24
invariant forms of, 24
hyperplane, 88, 133
plane, 19, 28, 79
infinitesimal displacement of frame
of, 28
over algebra, 207, 208
structure equations of, 28
realization, 126, 127
space, 19, 47, 73, 96, 116, 118, 198,
199, 203
dual, 70
infinitesimal displacement of frame
of, 21
of symmetric matrices, 45, 81
real, 126, 128, 132, 133
structure equations of, 21
structure, 88, 134
subspace, 51, 64, 65
transformation(s), 20, 88
projectively complete variety, 96, 150
projectivization, 24 ff., 53, 60
basis of, 24
infinitesimal displacement of, 24
center of, 24, 52, 53, 60
dimension of, 24
of osculating subspace, 57, 86
of Segre cone, 44
of set of symmetric matrices, 85
of tangent subspace, 52, 86
of vector space, 24
prolongation, differential, 15
proper
Riemannian metric, 176
straight line, 119, 123
pseudocongruence, 196-198
pseudoelliptic space, 176
pseudo-Euclidean space, 176, 208
pseudo-Riemannian
manifold, 176, 218
metric, 180
space of constant curvature, 88, 181
pure imaginary plane generator(s), 127

quadratic hyperband, 194
quadric(s), 65
imaginary, 26
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quartic, 46, 68
quasitensor, 94
quotient, 19

group, 21
space, 24

rank of

real

Gauss map, 63, 149
variety with degenerate Gauss map,
63, 64

affine space, 150
analytic
distribution, 15
manifold, 15
cone, 108
hypercone, 112, 113
hypersurface with degenerate Gauss
map, 90
numbers field, 1
part of focus hypersurface, 127
projective space, 126, 128, 132, 133
rectilinear generator, 113
singularity, 106
singular point, 128, 132
straight line, 112

rectilinear

congruence, 197
generator of
dual variety of curve, 73
hypercubic, 107, 113, 122
hypersurface with degenerate Gauss
map, 73
lightlike hypersurface, 183
quadric, 65
Sacksteder—Bourgain hypersurface,
117
twisted cone, 154
variety with degenerate Gauss map,
215

recurrent differential equation, 32
reduced first normal subspace, 57
reducible

system of matrices, 165
variety with degenerate Gauss map,
165 ff.

regular

pencil of second fundamental forms,
150
point, 50, 63, 92, 93, 99, 151
of lightlike hypersurface, 186
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of mapping, 8
variety, 127
complete, 118
relative
invariant, 5
tensor, 4
law transformation of, 5
vector, 4
representation
of projective plane over algebra, 210
space of GL(n), 18
r-fold
bundle of hyperplanes, 141, 142
focus hyperplane, 151
hyperplane, 147, 151, 152
plane, 147
Riemannian
geometry, 96
manifold, 88
space of constant curvature, 63, 88,
126, 134
elliptic, 126-128
Euclidean (see Euclidean space)
hyperbolic, 126-128
ring of smooth functions, 9
r-multiple
eigenvalue, 151
focus, 152, 153
Ricci tensor, 181
ruled
hypersurface, 112
surface, 163
variety, 88

Sacksteder—Bourgain hypersurface, 116 ff.,
134, 162

generators of, 116

scalar product, 27, 205

secant subspace, 44

secondary
forms, 7, 30, 37, 160
parameters, 7, 29, 37

second-degree curve, 79

second fundamental form(s) of
focus surface, 157
Grassmannian, 60
hypersurface, 61
normalized variety, 199
Segre variety, 75
variety, 55-57, 61, 93, 204
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with degenerate Gauss map, 87,
88, 98, 100, 141, 142, 150-154,

157
second fundamental tensor of
hypersurface, 61, 141
of variety, 54, 61, 93, 199, 204
second normal(s), 199
second normal subspace, 57
second-order
frame(s), 18, 22, 56, 155
hypercone, 108, 113, 191
second osculating subspace of
Grassmannian, 60
variety, 56
Segre
cone, 44, 61, 87
dimension of, 44
director manifold of, 61
vertex, 61
theorem, 63, 86, 142, 171
generalized, 63, 86, 151, 171
variety, 44, 51, 47, 61, 74
dual defect of, 71
plane generator(s) of, 61
sextactic point, 35
simple
bundle of hyperplanes, 138, 140
dyad, 44
hyperplane, 140, 168
plane, 138, 144
torse, 138-140, 144
simply connected
curve, 28
domain, 5, 126
Riemannian space, 126
singular
hyperplane, 101
point(s), 50, 100, 183, 213, 214
of cubic, 35
of cubic symmetroid, 78, 79

of hypercubic, 85, 106, 107, 111,

120

of lightlike hypersurface, 146, 186,

187, 195
of mapping, 8
of Monge—Ampere foliation, 96

of Sacksteder—Bourgain hypersur-

face, 117, 122

of variety with degenerate Gauss

map, 215
singularity, 65, 88, 96, 127
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real, 106
skewed straight line, 209
small dual variety, 89
smooth
curve, 5, 28, 66, 73, 80
irreducible variety, 87
line 214, 219
point, 50, 71
space
affine (see affine space)
cotangent, 22
dual (see dual space)
elliptic (see elliptic space)
Euclidean (see Euclidean space)
homogeneous, 25, 47, 90
hyperbolic, 126-128
non-Euclidean (see non-Euclidean space)
of constant curvature, 63, 88, 126
pseudo-Riemannian, 88
projective, (see projective space)
Riemannian of constant curvature,
87, 126
tangent (see tangent space)
vector (see vector space)
spacelike
focal variety, 190
hyperplane, 178
hypersurface, 176
line, 178
subspace, 188
variety, 188, 191
spatial curve, 73
special
linear group, 21
orthogonal group, 181
specialization of moving frame, 28 ff., 159,
160
sphere, 53
spherical
generator, 190, 191
map, 53
standard
covering, 123
leaf, 96
stationary subgroup of planar element, 52
Stokes theorem, 12
straight line, 29
of projective space, 20
strongly parabolic variety, 88
structure equations of
affine space, 26, 203
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differentiable manifold, 16-17
Euclidean space, 27
general linear group, 12, 18
manifold with affine connection, 19
projective
plane, 28
space, 21
structure theorems, 169
subgroup of
isotropy transformations, 26
parallel displacements, 26
subspace(s), 20, 41, 65
basis points of, 41
differential equations of, 12
osculating of
focal line, 169
focal surface, 164
Grassmannian, 60
hypersurface, 61
variety with degenerate Gauss map,
86, 101, 102, 129, 136, 170, 171
projective, 64
tangent (see tangent subspace)
summation notation, 1
support
curve, 164
submanifold, 194
surface(s)
developable, 64, 87, 133, 172
minimal, 88
parabolic, 127, 128
ruled, 163
Veronese, 45, 46, 79
surjective mapping, 8
symbol of differentiation with respect to
secondary parameters, 29, 193
symmetric
embedding, 45
matrix, 152
symmetrization, 42
system
completely integrable, 13, 16
of matrices
completely reducible, 165
irreducible, 165
reducible, 165
of Pfaffian equations,
completely integrable, 13, 16
in involution, 13, 46, 157, 158,
162, 163
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of second fundamental forms, 75, 98,
100, 101
of second fundamental tensors, 99

tangent
bundle, 6, 72, 73
dimension of, 6
element of, 6
of normalized variety, 201
developable, 64
hyperplane, 71
to cubic symmetroid, 77, 78, 80
to hypersurface with degenerate
Gauss map, 151
hypersphere, 186
space, 6, 15, 22
natural projection of, 6
subspace to
almost everywhere smooth vari-
ety, 71
dual variety, 72
Grassmannian, 59
join, 69
leaf of Monge-Ampere foliation,
93
Segre variety, 75
variety, 51
variety with degenerate Gauss map,
63, 72, 92, 93, 101, 102
to curve, 28
vector, 6, 15
coordinates of, 6, 15
tangential
coordinates, 23, 76, 80, 101
of hyperplane, 22, 198, 200
frame, 23, 97, 145
infinitesimal displacement of, 23,
145
tangentially
degenerate variety, 64
nondegenerate hypersurface, 104
nondegenerate variety, 64, 65, 71—
74, 81, 99
tensor(s), 4, 94
curvature, 19
differential equations of, 4
field, 6-7
inverse, 143
law of transformation of, 4
mixed, 54
of normal curvature, 202, 204, 206
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relative, 4
differential equations of, 4
second fundamental (see second fun-
damental tensor)
torsion, 19
tensorial square, 45
theorem
Frobenius, 13, 17, 95
Segre, 63, 86, 142, 171
generalized, 63, 86, 151, 171
third-degree curve, 66 ff.
three-dimensional variety of rank two, 128
timelike
hyperplane, 178
hypersurface, 176
line, 178
subspace, 187
variety, 187
torsal
hypersurface, 73, 123
variety, 135 ff.
torse, 62, 66—69, 74, 86, 102, 104, 117,
122, 127, 128, 138-140, 144,
167, 168, 171
edge of regression of, 102, 127, 188
torsion-free affine connection, 19
torsion tensor of affine connection, 19
total differential, 25, 30, 40
transformation(s)
admissible, 18, 52, 54
affine, 18, 25
elliptic, 27
Euclidean, 27
identity, 20
projective, 20, 88

twisted
cone, 154, 157 ff.
cubic, 66

cylinder, 118, 154, 163, 164
two-dimensional algebra, 207
two-parameter family of hyperplanes, 76,

84
2-plane at infinity, 120
type of variety, 87
typical fiber, 52

unit
normal vector, 53
tensor, 94

unity point, 20

value of exterior p-form, 10
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variety, 49
algebraic, 42
complete parabolic, 126, 127, 134
complete regular, 118
cylindrical, 88
differentiable almost everywhere, 49,
51
moving frame of, 51
of singular points of V,*, 100
parabolic, 126
complete, 126, 127, 134
projectively complete, 96
regular complete, 118
second fundamental form of, 55, 57,
61
second fundamental tensor of, 54, 93
second osculating subspace of, 56
Segre (see Segre variety)
strongly parabolic, 88
tangentially degenerate (see variety
with degenerate Gauss map)
tangentially nondegenerate, 64, 65,
71-74, 81, 99
Veronese (see Veronese variety)
with degenerate Gauss map, 64, 81,
88, 89
basic equations of, 94, 151
completely reducible, 165, 168
irreducible, 165, 167, 168
of rank two, 67, 77, 84, 164, 215,
217
rank of, 63, 64
reducible, 165
second fundamental form of, 87,
88, 98, 100, 142, 150-154, 157
second osculating subspace of, 101
rectilinear generator of, 215
without singularities, 65, 127, 150,
217
with net of conjugate lines, 73, 87,
171
vector(s), 3
collinear, 19
differential equations of, 3
field(s), 201, 202
in involution, 10
law transformation of, 3
relative, 4
space, 1, 19, 51
basis of, 1, 20
dual, 3
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infinitesimal displacement of frame vertex of
of, 2 cone, 65, 74, 147, 148, 150, 151, 154,
tangent, 15 164, 177, 188, 191, 198
vectorial frame, 20 focus hypercone, 166
Veronese hypercone, 81

simple bundle, 138

embedding, 47, 82 vertical forms, 97

surface, 45, 46, 79
variety, 45, 47, 51, 76, 77, 82, 103,

145 O-pair, 194

zero divisor, 207, 208
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